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PREFACE TO THE THIRD EDITION 


The authors have taken the opportunity afforded by the demand for a new 
(dition to make considerable alterations in the contents and arrangements 
of this book without losing sight of the original object stated in the preface 
to the first edition. 

Little change has been made in the earlier parts of the book which seemed 
to present well-established essentials in a satisfactory way, but considerable 
alterations will be observed in most of the later chapters, many of which 
have been largely re-written. 

Considerable revision of subject matter has been made possible by the 
publication of “ The Steel Skeleton ** (Baker) and ‘‘ Studies in Elastic 
Structures ” (Pippard), in which certain subjects dealt with in more or less 
detail in the two previous editions of the present book are discussed more 
exhaustively, and these books can be referred to by readers who may desire 
more complete treatments than are appropriate in a general text-book. 

In particular, the chapters relating to the behaviour of steel-framed 
buildings and voussoir arches have been sim^ified by the exclusion of 
material now available in greater detail in the books to which reference has 
been made. 

The treatment of arches, rings and bow-girders has been generalised by 
the use of the principle of super-position, a method suggested but not 
developed in the earlier editions, which produces more elegant solutions than 
the earlier treatment. The authors hope that it will commend itself to 
teachers and students alike. 

Thanks are particularly due to Dr. A. W. Bishop of the Civil Engineering 
Department in Imperial College for his very great help in re-writing the 
chapter on retaining walls, a task which was specially necessary due to the 
rapid advances in the science of soil mechanics to which he has contributed 
so much. 

One drawback to a new edition such as the present is that the elimina¬ 
tion of misprints and errors starts once again. It is hoped that readers 
will be as helpful in this respect as they have been in the past and will draw 
the attention of the authors to any slips they may notice. 

The authors have received from time to time requests for the inclusion of 
more illustrative examples and exercises for the use of students. This, 
desirable as it may be, would have had the effect of unduly lengthening the 
book and an alternative has been adopted. The Publishers have arranged 
to produce a separate volume of examples and exercises under the title 
“ Problems in Engineering Structures ” by Messrs. R. J. Ashby, M.Sc., 
Imperial College, and A, H. Chilver, Ph.D., University of Cambridge 
Engineering Department,, which it is hoped will amply meet the needs of 
readers of the book as well as of other students of engineering structures. 

In conclusion, thanks are due once more to Miss L. Chitty, M.A., for her 
great assistance in proof-reading. 

A. J. SUTTON PIPPARD. 
J. F. BAKER. 



PREFACE TO THE SECOND EDITION 


The preparation of a second edition of this book under present conditions 
was not easy in view of other demands on the authors’ time. Many of the 
good intentions made in peace-time had to be abandoned, but it has been 
possible to carry out some improvements and it is hoped that the result will 
justify the labour of revision. 

In addition to the inclusion of new material in various sections of the book, 
two completely new chapters have been added. One, dealing with the 
voussoir arch, is largely the result of an experimental study of this type of 
structure made by one of the authors and his associates during the years 
immediately preceding the war. The other, which deals with the elasto- 
plastic behaviour of structures, is based to a considerable extent on researches 
made by the other author for The Institute of Welding. 

The treatment of the theory of reinforced concrete has been simplified by 
the omission of a number of formulas which, though useful in the preparation 
of design curves, tend to confuse, rather than help, the study of fundamental 
principles. 

The authors thank those readers who have taken the trouble to point out 
errors. As a result, one or two serious mistakes and a number of minor ones 
have been corrected. It is too much to hope that all have now been eradi¬ 
cated and the continued help of readers will be welcomed. 

A. J. SUTTON PIPPARD. 
J. F. BAKER. 


London, 1943. 



PREFACE TO FIRST EDITION 


The primary object of this book is to present to the student of engineering 
a general outline of the theories upon which the design of structures is based. 
Problems of practical design have been excluded as we believe that this side 
of the engineer’s work cannot be effectively taught by means of text-books 
and must be acquired by experience in the shops and drawing office. 

This point of view explains the omission of certain sections commonly 
found in books dealing with the theory of structures, but we hope that such 
omissions will be compensated by the inclusion of methods of analysis which 
are not usually given and which in some cases appear for the first time. 

It is assumed that the student is reasonably familiar with simple analytical 
and graphical statics since the study of these subjects forms a normal part 
of an intermediate course in engineering or applied mathematics. Descrip¬ 
tions of stress diagrams, vector diagrams, etc., have therefore been reduced 
to the minimum consistent with a continuous treatment of the subject. 

The work during the last six years of the Steel Structures Research Com¬ 
mittee of the Department of Scientific and Industrial Research has com¬ 
pletely modified the outlook on the design of steel building frames. Both 
authors were members of this Committee, one of them being its Technical 
Officer for the greater part of its existence, and the results achieved are dealt 
with in sufficient detail to enable the student to appreciate the modem 
aspects of this important branch of structural engineering. 

The authors are deeply indebted to Messrs. Longmans Green & Company, 
Limited, for their very generous permission to reproduce certain portions of 
books published by them * especially in connection with portions of Chapters 
7 and 8 and those sections dealing with strain energy analysis. 

In the troublesome work of proof-reading we have been helped by Miss L. 
Chitty, M.A. ; in the working of examples by Mr. S. R. Sparkes, B.Sc., and 
in the preparation of drawings by Mr. T. Bryce, all of the Imperial College 
and to them we offer our grateful thanks. 


A. J. SUTTON PIPPARD. 
J. F. BAKER. 

September t 1936. 

* “Aeroplane Structures “ (A. J. S. Pippard and J. L. Pritchard) and “ Strain Energy 
Methods of Stress Analysis “ (A. J. S. Pippard). 
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THE ANALYSIS OF 
ENGINEERING STRUCTURES 


CHAPTER 1 

DEFINinONS AND GENERAL PRINCIPLES 

1.1. Introduction. —Any assemblage of materials whose function is that of 
supporting loads is a structure. The term may be apphed equally correctly 
to a large bridge or an aeroplane wing rib ; to a masonry dam or the steel 
frame of a building. The component parts of a loaded structure are in a 
state of stress and the laws which govern the distribution of these stresses 
must be studied with a view to their calculation so that the different parts 
of the structure may be proportioned to take them with safety. 

Generally, there are several methods by which loads can be supported, 
and the first stage in the design of a structure is to decide the most appro¬ 
priate way of solving the particular problem which is presented. For 
instance, in choosing a bridge to carry a railway across a river the safety of 
the structure is not the only criterion ; cost and appearance must be con¬ 
sidered so that the choice of the best type is a matter requiring judgment, 
experience and taste. 

When the general lines of the scheme have been settled the loads which 
the structure has to carry must be estimated as accurately as possible. The 
loads usually arise from a variety of causes and in the example taken will 
include the weight of trains, the dynamic effects of the locomotive driving 
wheels, the dead weight of the bridge itself and the pressure of wind on trains 
and structure. When these loads have been estimated the forces in the 
different parts of the structure must be calculated and the dimensions fixed 
so that the stresses will be everywhere within safe limits. This stage of the 
design, for which a knowledge of the theory of structures is required, will be 
dealt with in this book. 

1.2. Classification of structures. —Structures are often classified into two 
main groups of framed structures and mass struetures. The former comprises 
arrangements of separate bars or plates pinned, rivetted or welded together as 
in a lattice girder or roof truss and such structures depend on the geometrical 
properties of the arrangement to resist external loads. The latter group 
relies upon the weight of material in the structure to provide this resistance 
as in a masonry dam. This classification is not complete or very satisfactory, 
but is sometimes useful as a broad division. 

1.8. Factor of safety and load factor. —It is impossible to determine exactly 
either the external loads or the internal forces to which a structure is sub¬ 
jected. Moreover, the materials available are subject to certain variations 
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in quality, and workmanship at times will fall below the average. It is 
therefore necessary in order to guard against these contingencies to allow a 
margin of strength over and above that which calculation indicates as being 
just right. This allowance is made by the introduction either of a factor of 
safety or a load factor and the distinction between these is important. 

If the maximum stress which the material in any component of a structure 
can withstand is denoted by / and that component is designed so that at full 
load the working stress reaches// ti, n is known as the factor of safety. The 
maximum stress is advisably taken as the yield stress of the material and n 
is usually then about 2. 

Another method is to multiply the external loads by a load factor N and 
to design the structure so that the stress under the action of this factored 
load system reaches the maximum value /. 

In other words when a factor of safety is adopted we ensure that under full 
working loads the stress will nowhere exceed a safe working limit : when a 
load factor is used we design so that under a specified number of times the 
full load the structure will just reach the failing point. 

In many instances these two methods yield identical results but in others 
there is a considerable difference. 

It is impossible at this stage to indicate how these differences arise but 
the question will be dealt with more fully later and illustrated with reference 
to particular problems. 

1.4. Frameworks. —An arrangement of bars, connected by joints incapable 
of transmitting bending moments, which can resist geometrical distortion 
under the action of any system of applied loads is known as a framework, 
pin-jointed frame, skeleton frame or truss. 

When such a frame is loaded at the joints the internal forces in the bars 
composing it are simple tensions or compressions : loads acting on a member 
between its terminal joints will induce bending moments and shearing forces 
confined to that member. The effect of the axial forces will be to elongate 
or shorten the bars to the extent of their elastic strains but this elastic 
deformation, which is necessarily very small, is the only alteration in the 
configuration of the frame. 

It must be emphasised that to comply with the definition, the arrange¬ 
ment of bars must be able to resist deformation under the action of any load 
system. An arrangement which will resist a particular load distribution but 
which will deform geometrically or collapse under another is not a braced 
frame. 

A frame of which all the bars lie in one plane is known as a plane frame 
and will resist distortion only under systems of loads in that plane. If the 
bars lie in more than one plane we have a space frame which will resist 
distortion under loads in any direction. 

1.5. Criterion for frameworks. —^The simplest plane frame consists of a 
triangle of pin-jointed bars. If extra points are to be braced to this elemen¬ 
tary frame each one requires the addition of two extra bars. Thus, the first 
3 joints of any plane frame having ^ joints or nodes require 3 bars to connect 
them, while the remaining 3 joints require 2j—6 extra bars. If then n is 
the total number of bars required to brace joints together, 

n=2j—S 


( 1 . 1 ) 
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The simplest space frame consists of 4 joints connected by 6 members to 
form a skeleton tetrahedron. Additional nodes will each require 3 bars for 
connection to this tetrahedron, so that 

n=3j-6 . ..(1.2) 

These equations give the minimum number of bars necessary for the con¬ 
struction of frames with a specified number of joints and these are termed 
essential bars. An arrangement of bars containing less than the essential 
number cannot form a frame and will, except perhaps in special cases, 
collapse under load. If it contains more than the essential number the 
frame is said to be overbraced or redundant. If it contains the correct 
number of bars given by the appropriate criterion it is a simply stiff or just- 
stiff frame. 

This statement requires certain reservations : it is assumed that the 
disposition of the bars is satisfactory and that their character and strength 
are adequate for the loads which they may have to carry. 



For example, in Fig. 1.1 six nodes are to be connected by bars to form a 
plane frame. Equation (1.1) shows that nine members are essential and if 
less are provided it is impossible to brace the points. The essential number 
of bars however can be disposed either as shown at (a) or at (6). The first 
disposition is satisfactory but in the second, one panel is overbraced while 
the other is unbraced. Further, although (a) has a satisfactory disposition 
of bars it is necessary to ensure that these bars can fulfil the duties imposed 
upon them. Under the loading shown AB will be in compression ; under 
another system it may be in tension. All bars must therefore be capable of 
taking such tensile or compressive forces as may be imposed by any possible 
external load system. 

If a number of nodes have to be connected by bracing bars to certain fixed 
points it is clear that these fixed points are equivalent to an already existing 
frame, and the number of bars necessary to effect the bracing are 2n and 
for plane and space frames respectively, where n is the number of free nodes. 

1.6. Reactive forces. —The usual function of a frame, as already stated, 
is to transmit an external load system to a number of specified points, e.g. 



4 


ANALYSIS OF STRUCTURES 


the load on a bridge must be transmitted to the abutments. Since the 
external loading may vary, the supporting points must be capable of exerting 
reactive forces which will statically balance any such loading. 

If a plane frame is supported at two points the reactive forces at these 
points together with the external loads form a system in static equilibrium 
and three conditions must be satisfied as follows :— 

1. The algebraic sum of the components of loads and reactions parallel 

to any axis in the plane must be zero. 

2. The algebraic sum of the components of loads and reactions parallel to 

another axis inclined to the original axis and in the plane must be 

zero. 

3. The algebraic sum of the moments about any point in the plane must 

be zero. 

It is usual but not essential to take the two axe^ at right angles to each 
other. 


/ 



/ 



These conditions require three forces for their satisfaction and the nature 
of the supports must be such as to provide them. If one support is capable 
of exerting a force along one of the axes of resolution only, while the other 
can exert forces along both axes of resolution, the necessary conditions are 
satisfied. Such supports may be provided by a frictionless roller and a pin 
joint respectively and these supply the statically essential reactive forces. 

This arrangement is illustrated in Fig. 1.2 (a) where the roof truss is 
supported at A on a pin joint which can exert a reaction in any direction 
and at B on a frictionless roller which can only exert a reaction normal to 
the bearing. 

If both supports are pin joints both the reactive forces have components 
about the two chosen axes, thus introducing four unknown components. 
Since only three equations have to be satisfied the magnitude of these forces 
cannot be determined from purely statical considerations. This is an 
instance of a number of nodes connected to two fixed points and the number 
of essential bars is 2n. In the example illustrated n==4 and 8 bars only are 
needed : a possible frame is shown at (6). 



DEFINITIONS AND PRINCIPLES 
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In a space frame the conditions of static equilibrium which have to be 
satisfied are six in number ; the components of the external loads and of the 
reactive forces along three separate axes must be zero and the moments of 
the loads and forces about those axes must also be zero. These axes are 
usually taken mutually perpendicular. The essential reactions for a space 
frame must therefore provide six component forces suitably disposed. If 
one support consists of a universal joint, this will account for three of the 
six components. Another support should then be such that movements of 
the supported point are restricted to a line ; this introduces two restraints. 
The third support should be such that movements are restricted to a plane, 
which only requires one restraint. The simplest illustration of the arrange¬ 
ment is that of the ball, groove and point used for mounting certain instru¬ 
ments. If more than the essential six reactive forces are provided the frame 
will be statically indeterminate unless the number of bars in it is corre¬ 
spondingly decreased. 

1.7. Primary and secondary stresses. —^The axial forces in the bars of a 
frame under loads applied to the nodes are known as the primary stresses. 
In actual structures the joints are seldom of the pinned type but are designed 
to transmit bending moments. The stresses in the bars are then no longer 
simple tensions and compressions but are complicated by the effects of 
bending. The extra stresses induced by the stiffness of the joints are known 
as secondary stresses ; not because they are of secondary importance but 
because no estimate can be made of their magnitude until the primary 
stresses based on the assumption of pin joints have been calculated. 

1.8. Self-straining. —If a just-stiff frame has one of its members removed 
the remaining bars form a mechanism. It is evident therefore that the 
member which has been removed could within certain limits be replaced by 
another of a different length without causing any stresses in the remaining 
bars. The only effect would be an alteration in the configuration of the 
frame. 

If, however, a redundant bar is to be inserted into a just-stiff frame without 
causing stresses in the existing bars it must be made of exactly the right 
length since the two joints to be connected are already fixed in position 
relative to each other. If by error or design the member is not of the exact 
length, force must be exerted to get it into position—the two points to be 
joined will have to be brought closer together or forced apart. Thus before 
any external load is applied to the frame its members are in a state of stress. 
This action is known as self-straining and any initial stresses must be added 
to those due to the external load system. 



CHAPTER 2 


PRIMARY STRESS ANALYSIS OF STATICALLY DETERMINATE 

FRAMES 

2.1. The general problem. —The first step in the analysis of any braced 
structure is the determination of the stresses or forces in the bars of the 
frame on the assumptions that they are all pinned at the ends and that all 
loads are applied to the joints. The internal forces are then purely tensile 
or compressive, and although this ideal state of affairs does not completely 
represent the conditions in an actual structure the determination of these 
primary stresses is an essential preliminary to a more exact analysis. In the 
present chapter an account will therefore be given of the various methods in 
use for calculating such stresses. Since certain of them are dealt with 
adequately in books on statics, which the student is presumed to have 
studied, it should not be necessary to elaborate them here : we shall be 
content to give examples which will serve as indications of the treatment. 

A simply stiff framework, which will alone be considered in this chapter, 
can be completely analysed by the methods of statics since the number of 
unknowns is the same as the number of equations obtainable from the 
conditions of static equilibrium. The methods in use are therefore only 
variations of the application of the same fundamental j)rinciples. 

2.2. The stress diagram. —One of the most generally useful methods is that 
of the stress diagram which is simply a continued application of the well- 
known theorem of the polygon of forces which states that if any number 
of forces acting at a point are in equilibrium the vector diagram representing 
them consists of a closed polygon. In its simplest form when only three 
forces are acting the polygon becomes the triangle of forces. 

In a braced frame every joint is in equilibrium under the action of the 
forces in the bars meeting at the joint and the external loads applied there. 
Hence, a closed polygon can be drawn for every joint in the frame provided 
that not more than two unknown quantities appear at any joint. If the 
external loads are specified the unknowns may consist of the internal forces 
in two bars of the frame. For example, suppose Fig. 2.1 to represent a 
joint 0 in a frame carrying an external load W, and OA, OB and OC the bars 
connected to 0. If the force in OA is known e.g. to be -SW the forces in 
OB and OC can be determined. Using Bow’s notation, ah is set out parallel 
to the line of action of W and equal to W to some selected scale, be is then 
drawn parallel to OA and its length is made -SW to the same scale. From 
c, cd is drawn parallel to OB and from a, ad is drawn parallel to OC. These 
lines meet at rf ; cd and ad then represent to scale the magnitude of the forces 
in OB and OC respectively. The direction of arrows on the force polygon 
must be all in the same sense—in the present instance clockwise—and these 
arrows, transferred to the joint diagram give the direction of the forces 
acting through the members on the joint. 

6 
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vector diagram. Produce the hues of action of all the forces on the frame 
diagram as shown. 

Starting at the pinned support draw the line 01 in the space J parallel to 
Cy, cutting the line of action of HJ at 1. From 1 draw 12 in space H parallel 
to Oh to cut the line of action of GH at 2. Similarly, 23, 34, 45, etc., are 
drawn in the spaces G, F, E, etc., parallel to Og, Of, Oe, etc., until finally 
89 in space A is parallel to Oa. Complete the funicular polygon by joining 09. 

From the pole 0 of the vector diagram draw 01 parallel to 09 of the 
funicular polygon to meet the vertical from a at 1. kl is then the magnitude 
and direction of the reaction at the right-hand support. 

€L 




To draw the stress diagram we start with joint ABM. ab has already 
been drawn to represent the external force in magnitude and direction, so 
from a and b we draw lines am and bm parallel to forces AM and BM. abm 
is then the triangle of forces for the joint considered and the lines am and 
bm give the magnitudes of the forces in the bars AM and BM and the direction 
in which these forces act on the joint. Thus ab is drawn in the direction of 
the external force and following round the triangle we see that bm acts 
towards the joint and BM is therefore in compression. Similarly ma acts 
towards the joint and MA is also in compression. 

Proceeding now to joint AMNLA we find one external reaction and three 
internal forces acting. Of these la and am are known so that the polygon 
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of forces could be drawn for this joint, la and am are, however, already 
drawn to scale so, if mn and In are drawn parallel to MN and LN respectively, 
the polygon is completed by these two additional lines. Following round 
the diagram in a clockwise direction to conform with the fact that ia is an 
upward force we find am and mn act towards the joint, but that nl acts from 
the joint. Thus NL is in tension. Joint BCONM and remaining joints are 
treated in the same way in succession until the whole stress diagram is com¬ 
pleted. The test of accuracy is obtained when the line parallel to ajS in the 
frame diagram drawn from a in the stress diagram gives coinciding with j. 
This gives a zero force inj^ which is obviously correct from an examination 
of the conditions at joint K^J. 

2.3. Ritter^s method of sections. —In many cases the method of sections 
can be used with advantage in stress analysis, especially when a knowledge 
of the forces in certain members only is required. 



This method consists essentially of solving the equations of static equili¬ 
brium for a section of the framework and by judicious choice of such section 
the work can often be made very simple. 

Fig. 2.4 shows a cantilever frame supported at A and D and carrying loads 
at E and B. The necessary dimensions are shown on the diagram. 

The section of the frame GCBF is kept in equilibrium by the external load 
at B and the internal forces in GH, FH and FE which act on the joints G 
and F in the direction of the arrows at those joints. These four forces must 
therefore satisfy the conditions of static equilibrium and so the algebraic 
sum of their moments about any point must be zero. Now the lines of action 
of HG and FH meet at H and by taking moments about this point we 
eliminate the moments of these two forces and obtain 


or 


Ttof X HE =5EB 


Tef= 


6x20 

10 


=10 


where Tbf is the force in EF. 
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It is unnecessary to know the direction of Tef- If it is assumed to be a 
tension and is actually a compression this will be indicated by a negative 
value in the result. Again by taking moments about F the moments of the 
forces in EF and FH are eliminated and we obtain 


ThgX F/=50 

where F/ is the perpendicular from F on the line of action of HG. 

The length of F/ can often, as in the present case, be obtained geo¬ 
metrically, but if this is difficult it can be scaled from the frame diagram. 

If DC and AB be produced to meet at 0 we have from the similar triangles 
FG/and ODA, 

^_OA 

GF"OD 


or 


Hence 


F/= 


Thg= 


8x60 
V 602 + 122 ’ 
50 


=7-84. 


'7-84 


=6-38. 


Suppose now that the force in GF is to be calculated. 

The section GCB of the frame is in equilibrium under the action of the 
external load at B and the internal forces GH, GF and BF. 

The lines of action of GH and BF meet at 0 and so we take moments 
about this point and obtain 

TgfX 40=30x5 
or Tgf=3*75. 

To calculate the force in FH we again consider the section GCBF and take 
moments about 0 where HG and EF meet. 

Then Thf X nO =30 x 5 . 

It is best here to scale nO and so solve for Thf- 

For the members DH, DE and AE the procedure is the same as above, 
but both the loads at B and E now appear in the equations. 

For example Tae is found by taking moments about D, the equation 
being 

Tab X da=(10 X 10)+(30 x 5) 
or Tae— 20’83. 


2.4. Method of resolution at joints. —In certain simple forms of truss the 
forces in all the bars can be written down directly by considering the equili¬ 
brium of each joint in turn. This is a method which with a httle practice 
is very quick and useful. 

Suppose the forces in all the bars of the truss shown in Fig. 2.5 are 
required. 

The reactions at A and B are first calculated. Consider first the equifi- 
brium of joint A. 

The vertical component of force in AE must balance the vertical reaction 
and so 


Tab=12 cosec 60°=13-85. 
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The horizontal component of Tab is balanced by the force in AC or 
Tac=Tab cos 60^^=6-925. 

The problem may also be treated by taking AEe as the triangle of forces 
for the joint A, where Ee is perpendicular to AC. 


Then 

Tab AE 


12 “ Ee 


^ 12x8 

or 


and 

Tac_ Ae 


Tab AE 

i,e. 

TAc==iTAE=6*925. 


Taking joint E next, the forces acting are 13*85 from AE and the vertical 
load at E. 



These can be dealt with separately. A triangle of forces for AE, EC and 
EF is the equilateral triangle EFC and due to the force in AE, equal forces 
occur in EF and EC, EF being compressive and EC tensile. 

For the vertical load at E we take ECc as the triangle of forces and obtain 
as the total forces in the bars, 

Tec= 13-85—12 cosec 60°=0 
Tef = -13 • 85+1( 13 • 85) =-6 • 925 

where the positive sign denotes tension and the negative sign compression. 

Alternatively if a section is taken cutting EF, EC and CA the total shearing 
force across this section is zero, by summing forces to the left or right. 
Since EC is the only bar of the three which can have a vertical component 
of force, such component must be zero to balance the shearing force. Hence 
Tec=0. 

Similarly, Tcf=Tfd=0. 

Therefore, by considering the equilibrium of joint F, 

Tef =Tfg = —b • 925. 

Also from joint C, TAC=TcD=b-925. 
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Treating joint B in the same way as A, 

Tbg== -6*925 

and Tbd= 3-462. 

Also TQn= 6-925 

and the forces are all determined. 


2.5. Method of tension coefficients. —The methods described in the previous 
paragraphs are not easily applicable to space frames and although they may 

be adapted for the purpose analysis by 
their use is laborious and liable to error. 
The most satisfactory treatment of space 
frames has been very fully described by 
Southwell (1920). It is equally applicable 
to plane frames and is one of the simplest 
and most accurate methods of stress 
determination for such frames. This 
method was also used by Miiller-Breslau, 
The treatment of the space frame will be 
considered first and its simplification when 
applied to a plane frame dealt with after¬ 
wards. 

Let AB in Fig. 2.6 be any bar in a space 
frame, 



and 


Tab the tension in this bar, 
Lab the length of the bar. 


The tension will be expressed in the form 

Tab=Lab^ab 

where ^ab is known as a tension coefficient. 

Through A take three mutually perpendicular axes, Aa:, Ay, As, and let 
the co-ordinates of A and B be {x\, yx, zx) and (xb, 2/b, ^^b)- 
Then the component of Tab acting at A in the direction Ax is 

Tab cos BAx 


or 


Tab 


Xj^—Xx 

Lab ’ 


which from the expression for Tab in terms of its tension coefficient can be 
written 

^ab(^b—^a). 


Similarly, the components of Tab along Ay and Az are <AB(yB—2 /a) and 
^ab(2b—2^a) respectively. 

At B, the other end of the bar, the components along the three axes will be 
^ab(^a—^b), ^abC^a—2/b) and <ab(2;a—^b). 


Suppose now that at a joint A in a space frame there are connected any 
number of bars AB, AC .... AQ, and that the components of external load 
acting at this joint along the directions of the x, y and z axes are Xa, Ya 
and Za respectively. The equilibrium of the joint requires that the com¬ 
ponents of all the forces along three mutually perpendicular axes shall be 
zero so that the conditions for equilibrium are 
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IS 


• • • • +^AQ(i^Q—^^^ a)+Xa=0 1 

<ab(2/b— 2/A)+<Ac(yc-~3/A)+ • • . • +<aq(2/q~-2/a)+Ya=0 > . (2.1) 

^Ab{2B-~ 2a)+^AC(2JC — 2^a)+ * • • • +^AQ (^IQ — ^a) + Za “0 J 

Three equations such as these can be formed for each joint in the frame¬ 
work. They involve the quantities (^fB—a^A), (^b—2/a), (zb—za)^ etc., which 
are the projected lengths of the bars on the x, y and z axes respectively and 
therefore known from the drawings of the frame, and the unknown quantities 
^aBj ^ac» etc., which are to be calculated. 

For every term such as ^ab(^b— ^^a) in one equation there will be a term 
^ab(^A“^b) in another equation, these being numerically equal but opposite 
in sign since (a^B—^ a)~ —(-^a—^b)- If> therefore, the x equations for all 
the joints are added we obtain 

^a+Nb+ .... —0 

and similarly, by adding the y and 2 equations, I o\ 

Y.+Yb+ .... =0,. 

and i^A"i"ZB .... ”0. 

These equations express three of the essential conditions for the static 
equilibrium of the frame as a whole, viz.y that the sum of the components 
of the external forces along three perpendicular axes must be zero. 

Again, if the first of the equations in (2.1) be multiplied by ^a and the 
second of these equations by —;rA we obtain 

tAK{xWK—x\yK)+txc(xcyA—XAy\)+ . . • • /aq(*q2/a— a:AyA)4-XA?/A=0 
<Ab(— 2/Ti3^A+yA*A)-|-<Ac( —'/C^A-f.y.Aa;A)+ • ■ • • +<Aq(—Z/Q a^A+yA^-A) 

—Yaxa=0, 

and adding these we get 

<AB(‘'i^ByA—^A,yB)-f^Ac('^C?yA—^A.Vc)+ .... +^AQ(‘t’Q?/A “^A^/q) 

-f XAyA""YAa;A=0 . (2.3) 

If this is done for the corresponding equation for each joint we shall 
obtain similar results to (2.3), and for every term such as ^ab(^b2/a—2:a2/b) 
there will appear another, numerically equal but opposite in sign, 
^ab(^a2/b—^bZ/a). 

Hence, by adding all these equations we obtain 

(2/aXa—:caYa)+(2/bXb— a:BYB)+ . • . =0 
and similarly from the other equations of (2.1) 

(2:aYa— yAZA) + (^BYB—2 /bZb) + . • • =^*0 
and (^aZa— 2AX.A) + (.rBZB— 2:bXb) + . • . =0. 

These equations express the remaining three essential conditions for the 
static equilibrium of the frame as a whole, viz., that the moments about three 
perpendicular axes shall be zero. 

It has already been shown that the essential reactive forces for a space 
frame are six in number. If the frame is supported at A, B and C, for 
example, it is necessary for one point, say A, to be pinned, for another, B, 
to be restrained to move along a hne in one plane, and for the third C, to 
be simply restrained in a plane. Thus, at A we shall have three reactive 
forces Xa, Ya and Za, at B two reactive forces Xb, Zb, and at C, one reactive 
force only, Zq. The equations (2.2) and (2.4) enable these six unknown 
forces to be determined. 
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Having found the reactive forces the equations corresponding to (2,1) are 
used to find the values of the tension coefficients. It should be pointed out 
that these equations do not all have to be solved simultaneously and the work 
is neither difficult nor involved. Once the tension coefficients have been 
evaluated the loads in the members are found by multiplying the coefficients 
by the lengths of the appropriate members, e.gr., 

Tab=^abV(^b—^a)^+(2/b—2/a)^+(2b—sa)^* 

In forming the equations the load in a member is always assumed to be 
tensile and the terms in the equation are positive or negative as they tend 
to move the joint in the positive or negative direction of x, y or z, A 
negative result for the tension coefficient signifies that the force in that 
member is compressive. 



As an example of this method the space frame shown in Fig. 2.7 will be 
analysed. It consists of a cantilever structure formed of three longitudinal 
members ABC, GHJ and DEF braced together and arranged so that at any 
section they lie at the corners of an equilateral triangle. 

As there are six points to be braced to the wall, eighteen members are 
necessary. These are provided by the six longitudinal members, six struts 
and six diagonal panel members. 

The loading is as shown on the diagram. 

Taking the co-ordinate axes positive in the directions indicated and 
starting with point F, the equations of equilibrium are formed as follows :— 

The members meeting at this joint are FE, FC, FJ, FH, FB, and by 
considering first the equation for the x axis, it is clear that FC and FJ have 
no components. 
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The projection of FE on this axis is —10, that of FB is —10, and that of 
FH is —10, so that the equation is 

—lO^FE—IO^ fb—10/fh =0. 

Considering now the y axis, the members concerned are FC, FJ, FB and 
FH. The projections on the y axis of FC and FJ are both 5-2, and of FB 
and FH are 6*93. The load is 10 acting in a negative direction so that the 
equation is 

5 •2^FC"f'5 •2^Fj“f'0 *93^FB“f“0 •93 ^fh—10. 

Similarly, for the z axis we get 

3^rj—3 <fc+ 4iFH —4 <fb =0. 

Following the same procedure at every joint the necessary equations are 
formed and are best set out as shown in Table 2.1. 


Table 2.1. 


Joint 


Equations 

F 

X 

y 

z 

1jcjj — 1 — 1 O^pji — 0. 

5 • -f 5 • 4-6 • 93 /fb + 6 • 93<ph -1 


X 


C 

y 

- 5 • 2^of +1 * 73^eu +1 * ~ ^ 


z 

J “ ^CB “h 


X 

-100„ = 0. 

J 

y 

1 * 7 3^ J jj 5 * 2^ jp 3 = 0. 


z 

“ JC + ^JH — ^^JF ~ 


X 

lO/pp— lO^pj, lO^p^ 10^py = 0. 

E 

y 

6 • 93^pb + 8 * + 6 • 93^pH + 8 • = 0. 


z 

~ ^^KB "f" A ~ 


X 


B 

y 

b • 93^jjp 4“ 1 * 73 <b^ 4" 1 * 7 'I/'bq 1 • 7 3^bc 0 • 93^bf = 0. 


- 

8^BH + + ^BC ~ ^BA + “^^BE + ‘^^BF “ 9. 


X 

^ 9^hj ^9^hq 4" 19^uf. 4~ 19/jjp = 0. 

H 

V 

1 • 73<hq -1 * 73/hj -1 * 73q,c - 9 * 93 /j,e - 6 • 93<hp = 0. 


z 

“ “ '^^HC “^HJ + ^HQ ~ ^^HF ~ ~ 9. 


These equations must now be solved. In the present instance joint J is 
taken first and the equation Jx for forces along the x axis gives <jh= 0. 
Substituting this value in Jy we find ^jf to be —0*576 and <jc =0*288 
follows at once from Jz. 

If joint C be now considered it will be seen from Cx that fcB+^CH=0 which 
can be substituted in Cy to obtain ^cf= —1*15. If we use this and the 
known value of ^cj in Cz, an equation in <ch and <cb is obtained which with 
Cx enables these two coefficients to be evaluated. 

This process is continued until all the coefficients have been determined 
and these, multiplied by the respective lengths of the members, give the 
loads in the members as set out in Table 2.2. 
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Table 2.2. 


Member 

Tension coefficient t 

Length L 

Load U 

FC 

-M6 

6-0 

- 6-9 

FJ 

-0-576 

6-0 

- 3-46 

FB 

1-59 

12-8 

20-3 

FE 

-2-75 

10-0 

-27-5 

FH 

1-16 

12-8 

14-85 

CB 

~0-215 

10-2 

- 2-19 

CJ 

0-288 

6-0 

1-73 

CH 

0-215 

12-3 

2-64 

JH 


10-2 

0 

EB 

-1-194 

8*0 

- 9-55 

ED 

-4-4 

10-0 

-44-0 

EA 

0-961 

14-14 

13-60 

EG 

0-684 

14-14 

9-7 

EH 

-0-86 

8-0 

- 7-08 

BA 

1-28 

10-2 

13-06 

BG 

0-133 

13-56 

1-80 

BH 

-0-166 

8-0 

- 1-328 

HG 

1-375 

10-2 

14-02 


When the method of tension coefficients is applied to the stress analysis 
of plane frames the work is considerably simplified since ther<) are no com¬ 
ponents along the z axis, and all the data are contained in a single view of 
the framework. 

As an illustration the roof truss shown in Fig. 2.8 will be analysed. 



If Rb and Rc are the reactions at B and C respectively we obtain by taking 
moments about B 

4-33 

20Rc-=10+12*5-2- 

or Rc=0*8. 

Therefore the Vertical component of Rb— 2*2 and the horizontal com¬ 
ponent of Rb~1 *0. 

The positive directions of x and y are indicated on the diagram and the 
equations for i!he various joints in terms of tension coefficients are given in 
Table 2.3. 
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/oD is obtained directly from equation Gy and is — *1846 which is entered 
in the Table. 

From Cx and Fx, ^ 0 F=~-^CD=^rE and from Fy, ^fd==’231. 

The values of tjyc and <df thus found are substituted in l>x and Dy leaving 
simultaneous equations in and <da which give on solution *14:88 

and <da=“ *1026. 

txB is found directly from By and substitution of its value in Bx gives ^bb* 


Table 2.3. 


Joint 


Equation 

Bar 

t 

L 

T 

C 

X 

— 7 • btQf — 7 • 6^qjj = 0 

CD 

-•1846 

8-66 

-1-6 

y 

4-33«od+0-8 = 0 

CF 

+ •1846 

7-6 

+ 1-386 


X 

1 

II 

O 

FD 

+ •231 

4-33 

+ 1000 


y 

4-33i,D —1=0 

FE 

+ •1846 

7*5 

+ 1-385 

D 

X 

7 * 0^j)o — 7 • 6^jj jj — 7 • 6^j)^ —1=0 

BA 

-•264 

10*0 

-2-64 

y 

—4 • 33(^p —^a) ~ 0 

BE 

+ •054 

6-0 

+ 0*27 

A 

X 

7 * ^^AB 1 = 0 

DE 

-•1488 

8-66 

-1-29 

A 

y 

_1 

— 8 * 66^^jj — 4 • — 8 • 66^^^ = 0 

DA 

-1025 

1 

8-66 

-•888 

B 

X 

y 

4" 1 = 0 

8-66«ba+2-2 = 0 

AE 

+ •305 

8-66 

+ 2-64 

E 

X 

7 * "t* 7 • 6tgD—6^j.g = 0 





y 

8 • 66^j;^ 4“ 4 * 33^j) — 2 = 0 






Ay then gives ^ab- 

The remaining three equations Ax, Ex and Ey afford a check upon the 
accuracy of the work, since they should be satisfied when the values of the 
tension coefficients already found are substituted in them. Instead of cal¬ 
culating the reactions directly they could have been dealt with as unknown 
forces, Vc, Vb and Hb. 

The equations for B and C would then have been :— 


Joint 


Equations 

B 

X 

"i" ^^A ■!“ ~ 0 

y 

8-66<Bi+VB = 0 

c 

X 

— 7 • 6^0p — 7 • 6^0 j) = 0 


y 

4’33/cj)+Vo = 0 


and there would be twelve equations to solve for the nine bar forces and the 
three reactive forces, Hb, Vb and Vo. 


Revebenoe 

Southwell, R. V. 1920. Engineering, Land., 109, 166-8. 
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EXERCISES 

(1) Determine by inspection the forces in the truss shown in Diagram 2a. 

GH==HJ=^-^6; JK^-^4-5; 

AC^O ; CD=:3 ; DE==4^5 ; EB^O ; 

FC=-~OD^5: DJr=2'5; EK^7-6 ; 

AF=CO^-4 ; HD^O ; JE=r^KB:=^ ^6,) 

(2) The frame shown at 26 is pinned at A, B and C to a rigid support. Comment on 
the adequacy or otherwise of the bracing and if necessary modify it. 

Make a neat sketch of the frame and mark on it the internal stresses in all members. 
{AD=DO^CF=OH= --W ; 

EH=EF=W ; BE^DE=0 ; 

FH=-W^2 ; AE=W^2.) 

(3) The pin-jointed frame shown at 2c is supported at A and D. The sides AB, BO 
and CD are equal in length. Using the method of tension coefficients, find the forces in 
all members of the frame, 

{AB=-5'78; CD=-4-04; AD^2-02 ; 

AG=^1‘00 ; BG=-2'89.) 



Diagram 2. 
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(4) Determine by calculation the forces in all members of the pin-jointed frame shown 
in Diagram 2d, 

(AB^-5-0 ; CD=-7'96 ; BG^7‘10 ; DE=:ll-07 ; 

AG=0; GE==5‘99 ; BD==-16-95: DF=-24-20,) 

(6) Using the method of tension coefficients, obtain all the forces in all bars of the 
frame shown in Diagram 2e. 

{AB:=== 18-25 ; AC=-17-51 ; BC=-14-58; 

BD=18-00; GD^3-33; GE^-26-98,) 



CHAPTER 3 


THE STRESSES IN STRAIGHT AND CURVED BEAMS 


3.1. Shearing force and bending moment. —The theory of flexure is fully 
dealt with in standard text-books on Strength of Materials. Only those 

p portions of the subject, therefore, which 

-^- JL —..^1 are referred to in later chapters will be 

_I_^ outlined here. 

For our present purpose a beam can 
I ^ be defined as a member supporting 

_ I transverse loads or subjected to other 

1 The shearing force or shear at any 

r section of a beam is the algebraic sum 
I of all the external forces, including the 
reactions, acting on either side of the 
I section, resolved normal to the axis of 

Fio. 3.1. the beam. 

The bending moment at any section 
of a beam is the algebraic sum of the moments of all the applied forces, 
including the reactions, on either side of the section. 

Shearing force and bending moment diagrams for a freely supported beam 
of length a Ah carrying a concentrated load P at a distance a from the left- 
hand support are shown in Fig. 3.1. 

3.2. Relationship between loading, S+SS 

shearing force and bending moment. . w 

—In Fig. 3.2, DA and CB represent 
two sections of a beam under load 
separated by a small distance 8a;. 

The bending moment at AD is M, 2 >-- C 

and at BC is M+8M. The shearing -dx- A 

force at AD is S, and at BC is S+SS. 

The intensity of loading over the ^ ^ 

small length Sa; is w. Considering the 

equilibrium of the length of the beam shown we have by equating vertical 
forces 

S+w;Sa;=S+SS, 
whence, on making Sa: and SS infinitely small, 

dS 




Fio. 3.2. 


and by taking moments about D 

n. <si,r 

M+SM+-y^- 

dM 


(S+SS)Sx-M=0 
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Putting these relationships into integral form we have 

J’M^a:=|<iS=S 

and |sda:=jdM=M, 

i.e. the integral of the load diagram between any limits gives the change of 
shearing force between those limits and the integral of the shearing force 
diagram similarly gives the change of bending moment. 

3.3. Theory of simple bending. —The relation must now be found between 
the external forces acting on the beam and the internal stresses which keep 
it in equilibrium. 

The assumptions made in the theory of simple bending and throughout 
this chapter are, except when otherwise stated, 

(1) The beam is not stressed beyond the proportional limit of the material. 

(2) Young’s modulus is the same for tension and compression. 

( 3 ) A plane cross-section at right angles to the plane of bending before 

strain remains plane after strain. 

(4) There is no resultant axial force on the beam. 

(5) The cross-section of the beam is symmetrical about an axis through its 

centroid parallel to the plane of bending. 

( 6 ) Longitudinal fibres of the beam are free to strain independently of 

each other. 

In Fig. 3.3, let ED, BC be two adjacent cross-sections of the beam, and 
after bending by pure couples applied to the ends of the beam let them be 
as shown at E'D', BX^. They will 
clearly not be parallel since, due to 
bending, the fibres parallel and close 
to CD will have stretched, while those 
parallel and close to EB will have 
shortened. It is also clear that there 
is some plane between CD and EB 
where the material is neither stretched 
nor compressed. This plane is called 
the neutral plane or surface, and its 

line of intersection with the cross- ^ ^ 

section of the beam is called the \ j 

neutral axis of the section. mq 

Let the sections E'D', B'C', inclined pjo 3 3 

after bending at a small angle 0 to one 

another, meet in a line perpendicular to the plane of the paper. Let this line 
intersect the plane of the paper in O. Let NA be the line in which the 
neutral surface cuts the plane of the paper before bending, and N'A' be that 
line after bending. Let y be the distance from the neutral surface of any 
layer of the material FG parallel to that surface. 

Then if R is the radius of curvature we have 

F'G' (R+2/)0 R+y 
N'A'“ R 6 R ‘ 

The strain at the layer F'G' is 

F'G'-FG F'G'-N'A' (R+t/)0~R0 y 
FG “ N'A' E 6 R' 




2 
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The longitudinal tensile stress intensity is 

Ee=E^=j3, say. 


This is equal to the compressive stress at the same distance below the neutral 
surface, so the intensity of the direct longitudinal stress at any point in the 
cross-section is proportional to the distance of that point from the neutral 

axis, reaching a maximum at the boundary 
farthest from the neutral surface. 

3.4. Moment of resistance. —^The longi¬ 
tudinal internal forces, which are tensile on 
one side of the neutral surface and compres¬ 
sive on the other, clearly form a couple 
which must at any section, since the beam 
is in equilibrium, be equal and opposite to 
the bending moment at that section. This 
couple is called the moment of resistance. 

In Fig. 3.4, let the shaded area be an 
elementary strip at a distance y from the 
neutral axis. The total force on the elemen¬ 
tary area is pxdy and the moment of this 
force is pxydy. 



Fia. 3.4. 


The total moment across the section is 


\.==^pxydy=^ 


% 

E 


xydy 


51 

"R’ 


where I is the second moment of area or, as it is often but incorrectly called, 
the moment of inertia of the section about the neutral axis ; 


therefore 


M E 


The maximum intensities of stress occur at the outer boundaries of the 
surface and if these are fi and /<, respectively, 

, My,, 


/f—ana/c=”j“ 


where y^ are the distances of the tensile and compressive fibres farthest 
from the neutral axis. 

The quantity I/y, where y is the distance of the neutral axis from the 
most highly stressed fibre, is called the modulus of the section and is usually 
denoted by Z, so that we have the relation /=M/Z. There are two moduli 
for every section which is not symmetrical about the neutral axis. 

Since there is no axial load on the beam the sum of the forces on the 
elementary areas must be zero, i,e, 

^pxdy=0. 
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The term covered by the integral sign is the first moment of area about the 
neutral axis and since this is zero the neutral axis must pass through the 
centroid of the section. 

8.6. Stresses when loads are not normal to the beam.— When a beam is 
subjected to an oblique load the longitudinal stress at any point in the cross- 
section is made up of two parts, one due to 

bending action and the other to the effect ^ ^^ 

of the component of the oblique load along ^_ I_ i 

the axis of the beam. Thus in the cantilever ^ ~ —Z3~7H 

shown in Fig. 3.5 subjected to a load P, the ^ 

line of action of which makes an angle 0 with ^ ^ 

the axis of the beam, the stress at a section ^ P 

which is X from the point of application Fio. 3.6. 

of the load will be due to a bending 

moment Px sin 0 and to a thrust P cos 0. The maximum compressive and 

X -1 X 1 X U -n 1 sin Q)ye , (Px sin 0)y« 

tensile stresses due to bending will be and--j-respec¬ 

tively, while, if A is the cross-sectional area of the beam, the stress due to 
P 

the thrust will be ^ cos 0 uniformly distributed over the cross-section. 

Therefore the total maximum compressive stress will be 

(Px sin 0)y^ P 
--- 1 __ cos 0, 

and the total maximum tensile stress will be 

(Pa: sin Q)tjt P . 


This result assumes that the flexibility of the beam is not so great as to 
cause secondary effects. The general problem, when this condition is not 
fulfilled, will be dealt with in Chapter 7. 


3.6. Unsymmetrical bending.—^It was assumed in the derivation of the 
expression for the bending stress at any point in a beam given in paragraph 

3.3 that the cross-section of the beam was sym- 



Fio. 3.6. 


metrical about an axis through its centroid 
parallel to the plane of bending. Such an axis 
of symmetry must be a principal axis of inertia 
of the cross-section and the assumption (5) of 
paragraph 3.3 could, in fact, have been ex¬ 
pressed more generally as follows : 

The axis through the centroid of the cross- 
section of the beam parallel to the plane of 
bending must be a principal axis of inertia of 
the cross-section.’’ 

If the plane containing the apphed bending 
moment is not parallel to a principal axis of 
inertia of the beam section the bending stresses 
cannot be found by the direct application of the 


formula of paragraph 3.3. 

Fig. 3.6 shows the cross-section of a beam in the shape of an unequal 
angle, carrying vertical loads. The angle is supported with its short leg 
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horizontal so that the plane of the applied bending moment is parallel to 
the vertical axis vv. The principal axes of inertia, about which the second 
moments of area of the section are a maximum and a minimum, are 
and 2 /y respectively. Before the formula of paragraph 3.4 can be used to 
determine the bending stress at any point the applied bending moment 
must be resolved into its components about the principal axes. If, at the 
section under consideration, the applied bending moment acting parallel to 
the vertical plane vv is M, then its components in the planes parallel to xx 
and yy will be M sin a and M cos a respectively. At a point A (x, y) in the 
cross-section the bending stress due to the first of these moments will be 

a:M sin a 


and due to the second, 


ylA cos a 


where U and \y are the second moments of area of the section about the axes 
XX and yy respectively. 

The total bending stress at the point A due to the applied moment M is 
therefore 


V-- 


Mx sin a My cos a 


I. 


Since the bending stress at the neutral axis is zero, the equation to the 
neutral axis is 


1^1 

In unsymmetrical bending there is a tendency for the beam to twist. 
This is not, in general, a serious matter in practice as a beam is usually 
constrained, for example, by the floor slab in the case of a floor beam and 
by the roof covering in the case of a purlin and the resulting torsional stresses 
are small. Where a beam is not so constrained particular care must be taken 
in its design, as even in a symmetrical section such as a solid steel I, subjected 
to what appears to be symmetrical bending, large torsional distortions may 
occur due to a small unintentional eccentricity of loading. 


3.7. Distribution of shear stress.—^The 



Then the longitudinal stress intensity 
N'A' is, as already shown, 


distribution and value of the shear 
stress at any section of a beam 
may be found as follows :— 

In Fig. 3.7, let BE, CD be two 
cross-sections of the beam at a 
small distance dx from one 
another, and let the bending 
moments at these sections be M 
and M+dM respectively. Let the 
breadth of the section at any 
height y be 2 =JK. 
at height y above the neutral axis 



where I is the second moment of area of the section about N'A'. 



STRAIGHT AND CURVED BEAMS 


25 


The longitudinal thrust on any element of cross-section at BF is pzdy, 
where zdy is the area of this element, i.e. 

My 

-jzdy 

and the thrust at CG on an element at the same height is 

Therefore the excess of thrust on the element of area at CG over that at 
BF is the difference of the above quantities, 


1 . 6 . 


dMy 


zdy 


and the total difference of thrusts on the areas CG, BF is 

where ?/o=BN. 

But since BFGC is in equilibrium, the excess of thrust must be balanced 
by the longitudinal shearing force across the surface FG. Let q be the 
intensity of the shear stress across FG. 

The shearing force across FG is 


rv, 

qzdx — 


*dMy 


I 




zdy 


y^dy, 


therefore 


IJ/ 

dM 1 r*'» S f*'* J 


where S is the total shearing force on the crqss-section of the beam. 

rvo 

Now i yzdy 

Jv 

is the moment of the area JRK about N'A' and is equal to A//, where A is 
the area of JRK and y the distance of its centroid from the neutral axis. 

The shearing stress at the neutral axis is equal to ^ where b is the 

breadth of the section at the neutral axis and Ay is the moment of the 
area of the section above the neutral axis. 

The distribution of shearing stress is given for the two sections most 
commonly met with, i.e. rectangular and I sections. 

Rectangular Section .—In Fig.^3.8, 
since 2 := 6 =constant 


’“rj/*' 


1 = 


6S /d^ 

hd^ 

12 ' 



Since 
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3S 


This is a parabola the maximum shear stress being at the neutral axis, 

^od 



1 Section ,—Let dimensions be as in Fig. 3.9. 
Then the shear stress intensity at any height 
y above the neutral axis is 

S moment of area above height y about 
16^the neutral axis. 

The shear stress diagram is shown in 
Fig. 3.9. 

On the inner edge of the flange 


and just inside the web 


At the neutral axis the maximum shear stress is 

IV 8 'h + sj' 

3.8, Deflexion of beams. —For a straight beam of uniform section we have 
the relation 

R~EI‘ 

In Fig. 3.10 let PQ be a small length of such a beam when deflected under 


0 



load. The co-ordinates of P and Q referred to rectangular axes are (x, y), 
(a;+ 8 a:)(y-f Sy), and the angles which the tangents at P and Q make with the 
axis of X are i and i -1-SL 

The deflexion 8 y is so small that 8 a: and 85 may be taken to be equal. 

1 U U 



STRAIGHT AND CURVED BEAMS 

hence in the limit when 8x and Sy become infinitesimally small 
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R dx^’ 


dy 


therefore —= slope of beam 

dx 




=,>= 


JEI 


dxdx 


between suitable limits ; 
and y ==deflexion=j 

between suitable limits. 

From this and the results of paragraph 3.2 the following relations are 
obtained :— 

dS dm d^y 


^ dx dx^ ^^dx^' J 

s=f!-Efe . . 

dx ax® 


M=EI 


dx*’ * 


(3.1) 

(3.2) 

(3.3) 


1 • 

slope =j= —,.(3.4) 


deflexion 


mdxdx 

. El 


(3.5) 


These five relations are important. From them, for example, if the 
loading on a beam is known, the shearing force, bending moment, slope and 
deflexion can be obtained by successive integration, the proper constant of 
integration being added at each step. Alternatively, if the bending moment 
is given for every point along the beam, the loading, shear, deflexion and 
slope may be deduced. 


It should be noted that 


^2^ 



is the rate of change of slope and 


is positive or negative in any particular case according to the positive 
direction chosen for the measurement of y. Bending moments which pro¬ 
duce a positive change of slope must therefore be taken as positive and vice 
versa in forming the equation (3.3). For example in Fig. 3.11, ?/ is measured 
positive downwards from the unstrained axis of the beam and the slope, 
which is everywhere negative, increases with x until it reaches its maximum 
value of zero at the fixed end. Hence, positive bending moments are those 
which tend to produce concavity downwards. 

The deflexion of beams loaded in different ways will now be considered 
in some detail. 


8.9. Uniformly loaded cantilever. —Fig. 3.11 shows in its unstrained 
position, a cantilever of uniform cross-section and length I, The x axis is 
taken along the unstrained axis of the beam, which is assumed horizontal, 
and y is measured downwards. 
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Under the action of a uniformly distributed load of intensity w per unit 
length the '‘hogging ” bending moment at a distance x from the free end is 



2 


therefore 

dy wx^ 

. 

. . . (3.6) 

and 

wx^ . _ 

. . . (3.7) 


where A and B are constants of integration, the values of which must be 
found from a consideration of the end conditions of the beam. 



Fig. 3.11. 


The cantilever will suffer no change of slope at the fixed end so when 


dij 

x—l, ^=0 and from equation (3.6), 

A-- 


wP 


and 


6 EI 
dy wx^ wP 


There is also no deflexion at the fixed end, i.e, ?/=0 when x=l and 
equation (3.7) then gives 

wP 




‘SEI 


and 




wx 


^ wPx wP 


't+E 


"24EI 6EI ' SEI 
which is the equation of the deflected form of the cantilever. 

3.10. Simply supported beam carrying a concentrated load. —Fig. 3.12 
shows a beam of uniform cross-section and length I resting on simple supports 

which offer no resistance to bending. 
A concentrated load W is applied at a 
distance a from the left-hand support 
which is taken as the origin of co¬ 
ordinates. The supports provide ver¬ 
tical reactions Ra and Rj 3 of magnitudes 
^ W(Z~a) ^Wa 

Fio. 3.12. —I - — respectively. 

It is convenient in the first place to form separate expressions for the 


a 


ojr 

RaV 


w 


- X 


Rb 
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bending moments at sections to the left and right of the concentrated load 
respectively, thus : 


when x<a 
M=—Rax 


when x>a 
M=—Rax+W[x- 


-a] 


therefore 


and 


EI^=- 

dx^ 

dx 


-Ra^; 


_ x^ . 
-Rai>+A 


El 


El 


dx’^ 

dy 

dx 


■ —RAa;+W[a;—a] 
W[a;-—a]2 


-A' 


where A and A' are constants of integration. 

The left-hand expression holds for all sections of the beam between the 
left-hand support and the point of application of the load C. The right-hand 
expression holds for all sections between C and the right-hand support. 
They will both, therefore, give the slope of the beam under the load at C, 
that is when a:=a, and since we have 


El 


(dj\ ^ 

\dx)c ^"^2 


+A 


El 


(dy\ _ r, 

Uj --^^2 


+A' 


it follows that A=A'. 

Using the same argument, on integrating once more it will be found that 


El2/ = 


-Ra-0 H-Ax+B 


EIy--RA^+W' 


[x-aY 


6 


-Aa:+B. 


If it is stipulated that the terms inside the square brackets are omitted 
when x<a, the right-hand expressions are capable of expressing the bending 
moment, slope and deflexion at any section of the beam thus : 


El^^^=-RAa;+W[a:-a]. . . 


and 


EI2 /--Ra’ 


x^ W[a:—a]^ 


-Aa:+B. 


(3.8) 

(3.9) 
(3.10) 


6 ' 6 

The constants A and B are evaluated from a consideration of the end 
conditions. If there is no sinking of the supports under load we have t/=0 
when x=0 and from (3.10), the term in the bracket being omitted since 
x<a, we obtain B=0. 

When a;=Z, y=0 so that 


, „ W[l-af 

"^=^^6- W ~'- 


Wa(l—a){2l—a) 


The deflexion under the load is 


W-ll 




Gl 


Wa^l —a)* 

" Mil ■ 


dy I 

The maximum deflexion will occur at the point where ^ =0 which, if a> 

dx Jh 

will be found in the length of beam between the left-hand support and C. 
In this length 


I 4 [-r 4 Va] 


2* 
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and equating this to zero it follows that the maximum deflexion occurs at 

la(2l~a) 

W~T— 

Substituting this value of x in equation (3.10) we have 

W(l-a)(2aZ-a2)3 2 


2/max- 


9\/3EU 


The method outlined above (W. H. Macaulay, 1919) can be applied to a 
beam carrying any number of concentrated loads W^, Wg, Wg, etc., at 
distances a, 6, c, etc., from the left-hand support. The expression for the 
bending moment at any point in the beam, from which those giving the 
slopes and deflexions are derived, is best found by writing down the bending 
moment at the section just to the left of the right-hand support, taking 
moments to the left of the section, thus 

EI^ = -Rao; + Wi[a: -a] +Wlx-b] + WgLa; -c] + etc. 

Care must be taken when integrating to retain intact the expressions in the 
square brackets and to omit those which do not apply when considering a 
particular section., Errors can be avoided if it is remembered that the term 
inside a bracket must be omitted when, on substituting for x, it has a 
negative value. 

3.11. Simply supported beam carrying a distributed load. —Macaulay’s 
method will now be used to determine the deflexions of a beam carrying a 
load of intensity w which extends from a point at a distance a from the left- 
hand support to the right-hand support (Fig. 3.13). 


Ra 

y 




■ .bOQQQCQCOQQCCX^^^ _ X 




Fig. 3.13. 


With the stipulation in the last paragraph the equation which holds over 
the whole length of the beam is 


+2 [a;-a] 2. 


Upon integrating this twice we have 


dy x^ w 


and 


x^ w 


El2 /=—Ra^+^[ a:-a]H Ax+B. 


When x=0, y=0 and so B=0. 

When x=l, y—0 

w{l—a)^ P w{l—a)* 
21 6"^ 24 


0 = 


-Al 


(3.11) 

(3.12) 

(3.13) 


so 
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, w{l-aY(l^+2al-a^) 

and A=—-’ 

The final equation for the deflexion at any point in the beam is then 
1 r w(l—a)^x^ w[x-~dY w(l — aY{l^-{-2al—a^)x 
2/=gi|_ -j2i ^ 24 ' M 

This method can only be directly used when the distributed load stretches 
to the right-hand support. The general case of a beam carrying a load 
distributed over a short length only of the span can however be covered by 
the use of a simple artifice. 




(3.14) 



IV 2 

QQQQOCCCXl 

I I 


Fio. 3.14. 




X 


Rb 


If beam AB carries a load of intensity w per unit length extending between 
points C and D which are a and b respectively from the left-hand support 
the behaviour of the beam is the same as if it were loaded uniformly to an 
intensity w over the length CB and to an intensity —w over the length DB. 
By this arrangement the loads are made continuous to the right-hand 
support. 

Macaulay’s method can be applied and the deflexions derived as before 
from the equation 




-Rax 


w\x—aY tv[x~b]^ 


. . (3.15) 


When loads of different intensities are distributed over two portions of 
the beam as shown in Fig. 3,14 the equation will be 

„ , Wi[x-aY wlx-b^ w^x-c]^ w^x-d]^ 

- 2 - 2 -+- 2 2 • 


3.12. Simply supported beam subjected to a couple applied at a point.— 

The slopes and deflexions of a beam of uniform cross-section subjected to a 


R 


. 4 . 


‘L- 




R 


_ X 


Fig. 3.15. 


couple M applied to a point C at a distance a from the left-hand support 
(Fig. 3.15) can be found without difficulty. The reactions, R, supplied by 

M 

the supports act as shown in the figure and are of magnitude y. If the 

M 

couple is replaced by an upward vertical force W=y acting through C and 
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an equal and opposite force acting through a point at a distance b to the right 
of C the equations can be formed in the usual way. If, in the limit, b is 
made to approach zero while keeping M=W6, the required solution is 
obtained. 

A more elegant method is however to extend Macaulay's notation, and 
write the equation, which holds over the whole beam, 

EI^=Rx-[M].(3.17) 


the significance of the square bracket being, as before, that the term inside 
it shall be neglected when x<a. 

Integrating equation (3.17) we have 


and 




17T 

EIy=-^- 




+Aa:+B. 


(3.18) 

(3.19) 


Since y=0 when a;=0 and when x=l we have 


and 


B=0 

A=^(2Z2-6ai+3a*). 


The equation for the deflexion at any point is then 

-^-MM(x-a)2]+-(2^2_6a?+3a2)xj . . (3.20) 


3.13. Simply supported beam subjected to transverse loads and end couples. 

—General expressions which will be needed later for the slopes at the ends of 
a beam of uniform cross-section subjected to any system of transverse loads 
and to couples at its ends will now be derived. 



Fig. 3.16 shows a beam subjected to any distribution of transverse loads 
and to couples Ma and Mb at its ends A and B respectively. 

If the hogging bending moment at a section x from the left-hand support 
due to the transverse loads alone is M^ then the total bending moment at 
that point is 




(3.21) 


Multiplying equation (3.21) by x and integrating between the limits a:==0 
and x~l, we obtain 
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If there is no sinking of the supports, that is to say y—0 when a;=0 and 
also when x=l, equation (3.22) may be written 

I 


6ba 


Eli. 


(3.23) 


where 6ba is fke slope of the beam at the end B where x—l. 
Integrating (3.21) between the limits a:=0 and x—l we have 


or 


6ba—6ab 




H“Mb) 


(3.24) 


where 0ab is the slope of the beam at the end A where x=0. 

Substituting in this equation the value of 0ba given by equation (3.23) it 
will be found that 


6AB = -^|V'cix+^jV>dx-^(2MA+MB) . . (3.25) 


Now [ W^dx is the total area of the bending moment diagram due to the 
Jo 

transverse loads alone and will be denoted by A. 

MLxdx is the moment of this area about the left-hand end of the beam 

Jo 

where a:=0, and will be denoted by Ax, x being the distance of the centroid 
of the area from the end where x=0. 

Then 

l{ [ M^xdx—M'dx—xf M^dx—{l—x)[ W^dx 

Jo Jo Jo Jo Jo 

which is the moment of the area of the bending moment diagram about the 
right-hand end of the beam where x~l and will be denoted by Ax', x being 
the distance of the centroid of the area from the end where x—l. 

Equations (3.23) and (3.25) may then be written 


and 


0AB 


=—f 

6EI\ 

=_ L{ 

6El\. 


__ 6Ax\ 

Ma +2Mb -|— ] 


2Ma+MbH- 


6 Ax' 

U' 


(3.26) 

(3.27) 


If the supports sink when the load is applied to the beam so that the end 
B has a deflexion 3 relative to A, then the slope everywhere on the beam 

will be increased by an amount j and the slopes at the ends will be 


6b A = 


6ab = 


=—f 

6EIV 


I 


Ma+2Mb+ 

(2Ma+Mb 


QAx‘ 




I +1 


(3.28) 

(3.29) 


3,14. Encastr^ beam.—An encastre beam is one in which the ends are 
built into the supports or otherwise fixed so that the slope of the beam at 
those points cannot change. When load is applied the supports exert 
restraining moments on the ends of the beam. The magnitudes of these 
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moments can be found directly from the expressions for the slopes at the 
ends of a beam derived in the preceding paragraph and the deflexion at any 
point can then be determined by the method set out in paragraphs 3.10-3.12. 

If the axis of such a beam was originally horizontal and the end B deflects 
under load a (Jistance 8 relative to A, we may write from equations (3.28) 
and (3.29) 

I 


and 


6E1 

I 

“6EI 




6Ax' 

2Ma +Mb 4— 




Solving these equations we obtain 

2Ax 4Ax' 6EIS 


and 


Ma = 


Mb = - 


r- 

4:AX 


2Ax’ 


P • 

6EJS 


(3.30) 


(3.31) 


P P . 

If the beam carries a uniformly distributed load of intensity iv over the 
whole span 

I . 2 , wP wP 

x=x A = --Xlx-^ =-■y2 


and the end fixing moments are 



,, wP 6EIS 

Ma—12 -)— 

. . . (3.32) 

and 

6EI8 

"'•“H—■ ■ ■ 

. . . (3.33) 


The effect of the downward deflexion of the end B relative to the end A 
is to increase the moment Ma- The importance of this increase is most 
easily appreciated from consideration of a special instance. 

Suppose a total load of 12 tons uniformly distributed is to be carried over 
a span of 20 feet by means of a steel beam having a relevant second moment 
of area 1—220 (ins.)^ and a depth of 12 inches. 

If the beam were simply supported at its ends the maximum bending momcmt, 


ivl^ 

occurring at the centre of the span, would be =360 tons-ins. and the 

o 

360 X 6 

maximum longitudinal flexural stress would be ^?max "^""220” ‘ ^ tons/sq. in. 


If the ends of the beam are encastre and no relative deflexion of the ends 
occurs the restraining moments exerted on the beam at the supports are 


Ma-Mb = 


wl^ 

12 


=240 tons-ins. 


This is the greatest bending moment in the beam as will be seen if the bending 
moment diagram for the encastre beam is drawn, and the resulting maximum 
longitudinal stress is 6*55 tons per square inch. 

We will now determine what relative sinking of the supports could occur 
before the maximum stress exceeded a permissible limit of 8 tons per square 
inch. 
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8 X 220 

This stress would be produced by a bending moment of —^— tons-inches 

b 

so that, from equation (3.32), the limiting deflexion is 

8x220 


6 


6x13,000x220 

=240 + - 24 ^ 24 ()“^ 


or S—0'18inch. 


This comparatively small deflexion would produce in this particular beam, 
with ends encastr6, an increase in the maximum stress of more than 20 per 
cent. No such increase in maximum stress would have been produced by 
the deflexion had the ends of the beam been simply supported. 


3.16. Beam of varying section subjected to any load system.— The 

formulas derived in paragraphs 3.2 to 3.8 have been applied so far to beams 
of uniform cross-section throughout their length. They are applicable, 
however, for all practical purposes, to beams in which the cross-section is not 
uniform. 

From equation (3.3.) 

^~EI‘ 


Integrating this, 
and 

Iff is not an easily 
used to determine 


dy_l ■ 


dx -f-A 


1 ffM, , 

y = jyaa:ax-l-Aa;+B. 

integrable function of x, graphical methods must be 



and 


ffM 

JJr 


dxdx. 


When these integrals have been evaluated the constants of integration A and 
B can be found and the equations for the slopes and deflexions follow as in 
paragraphs 3.9-3.13. 

As an example we shall consider the case of a cantilever of length L and 
constant depth d, which tapers linearly in plan view from a breadth b at the 
fixed end to nothing at the free end and carries a concentrated load W at 
the free end. 

The relevant second moment of area at a section distance x from the free 


end is 


1 bd^x 

12 TT 


and the bending moment there is Wa: so that 


12WL 

bdm 


Hence 


and 

When 


dy 12WLa; 


x=h, 



6 WLa;* 

bdm 


fAa:+B. 


and 


A 


12WL2 


bd^E * 
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When 


a;==L, f/=0 and B: 


12WL3 6WL8 6WL» 

" bd^E bd^E ^ bd^E * 


6 WL* 

At the free end where the load is applied, x—0 and the deflexion is • 


A beam which is designed to be economical in material must vary in cross- 
section from point to point in a manner dependent upon the variation of the 
bending moment to which it is subjected. 

The design of a member of this type, particularly when it forms part of a 
continuous structure such as one built of reinforced concrete, presents no 
fundamental difficulty but is laborious. A general method is, however, 
available (Weiskopf and Pickworth, 1937). 


3.16, Moment area and shear area methods. —There is a considerable 
literature dealing with more specialised methods of determining the slopes 
and deflexions of beams. 

The best known of these is the moment area method. If a beam of 
uniform cross-section, initially straight, is subjected to any load system so 
that Mj. is the bending moment at any section at a distance x from the 
origin, which we have in earlier paragraphs taken as the left-hand end of the 
beam, then A6, the change in angle between the tangents at two points C 
and D on the beam, is given by 

fD 

I M^dXy sometimes called the moment area, is the area of the bending 
Jc 

moment diagram between C and I) and we have the theorem : If C and D 
are any two points on a beam the change in angle between the tangent at C and 
the tangent at D is equal to the area of the bending moment diagram between 
these points divided by El, the constant flexural rigidity of the beam. 

If C is taken as the origin of co-ordinates so that x is measured from C 
we have, from equation (3.22), 

1 

a^D^D—yD+yC=^J 

The left-hand side of this equation is an expression for the deflexion of C 
relative to the tangent at D, while the right-hand side is equivalent to the 
area of the bending moment diagram between C and D multiplied by the 
distance of the centroid of this area from C. We thus have the further 
theorem :— 

The displacement of C relative to the tangent at D is equal to the moment of 
the area of the bending moment diagram between G and D about the ordinate 
through C divided by the flexural rigidity of the beam. 

To find by this method the deflexion at the centre of a beam of span I 
which carries a uniformly distributed load of intensity w it must be remem¬ 
bered that the tangent at the centre of the length is horizontal so that the 
deflexion there will be equal in magnitude to the displacement of one end 
of the beam relative to the tangent at the centre of length. 

The area of half the parabolic segment forming the bending moment 
2 I wl^ wl^ 

diagram of the beam is r. ^distance of the centroid of this 
o 2 o 24 
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area from the end of the beam is ^ so that the required displacement is 

wP 51 1 5wl* 

The moment area method can be applied readily to beams of varying cross 
section. 

For beams of uniform section carrying uniformly distributed loads a 
knowledge of the areas and the positions of the centroids of parabolic seg¬ 
ments is required. This has led to the development of an analogous method 
known as the Shear Area Method (Compton & Dohrenwerd, 1936) in whieh 
use is made of the area of the shearing force diagram, which is usually a 
simpler figure than the bending moment diagram. 

While a knowledge of these methods may be of value, the straightforward 
method of determining slopes and deflexions set out in paragraphs 3.9-3.15 
will in all cases give results with little, if any, more labour and with much 
less liability to error. 

Another special method is the Column Analogy (Hardy Cross, 1930) which 
will be dealt with later in paragraph 10.7. 

8.17. Bending stresses in curved beam. —The equations for bending stress 
obtained in paragraph 3.3 are only valid if the beam is initially straight. 



If it has an appreciable curvature the application of these formulas may 
result in serious error and a more exact treatment, which is due to Winkler, 
is necessary. 

Fig. 3.17 shows a beam, initially curved, subjected to a bending moment 
M tending to straighten it. BA and CD are two adjacent cross-sections 
initially separated by a small angle 0. The radius of curvature of the 
neutral surface nn over the small length of the beam between these sections 
is assumed to be constant and equal to r. 

The same assumptions will be made as for the case of straight beams. 

Under the action of M the section CD will rotate through a small angle 80 
relative to AB. 

Let EF be any surface at a distance y from nn, y being assumed to be 
positive when measured towards O, the centre of curvature of the short 
length of beam under consideration. The strain of a fibre in the surface 
EF is 
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and, if lateral pressure between the fibres is neglected, the stress at EF is 


/=Ee = 


EySe 

(r-y)0' 


(3.35) 


This is a hyperbolic curve of stress distribution as shown in Fig. 3.17 instead 
of the linear distribution in an initially straight beam. 

Since there is no axial force acting on the beam the sum of the compressive 
forces in the fibres of the beam above the neutral axis must be equal to the 
sum of the tensile forces in the fibres below the neutral axis. If the beam 
is of constant width as shown in the diagram this entails that the area of the 
stress diagram above the neutral axis must be equal to the area of the 
diagram below it and so the neutral axis does not, as in the straight beam, 
pass through the centroid of the section but is displaced towards the centre 
of curvature. 

For equilibrium of the cross-section we have to satisfy two conditions : 

(1) That already stated above, viz. that the total force on the cross-section 

is zero. 

(2) The sum of the moments of forces on the cross-section about nn must 

be equal to the applied moment M. 


If dA is an element of area of the cross-section at EF these conditions may 
be expressed as 

j/(iA=0 

f/yrfA=M 

and on substituting the value of / from (3.35) we obtain 


ESefyrfA 

0 ]r—y 


(3.36) 


and 


ES0 [yHA 
■ - 

0 }r-y 


(3.37) 


The second of these equations may be rewritten in the form 


ES0 

0 



=M. 


The second integral is zero from (3.36) and the first represents the moment 
of area of the cross-section about nn, i.e. —Ah where A is the total area of 
the cross-section and —h is the distance of the neutral axis from the centroid. 


So 

or 


ES9 


AA=M 


~W~A}i 


.E80 


Substituting this value of -gp- in (3.35) we have 

, My 


Ah(r—y)' 


(3.38) 


(3.39) 
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The maximum value of / occurs in the fibre AD and the minimum value in 
the fibre BC, so that if the distances of these fibres from the neutral axis 
are yi and respectively, we have 

aafi;:).,3.^, 

Ah(r+y,) 

These equations cannot be used unless h and r are known. 

Let y' be the distance of any element of cross-section from the axis through 
the centroid parallel to nn so that y ~y-{-h. 

Substituting for y in equation (3.36) we have 

where R is the radius measured to the axis cc through the centroid. 

The first integral in this equation represents a modified area and will be 
denoted by mA, 

i.e. .(3.42) 

where m is a coefficient which must be calculated. The second integral can 
be written in the form 


dA-O 


dA=0. 




y 

‘R-2/' 


-(l+m). 


Substituting (3.42) and (3.43) in (3.41) we have 

hA 

m A—-- (1 + m) =:: 0 


The value of m may be found in sonm instances by direct integration, in 
others a graphical construction is preferable. 

Suppose the section of the beam consists of a rectangle of width B and 
depth H. 

1 f \ . 


where 


HJ_h/2VR-2/' / " 

R 2R+H 

or . 

For a circular section the integration is rather lengthy but gives the result 

„/R2 1\ 2R . 


dA=Bdy' and A=BH. 

1 rH/2 / R 
m~— I 


7-1 ]dy' 


2 ) 


where a is the radius of the circle. 
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The value of m may also be found by taking a sufficient number of terms 
in the expansion of the expression „ thus 


^\[y'dK 
AjR-y' 


v'* y'^ 

+—+—4- 


■) 


dA. 


If dA can be expressed as a function of y' this series can readily be 
integrated. For a rectangle, for example, dA=l^dy' and 
_B rH/2 


mr- 


ARJ. 


H/2 / 

V 

-H/2\ 


y'^ 

_i_£- 


yy' 


I I''' 

ARL 2 '^3R‘^4R2"^ * ‘ J- 


H/2 

H/2 


The even powers of y vanish and we obtain 


I ori 


+ • 




or 


^ HR[i2R ' 80R3 

_i/iiy VilV+VilV 

^ ■3\2Ry 5\2R/ 7\2Ry 


m- 


}JP-\ 

4V2R/ 


^64V2R 


)' 


+ 


In the same way the value for a circle of diameter T> is found to be 

2 l/DV 

'sVmj 

If the integral cannot be evaluated readily a graphical construction may 
be used as follows (Fig. 3.18) : 

AGBG' is the cross-section, which is shown symmetrical about the axis 
AB. This is not necessary, but is the usual condition. The centre of 
curvature is 0 and G'G is the axis through the centroid. The length CD 
of any line jiarallel to G'G is proportional to an element of area dA at that 
level. Also FE—?/'and EO=R—,v'. Join OD and produce this Hne to cut 
G'G at J. From J draw JH perpendicular to EH. Then the triangles 
JHD, OED are similar and 

DH : ED : : JH : EG, 


i,e. 


DH=gED= 

y' 


y 


R- 


->ED 


-y 


so DH is proportional to dA at this section. 

Now consider another section KL which is above the axis G'G. As before 
join OL and from N the point where this line intersects G'G draw NM 
perpendicular to KL. 

2 /' 


Then 


ML-gjPL. 


K— 


,dA, 


It will be noticed that when the value of y* is negative, i.e. when the 
section considered lies above the axis through the centroid, the point on the 
derived figure lies inside the original diagram instead of outside it as for 
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sections below the axis. This corresponds with the sign of the integral, 
which is positive when y' is positive and negative when y' is negative. 

If a number of points are obtained in this 
way the derived figure is easily drawn and is 
indicated by dotted lines in Fig. 3.18. 

The area included between this dotted line 
and the boundary of the original contour is a 

y' 


measure of \ 


—dk since one-half only 


]^-y' 

of the symmetrical section shown has been 
treated. 

If the section is not symmetrical about the 
line AO the diagram would of course be com¬ 
pleted by a similar process on the other side. 

Once the value of m has been found, h 
is calculated from equation (3.44), i.e. 

.\ 


A=R 


and r=R—The stresses 



1+^/ 

can then be found directly from equations 
(3.39) and (3.40). 

As an example suppose a steel bar 2 inches 
square in cross-section bent in a circular are 

having a mean radius of 8 inches is loaded by end couples of 10-inch tons 
and the maximum and minimum stresses are to be calculated. 

In the first place m is calculated from the formula 
R, 2R+H ^ 


=(4x •2513145)-! = -005258. 
This may be checked by the expansion 

m-i(|)2+i(J)^+^(i)^+ . . . 

= •005208+*000048 
= •005256. 


Then 


‘-(iis) 

8x -005258 
“■To052^ 


•04184 inch. 


Also 

and 

where 


Also 

where 


r =8- *04184=7 -95816 inches 
.. Mvi 

j/j=l_.04184=-96816 
^ lOx-95816 „ 

/max= ^ - - - Q-^ =8-18 tons per square inch. 


—Mi/ii 

_yjj=-(l + -04184) = -l-04184. 
, -10x1-04184 

/min = 4 ^ .04234 X 9 ~^ 
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If the stresses are calculated by the formulas derived for initially straight 
beams we obtain 

^ 10x3 „ ^ ^ 

f=—~~ =7*5 tons per square inch. 

The error is rather over 8 per cent, on the low side, and this error would 
increase rapidly with the curvature. 
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EXERCISES 


(1) A wooden cantilever 12 feet long is 10 inches deep throughout but is tapered in 
plan in such a way that when a load is hung on the free end the maximum fibre stress 
is the same at all sections. 

If this fibre stress is 1,200 lb. per square inch, calculate the deflexion under the load. 
E = 1 • 5 X 10® lb. per square inch. 


(i'6’6' inches) 


(2) A cantilever of length L is propped at a distance L/4 from the free end to the level 
of the fixed end. It carries a load W at the free end. Determine the ratio of deflexions 
at the free end for the prop in position and the prop removed. 

(0^048) 


(3) A cantilever of uniform cross-section and length L carries a load W at the free 
end and a distributed load varying linearly from w at the free end to at tlie fixed end. 
Calculate the deflexion at the free end. 





23wL\ 
~4 0 ) 


(4) A vertical wooden mast 50 feet high tapers linearly from 9 inches diameter at the 
base to 4 inches diameter at the top. At what point will the mast break imder a 
horizontal load applied at the top ? 

If the ultimate strength of the wood is 5,000 lb. per square inch, calculate the 
magnitude of the load which will cause failure. 

{20 feet from top : 442 lb.) 

(5) A cantilever of length L has a constant breadth B and a varying dejJth given by 
KVic, where K is a constant and x is the distance from the free end. The cantilever 
carries a load W at the free end which causes a maximum fibre stress / in the material 
of the beam. Find the deflexion at the free end if D is the depth of the beam at the root. 

\EBDy 


(6) A beam in cross-section is an equilateral triangle of 8-inch side, the line of the 
loading being perpendicular to one side. 

If the total shearing force at a section is 5 tons, plot the distribution of shear stress 
across this section. 

{Parabola with maximum value of *27 tons per square inch at half depth) 

(7) A beam freely supported over a span of 20 feet carries a load which varies uniformly 
from an intensity of 1 ton per foot at one end to 3 tons per foot at the other end. If the 
second moment of area of the beam is 300 inch units and E is 30 x 10® lb. per square inch, 
calculate the deflexion at the centre of the span. 


{1‘79 inches) 
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(8) A R.S.J. of 12"x6"x J inch section is 12 feet long. It is fixed at one end and 
pinned at the other. A moment is applied to the pinned end tending to bond the beam 
in its strongest direction. If the maximum stress is 5 tons per square inch calculate 
the magnitude of the moment and the angle of slope at the pinned end of the beam. 

{211'6 tons-in. , 0-132 degrees) 

(9) A beam AB of length L is freely supported at A and at a point C which is kL from 
the end B. If the load on AC is a uniformly distributed one of intensity u>, find the 
value of k which will cause the upward deflexion of B to equal the downward deflexion 
midway between A and C. 

(0-238) 

(10) An encastre beam 20 feet span has a couple of 80 foot-tons applied at a point 
5 feet from one support. Draw the bending moment diagram. 

(11) A straight horizontal beam rests on supports 20 foot apart and overhangs each 
of these supports by 4 feet. 

It carries loads of 10 and 8 tons at 5 and 14 foot respectively from the left-hand support. 

Calculate what concentrated loads applied to the extreme ends of the beam will make 
it remain horizontal over both supports. 

(9-65 tons at L.H. end 
8 • 22 tons at R.H, end) 

(12) The ends of a beam wliich carries a concentrated load at one-third of the span 
are so constrained that tliey assume slopes one-half of those which would occur if the 
beam wore simply supported. 

Sketch the bending moment and shearing force diagrams. 

(End BMs. - -A* WL and gV WL 

End S.Fs. - ~IT and -fif W) 


(13) An encastr6 beam of span L has a second moment of area varying uniformly 
from Iq at the centre to ilo at each end. It carries a load uniformly varying from an 
intensity w at each end to 2w at the centre. Calculate the bending moments at the 
centre and ends and the central deflexion. 

(^BM at centre 


wl^ 

~12 


„ ,, ends 

Deflexion 


+ ■ 


wL^ 

l2 


wL^ \ 
~192IoE) 


(14) A circular link is made of square section steel bar of 1 inch side the junction 
being left unwelded. 

The internal diameter is 3 inches. If the maximum stress in the steel is not to exceed 
8 tons per square inch, calculate what diametrical pull tlie link can carry. 


(-52 ton) 



CHAPTER 4 


THEOREMS RELATINO TO ELASTIC BODIES 


4.1. Elastic behaviour. —When loads are applied to a body—^whether it 
be solid or a framework—^the shape of that body is slightly changed. If 
on the removal of the loads the body completely regains its original shape 
it is said to behave elastically. The curve obtained by plotting the displace¬ 
ments of any point against the loads causing these displacements is in most 
cases a straight line, but for certain types of bodies and for certain forms of 
loading the load-displacement curve is not linear although the behaviour is 
perfectly elastic. 

A thin rod of elastic material used as a tie rod, i.e. subjected to an axial 
tensile stress, may have a linear relationship between load and displacement, 
but if the same rod is subjected to a compressive load apphed eccentrically 
the displacement of any point will increase at a greater rate than the load 
although such displacement will be elastic, i.e. it will disappear on the 
removal of the load. 

Since many of the theorems relating to the behaviour of bodies under 
stress are only applicable if the displacements are proportional to the loads 
producing them, it is important to recognise the distinction between the two 
types of behaviour. 


4.2. Principle of superposition. —If the displacements of all points in a body 
are proportional to the loads causing them the effect produced upon such body 
by a number of forces is the sum of the effects produced by the several forces when 
applied separately. 

This is a most important consequence of a linear load-displacement curve 
and renders possible the solution of many problems which would otherwise 
be intractable. 

Its truth is readily seen by considering the case of a rod subjected to an 
axial tensile load of P+Q. 

The extension of the rod under the load, if the material obeys Hooke’s law, 
i.e. if it has a linear stress strain curve, is where L is the length of 

the rod, A its cross-sectional area and E is Young’s modulus for the material. 

But this extension is which is the sum of the extensions of the 

AE AE 


rod under the two separate forces P and Q. 

Fig. 4.1 (a) illustrates the point with reference to the actual load-extension 
diagram for the rod. Under tensions P and Q the extensions are represented 
by OA and OB respectively. If P+Q be applied to the rod the extension 
is represented by OC. 

Since the triangles QBE and FGH are identical we can write 
OC=OA+FG=OA+OB 


or extension due to P+Q=extension due to P+extension due to Q. 
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it may in some cases be a good approximation but it cannot, in general, be 
exact. This method must not be confused with that now under discussion, 
which furnishes exact solutions. 

Suppose, for example, that the encastr4 beam shown in Fig. 4.3 carries a 
uniform load of intensity 2w over one half of the span, and that the values 
of the end fixing moments Ma and Mb are required. The usual method 




Fig. 4.3. 


necessitates either the use of a planimeter or the mathematical integration 
of the free bending moment diagram, and is unnecessarily lengthy. The load 
system (a) can, however, be replaced by the two systems shown in (6) and (c) 
respectively in Fig. 4.3 ; (6) consists of a uniform load of intensity w acting 
on the whole span, while (c) consists of a downward load of intensity w over 
one half of the span and an upward load of intensity w over the other half. 

Then (a)-(6)-(-(c). 

Now, the end fixing moment for (6) is 


M 




It is clear from the skew-symmetry of the arrangement that in (c) there is 
neither bending moment nor deflexion at 0, the centre of the beam. There 



Fig. 4.4. 


is, however, a shearing force F, and the two halves of the beam are in 
equilibrium under the actions shown in Fig. 4.4. 

Considering the left half, the upward deflexion of 0 due to F equals the 
downward deflexion of 0 due to w. 

YU wU 


That is, 


'128EI ’ 


whence 




and 
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Hence 


Ma=M(6)+M(^.) 


Mb—M/m—M/ c) 


wU^ WwU^ 

96 ’ 

'~\2 


4.3. Strain energy. —When loads are applied to a body their points of 
application are displaced and the energy due to their movements is imparted 
to the body. If the strains are perfectly 
elastic this energy is stored in the body 

and is recoverable—when the loads are ^ / 

removed it is used in restoring the body j,_ / 

to its original shape. If the strains are -^ 

greater than those within which the body / 

behaves elastically, part of the energy is / 

used in permanently deforming the body ^ / 

and this portion is not recoverable. In / 

general we are only concerned with / 

strains of an elastic type and the energy / 

stored under these conditions is known - Displacement ^ 

as strain energy. We shall also confine ^ ^' 

our attention to the case in which the 
load-displacement curve is linear. 

Fig. 4.5 represents the load displacement curve for a bar of material which 
obeys Hooke’s law when subjected to a direct tensile or compressive force. 
The ordinates represent the loads applied to the bar and the abscissae the 
displacements. These loads are applied in such a way that no kinetic energy 
is created, i.e. the bar docs not vibrate longitudinally. The work done by 
the load is then all stored as strain energy in the bar. 

Under a load P the displacement is x and under a load P+8P it is a;+8x. 

The work done by the load during the increment of strain is its average 

. . /^.8P\. 


value multiplied by the distance through which it moves, i.e. ^P+—j8a:. 

Since no kinetic energy is created this energy is stored in the bar and the 
increment of strain energy is therefore 

the second order term being neglected. 

Since the load-displacement curve is linear 

. L8P 

where L is the length of the bar, A is the cross-sectional area and E is 
Young’s modulus. 

PL 

Then 8w=:-x^8P. 

AJii 

Hence, the total strain energy of the bar as the load is increased from zero 
to Pq is 


or 


(4.1) 
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If the load is applied in such a way that kinetic energy is created the extra 
energy will cause the bar to vibrate. When these vibrations have ceased, 
however, the energy of the bar will be that found above. The strain energy 
in fact does not depend upon the manner in which the load is applied but 
only upon the final value of the load provided that the strains during 
vibration are not such as to cause permanent deformation, i.e. that the 
maximum stress at no time exceeds the limit of proportionality. 

4.4. Force in a bar in terms of end displacements. —It is often convenient 
to express the force in a bar of a framework in terms of the displacements of 
its ends. Suppose P and Q are two nodes of a frame connected by the bar 
PQ. 

Let the co-ordinates of P measured from any origin be (a:p, yp, z^) and the 
co-ordinates of Q be (otq, yQ, 2 :q). 

When loads are applied to the frame P and Q will be displaced and the 
new co-ordinates will be 

(a^p+ap, yp+Pp, 2p4-Yp) and (xQ+ag, yq + pQ, ^q+Yq) respectively. 

The initial length of the bar PQ is L, where 

U=(xq^ —xp) 2+(yQ -yp) 2+ ( 2 q — Sp) 2 
and the final length is L-f^L, where 

(L + SL) 2 =(;rQ+aQ—Xp—ap)24-(yQ-fPQ—yp—Pp )2 + (2:Q-fYQ~-2:p— yp)2 
a:p)2+(aQ~-ap)2-f2(a:Q—a:p)(aQ—ap) 

+(yQ—2 /p)^4-(Pq— pp)^+2(yQ—yp)(PQ—pp) 

+(2Q—2:p)^ +(YQ~Tp)H2(2q —2p)(yq-Yp)- 
Substituting for the appropriate terms from the equation for L2 and 
neglecting the second-order terms (aq—ap)2, (Pq— pp)2 and (yq—Y i*)^ 
becomes 

(L+SL)2==L2+2{(a;Q—a;p)(aQ—ap)+(yQ—yp)(pQ~Pp) + (2Q—2p)(YQ—YP)}- 

Neglecting the second-order term (^L)2 this can be written in the form, 

SL (xq —a:p) (aq —ap) -f (yq —yp) (Pq —Pp) + (^q —2Jp)(yq —YJp) 
---- 

where e is the strain in the bar. 

The stress is then Ee, and the force in the bar is AEe. 

4.5. Strain energy as a function of external loads. —If PQ is any bar in a 

plane frame and Tpq is the force in it we can write from the result of the 
previous paragraph 

TpqL (.tq— xp)(aq—ap)+(yq—yp)(Pq--Pp) 

AE ” L 

and multiplying both sides of this equation by ^Tpq we obtain 
m2 T 

J^pq[(^q—^ p)(aQ—ap)+(2/Q—2 /p)(Pq“Pp)] 

where ^pq is the tension coefficient for PQ. 

This can be rewritten : 
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Similar expressions can be written for every bar of the frame : aq and Pq 
will be common factors for all the bars connected to the joint Q so that if all 
the expressions are added we shall obtain 

T ^L ocq 

• • • • +^QP(*Q~"*y)} 

Bo 

+ -^{<Qa( 2/Q—yA)+<QB(yQ—S/ b)+ .... +iQp(«/Q—yp)} 

+similar expressions for every other joint of the frame. If Xq and Yq are 
the components of external force along the x and y axes at joint Q the 
equations of equilibrium for this joint are, from equation ( 2 . 1 ), 

^QA(aJA—a^Q)+<QB(iJ^B—^ q)+ .... +^Qp(i^p— ^TqI+Xq^O 
and <QA(yA—2/Q)+^QB(yB— 2/q)+ .... +^Qp(yp—yQ)+YQ=0. 

Substituting the values of Xq and Yq from these equations in the above 
we obtain 

the summation of the left-hand side including all the bars of the frame and 
that of the right-hand side all the joints. 

The left-hand expression is the internal work or strain energy of the frame 
produced by the action of the external loads, so that 

U=JX(aQXQ+pQYQ).(4.2) 

If Wq is the resultant force at Q of which Xq and Yq are the components, 
and if Aq is the displacement of Q in the line of action of Wq, we have 

XQaQ+YQ^Q—W qAq 

and (4.2) can be written 

U-I2WA.(4.3) 

i.e. the internal work of a frame which has a linear load-displacement 
relationship is half the sum of the products of the external forces and their 
respective displacements in their own lines of action. 

This result depends only on the final values of the external loads and not 
upon the way in which they have been applied. 

For a space frame the same result is obtained in an exactly similar 
manner by introducing displacements and loads along the z axis of reference. 

4.6. Strain energy due to bending. —Hitherto we have assumed that the 
bars with which we were dealing were 
subjected to pure tension or compression 
only, but as any action which stresses a 
body produces strain energy we shall now 
obtain expressions for that due to other 
actions. 

Suppose an initially straight beam to be 
subjected to a uniform bending moment 

M. 

Under the action of this moment let 
two adjacent normal sections separated Pio. 4 . 6 . 

by a distance 8s be inclined to each other 

so that 8s subtends an angle 86 at the centre of curvature as in Fig. 4.6. 
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Since M could be replaced by equal and opposite forces acting at the 
outermost tensile and compressive fibres of the beam respectively and the 
external work could be expressed in terms of these equivalent forces it is 
clear that the result obtained in the previous paragraph holds true and we 
can write 

SUb^^MSO 

where 8 Ub is the strain energy of the element due to bending. 

If R is the radius of curvature of the element due to the action of M, 


and 


2R 


But from the ordinary theory of bending, 
j. _M 
R“M 

and in the limit when 


SUb- 


mi 


(4.4) 


is indefinitely decreased we can write 

2EI . 

which is the expression for the strain energy due to bending. 

4.7. Strain energy due to shearing force.— Let AC and BD in Fig. 4.7 be 
two adjacent sections of a beam, separated by a distance 85 , subjected to a 
shearing force F which will be supposed to be 
uniformly distributed over the cross-section of the 
beam. 

Due to F let the shear strain be cf) so that B and 
D move through a distance <f)Bs to B' and D' 
respectively. 

Then 8 Uf=JF^S5, 

where 8 Uf is the strain energy of the element due 
to shear. 

shear stress F 
9 = 



Fig. 4.7. 


But 


N ~AN 

where N is the modulus of rigidity of the material and A is the cross-sectional 
area of the beam. 

STT 

and if Ss is indefinitely reduced we have 

TT 

J 2 AN. 

The shear stress is not in fact uniformly distributed over the cross-section ; 
in a rectangular beam, for example, the distribution is parabolic and so the 
correct form of the above equation is 

.(*•«> 

where A; is a coefficient which depends upon the shape of the section and the 
form of the loading. 
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4.8, Strain energy due to torsion. —Suppose that under the action of a 
torque T, two adjacent sections of a circular shaft apart are twisted 



through an angle S6 relative to each other as shown in Fig. 4.8. If the 
outer radius of the shaft is R the shear strain <f) is 

. BC Rse 

* 

TR 

Also, ^=gr/N=^j 


where q is the shear stress at the radius R, N is the modulus of rigidity of the 
material and J is the polar second moment of area of the shaft. 


Hence 


RSe TR 
85 ~NJ 


or 



The internal work of the element of the shaft is JTS6 


or 


^u- 


Ut= 


"2NJ 

jmj’ 


If the shaft is not circular in section, J is not the polar moment, but has 
a modified value which can be calculated (e.g. Bairstow & Pippard, 1921) 
although in some cases an experimental determination may be the simpler 
procedure. For a general discussion of this problem reference may be made 
to standard text books (e.g. Case, 1938). 


4.9. The strain energy of curved beams. —When a beam has a large initial 
curvature the expression for the strain energy previously obtained for 
straight beams is not applicable. 

Suppose ABCD in Fig. 4.9 is an element of a curved bar acted upon by a 
bending moment M, a shearing force F and an axial tension T. 

From paragraph 3.17 we have 


so that 


E89 M 
0 ~'Ah 
M6 M85 
^^~AEh~B,AEh 


which is the decrease of angle between AB and CD due to M. 



62 ANALYSIS OF STRUCTURES 

Hence, if SUb is the strain energy of the element due to bending, 

M*8s 


SUb= 


" 2RAEA.' ■ ' 

TSiS 

Due to T the element elongates by an amount -r^ and this increases the 

Aiii 

angle 0 by so that the work done by T if it acted alone would be 

TSs TR_T**8s 

RAE^ 2 “2AE‘ 



Fia. 4.9. 


Part of this work, however, is done against the couple M and relieves the 

MT Bs 

strain energy already stored by M. The moment used in this way is 

and the net amount stored as strain energy in the element is therefore 

T^^s MTBs 
RAE 
TSs/T M\ 


_TSs/T 
“AE V2' 


The shearing force F will cause sliding of one section relative to the other 
k¥^s 

of an amount where A: is a numerical factor depending on the shape of 
the cross-section. 

So the strain energy of the element due to shearing force is 


SUf=- 


and the total strain energy of the element is 
SU = SUb + SUt+SUf 

M2Ss T8s/T M\ kF^Ss 
■~2RAEA+AE \ 2 ~R/ 2AN 
f r M* T /T M\ kF^ 1 , 
^'~j{2RAEA"^Ae(2 r)"^^/ 

The effects of T and F are very often negligible compared with that of M 
and with sufficient accuracy 

r M^ds 

^’~J2RAEA. 


(4.11) 
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4.10. Clerk MaxweU^s reciprocal theorem. —Suppose any elastic body, 
either solid or a framework, is supported in such a way that the reactive 
forces do no work when loads are applied to the body. This result may be 
obtained by fixing the points of supports in space or by allowing them to 
rest on frictionless bearings. In the first instance there is no movement of 
the supporting points and in the second, any movement is at right angles 
to the reactive force brought into action. The conditions for the sufficiency 
of the reactive forces as described in Chapter 1 must of course be observed. 
The body has a Linear load-deflexion relation such that when loads Wj and 
W 2 are applied separately in specified directions to any two points A and B 
in the body, 

Under the action of alone :— 

A will move in the direction of W^. 

B will move WjA'g in the direction of Wg. 

Under the action of W 2 alone :— 

A will move WgA'i in the direction of Wj. 

B will move W 2 A 2 in the direction of Wg. 

If these two loads are applied simultaneously at such a rate that no kinetic 
energy is generated Wj grows to its maximum value while A moves through 
the distance WiAi+WgA'i and Wg grows to its maximum while B moves 
through W 2 Ag+WjA'a. 

Hence the total strain energy of the body is 

U-1 Wi(WiAi+W2 A\) + |W2(W2A2 +WiA'2 ). 

When Wj alone acts on the body the strain energy is If Wg 

is then applied to point B it will move through a distance WgAg and the 
strain energy due to this will be JWg^Ag. At the same time it will cause 
the load Wj to move through a further distance WgA'^ and since the value 
of Wj is constant during this movement the work done on it is WjWgA'^. 
Hence the total strain energy is 

U^iWi^Ai+iWg^Ag+WiWgA'i. 

Since the manner in which the external loads reach their final values does 
not affect the value of the strain energy the two expressions are equal, t.e. 

+ WgA'i) d-iWgCWgAg + A'g) 

-JWi^Ai+iWg^Ag+WiWgA'i. 

Whence iW^WgA'a^JW^WgA'i 

or A' 2 =A'i, 

i.e. the deflexion of B in the direction of Wg when a unit load acts at A in 
the direction of W^ is the same as the deflexion of A in the direction of Wj 
when a unit load acts at B in the direction of Wg. 

This is Clerk Maxwell’s reciprocal theorem. In a more general form due to 
Betti it may be stated as follows (Southwell, 1936) : 

Suppose that a number of forces Pj, Pg . . . Pn, act simultaneously upon a 
body which obeys Hooke’s Law and that the displacements in the lines of 
action of these forces are respectively Ai, Ag . . . An- If these forces are 
replaced by a second system P'j, P'g . . . Pacting at the same points and 
in the same directions as those of the first system, the corresponding dis¬ 
placements being A'l, A'g . . . A n, then 

PiA'i+P2 A'2+ . . . +PnA'n=P'A+P' 2 Ag+ . . . +P'nAn. (4.12) 
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In addition to the forces, moments may also act on the body. If these 
are represented by and M'^ in the first and second systems respectively, 
and if the corresponding displacements are 6 ^ and 0 '^ then terms SM^ 0 '^ 
and will appear on the left and right-hand sides respectively of 

equation (4.12). 


4.11, The first theorem o! Castigliano. —Let any frame having a linear 
relationship between load and deflexion be supported in such a way that the 
reactive forces do no work when loads are applied to the frame. If a number 
of loads, Wi, W 2 . . . . Wn, are applied to points, 1 2, . . . . N of the frame 
let the movement of point q in the direction of Wq due to Wp be Wp(p^^) 
where q and p are any loaded points. 

Thus the movement of point 3 in the direction of W 3 due to the load 
Wi is Wi(iS 3 ), etc. 

The total movement of in its own line of action is then 

Ai=Wi(i§i)+W2(2^i)+W3(3§i)+ .... +Wn(n^i)> 

and the movement of W 2 in its own line of action is 

^2=^l(lh)+^2i2h)+^M+ . • . . +Wk(i^S2). 

Using the result of equation (4.3) we can write 


iWiAi+^WA+ • • • • iWNAN=2 


(aWi+pW2 + .... +vWn)^L 
2AE 


where aWi+pW 2 + - • • is the force in any member due to the external 

load system. 

If Wi is removed the deflexions of points 1 , 2, . . ., etc., are 

A 2 Wj^(l§2) 


An-’Wi(i8j^) 

and as before, 

JW2{A2-Wi(i82)}+iW3{A3-Wi(i§3)}+ . . 


=2 


iWn{An-Wi(i 8 n)} 

(PW2 + . . . +vWn)2L 


2AE 


Subtracting this from the previous result wc obtain 

iWiAi+iW2Wi(i8,)+JW3Wi(iS3)+ .... +|WnWi(i8n) 

^aWi(aWi+2pW2+ • • • • -f2vWN)L 


^2- 


2AE 


By Clerk Maxwell’s theorem we can put 182 ^ 2 ^ 1 ^ ^tc., and on 

substituting for Ai the expression becomes 

m^^l(A)+^2{2^l)+^z(3h)+ .... +Wx(nSi)] 
xr-^aW L 

=i2-X^-(«W3+2pW3+ .... +2 vWn). 

If Wj acts alone on the frame, 

Adding this to the last result we obtain 
^aL 


WiAi=Wi2^(«W,+pW3+ .... +vWn) 
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A V 

where u is the strain energy of a bar of the frame. 

au 

Hence . 


where U is the total strain energy of the frame or, extending the result to a 
solid body, the total strain energy of the body. 

This is the first theorem of Castigliano (1879) and states that if the total 
strain energy expressed in terms of the external loads be partially differentiated 
with respect to any one of the external loads, the result gives the displacement of 
that load in its own line of action. 

Applications of this theorem will be dealt with in the next Chapter. 

4.12. The second theorem of Castigliano. —Suppose a framework which obeys 
Hooke’s law is supported in such a way that no work is done by the reactive 
forces, and further let this frame be subjected to a system of external loads and 
to self-straining forces due to the presence of imperfectly fitting redundant 
members. 



Let A and B in Fig. 4.10 be two adjacent nodes of the frame, the original 
distance between them before the application of either external or self¬ 
straining forces being L. 

Suppose forces P and Q to act on the joints A and B along the line joining 
them as shown in the figure and let P and Q be functions of some variable R. 
Then if U' is the strain energy of the frame due to the external loads and the 
self-straining forces we can write by the first theorem of Castigliano :— 


The movement of A in the direction of AB = 


dXJ' 

in the direction of BA — 

o\4 


au' 


and the movement of B 


Also 


d^_d\y^ d\ydQ 
aR “ ap dR~^ aQ Sr* 
au' au' au' 


If we put P —Q=R this becomes shortening of AB. 

Suppose now that A and B are connected by a redundant bar of the frame 
so that R is the load in this member. Also let the original length of this bar 
be L—X where X is small compared with L. 


The final length of the bar is (L—X) 



R being a tensile force. 
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But since the initial distance between A and B was L these points have 
approached each other by an amount 


L (L ^ AE’ 


XR 

the second-order term being neglected. 
AJcj 

RL au' 


Hence 

Now 


X- 


AE aR‘ 

RL_ a / R"L \ ai^ 
AE“aR\2AEj 
where u is the strain energy of the bar AB. 


Hence 


But 


aR "^aR"^* 
aw_au 
aR +‘aR“aR 


where U is the total strain energy of the frame including the bar AB. 

au 


aR 




(4.14) 


or the partial differential coefficient of the total strain energy of a frame with 
respect to the load in a redundant m ember is equal to the initial lack of fit of that 
member. 

Attention must be paid to the signs in using this result. In order to keep 
them correct the load in the member should always be made consistent with 
the initial lack of fit : if the member is initially too short the force R should 
be assumed to be tensile and if initially too long it should bo assumed to be 
compressive. 

This is the second theorem of Castigliano in its general form. If the 
member AB were originally of just the correct length we put X==0 and the 
result is 

au 

.(4-15) 


This gives the value of R which will make the strain energy of the frame 
a minimum and in consequence this form of the theorem is often called the 
principle of least work. It is, however, only a special case of the more 
general result. 


4.13. Differential coefficients of strain energy with respect to a moment.— 

In the previous paragraphs the differentiation of the expression for the strain 
energy of an elastic body has been done with respect to an axial force. It 
will now be shown that the theorems of Castighano can be extended to 
include the case when the action considered is a moment. 

Suppose two external loads, Pi and Pg, to act at any section of an elastic 
body. 


au 

Then the displacement of Pj in its line of action = 8 i=^ and the displace- 

au ^ 

ment of Pg in its line of action — 82 = 

vJl 2 





ELASTIC THEOREMS 


57 


If these loads are functions of P, 


ap^aPi'ap+aPss'dp 


and if Pj=P 2 =P we have 

au au au 
ap aPi'^aPj 

If Pi and Pg are equal and opposite forces separated by a distance a they 
apply a couple Pa=M to the body 

and 


-(^1 + ^2). 


^1 + ^2 


1 au au 8u 

aap~"aPa"aM‘ 

=0 is the angular rotation of the line joining the points of 


application of P^ and P 2 
Hence 


or the differential coefficient of the strain energy with respect to an external 
moment is the rotation of that moment in radians. This is a statement of the 
first theorem of Castigliano when the external action is a moment. 

If Pi and Pg are internal redundant actions 

au_au 

aPi^aPg”^ 


and then 


which is the second theorem of Castigliano extended to an internal redundant 
moment. 


4,14. Principle of Saint Venant. —This principle, known as the “ elastic 
equivalence of statically equipollent systems of load,” states that the strains 
which arc produced in a body by the application to a small part of its surface 
of a system of forces statically equivalent to zero force and zero couple are 
of negligible magnitude at distances which are large compared with the 
linear dimensions of the part. 

Suppose such a system of forces is divided into two parts which we will 
call A and B, these two parts being such that they produce equal and 
opposite resultant actions on the small part considered. 

By Saint Venant’s principle the strain at any point some distance from 
the part upon which A+B acts is very nearly zero. When A acts alone let 
the strain at this point be e. Then clearly the effect of B alone must be to 
cause a strain approximating to —e since by the principle of superposition 
the effect of A -f B must be the same as the sum of the separate effects. Thus 
the system of forces B whose resultant actions are equal in magnitude but 
opposite in sign to those of A produces nearly equal and opposite strains to 
those produced by A. 
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The principle of Saint Venant can therefore be restated and we may say 
that forces applied at one part of an elastic structure will induce stresses which 
except in a region close to that party will depend almost entirely upon their 
resultant action, and very little upon their distribution. 

The principle was originally stated without proof but having restated it in 
the form just quoted, R. V. Southwell (1923) from consideration of strain 
energy gave a proof which is reproduced here in its original form. 

Let us consider the case of a long girder, or braced framework, which is 
loaded at its two ends by forces applied in any given way ; and let us employ 
the symbol A to denote those regions which immediately adjoin the parts 
at which the forces are applied, and the symbol B for the remainder. The 
conditions of equilibrium require merely that the resultant action transmitted 
by B shall have a definite value ; but the conditions of continuity (or of 
compatibility of strains) will not be satisfied unless the total increase of the 
strain energy stored in A and B has its minimum value. Evidently, then, 
the equilibrium configuration may be regarded as in the nature of a com¬ 
promise between the requirements of A and B. To reduce to a minimum 
the strain energy stored in A, the reactions between A and B would require 
to distribute themselves in a manner which will depend upon the distribution 
of the forces applied to A ; the requirements of B, on the other hand, will 
not vary, since there must be some definite distribution of stresses, in an 
otherwise unloaded body, which will entail the minimum storage of strain 
energy in transmitting a given resultant action. 

Thus, in the process of adjustment which results in the actual distribution 
corresponding to equilibrium, we may picture a contest between the un¬ 
loaded portions,* which strive always after ‘ standardisation,’ and the loaded 
portions, which demand a particular solution for every specified distribution 
of the forces acting on them. As we pass from the regions of application of 
load through successive sections of the unloaded portion B, there will be a 
steady tendency for the claims of standardisation to prevail. The theorem 
stated in italics is an immediate deduction, and we may work back from this, 
by the principle of superposition, to Saint Venant’s principle.” 

4.15. Strain energy equations in terms of tension coefficients. —In some 
instances it is desirable to carry through a calculation in terms of tension 
coefficients rather than in actual loads. The equations can readily be recast 
into a suitable form, as follows :— 

Let Pq be the load in any member of length L and tp the tension coefficient 
for this member, so that 

Po~^i>I^' 

Let Rg be the load in any redundant member, its tension coefficient and 
Iq its length, so that 

R^ ^^Iqlq^ 

Then, l^Q=f(W)~{-atJ>i-\-bt 2 l 2 ~\~ ♦ • • ~\~Qiqlq~{~ • • • -f-etc. 
where /(W) is the contribution from the external load system. 

Also 


I.e.y portions of which the external surfaces are free from load. 
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CHAPTER 5 


DISPLACEMENTS OF ELASTIC BODIES 


6.1. Displacement of the point of application of a single load.— If a body 
having a linear relationship between load and displacement is carried by 
supports which do no work when the body is loaded and bears a single load 
at any point, the displacement of that point can be calculated by a direct 
apphcation of equation (4.3), which connects the strain energy with the 
external loads. 

Thus, if W is the external load and A is its displacement in the line of 
action of W we have 


or 


iWA-U 


A 


_2U 

“W 


where U is the total strain energy of the body. 

v'a^W^L 

In a framed structure - where aW is the force in any member. 


so 


a=w2 


a^L 

AE‘ 


As an example consider the steel frame shown in Fig. 5.1, which is pinned 
to a rigid support at A and D and carries a load of 20 tons at G. It is 
desired to calculate the vertical movement of the point G. 



The work should be set out as shown in Table 5.1. 

Columns 1, 2 and 3 are self-explanatory. In column 4 is entered the value 
of a. Since the load in any member is aW it is evident that a is the force 
in the member when W is made equal to unity. The required values of a 
may therefore be found by allowing unit load to act in the direction of W 
and determining the internal forces by any of the methods described in 
Chapter 2. In the present instance they can be written down by inspection 
but in a more compheated example a stress diagram or tension coefficient 
analysis would probably be necessary. 

Column 6 is completed from the earlier columns. Since E is the same for 
all members it has been omitted until the final calculation. If the material 
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TABI.E 5.1. 


1 

2 

3 

4 

5 

Member 

L 

A 

a 

a*L 


ins. 

sq. ins. 


A 

AB 

30 

4 

3 

2 

2 7 0 

1 b" 

BC 

30 

2 

3 

"4 

1 3 S 
"16 

DE 

30 

6 

0 

4 

405 

1 6 

EF 

30 

4 

3 

“T 

2 7 0 

1 6 

FG 

30 

! 2 

3 

4 

1 3 5 

1 6~ 

AE 

50 

5 

5 

4 

2 5 0 

BF 

50 

5 

5 

"4 

2 5 0 

1 6" 

CG 

50 

5 

5 

4 

2 5 0 

1 6 

BE 

40 

4 

-1 

1 60 
"l 6 

CF 

40 

4 

-1 

16 0 
“16 


were not the same throughout the frame the appropriate value of E for each 

oc^L 

member would be entered in another column and column 5 would be - 7 -:=:. 

AE 

a^L 2 285 

Summing the results in column 6 we obtain taking E as 


13,000 tons per square inch, 
■^AK 


2,285 


Hence 


AE 16x13,000* 

, 20x2,285 . , 

^=1^13:000'”'^^ = 


•22 inch. 


As an example of the aj^plication of this method to a beam we will calculate 
the displacement of a load placed on a simply supported beam at a point C 


-CL- 




W 


V 


1 . 


B 


Fia. 5.2. 


which is a distance a from one support and a distance b from the other as 
shown in Fig. 5.2. 

The reaction at A is ~W and in the length AC of the beam the bending 

Wbx 

moment at a distance x from A is ---. From equation (4.4) we have for AC 


W26* [•“ 


"6EIL2* 


3* 
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Similarly for the length BC, taking the origin at B, we have 
The total strain energy is therefore 

6 EIL 

^ . 2U Wa%^ 

and so ^~ W“3EIL ’ 

which is a well known result obtainable by the methods of Chapter 3. 

The method just described can only be used when a single load acts on the 
body. If more than one load is carried it is not applicable and deflexions 
must be calculated by one or other of the methods now to be described. 

6.2. Displacements by the first theorem of Castigliano. —If the displace¬ 
ments of a few points only are to be determined an application of the first 
theorem of Castigliano is probably the most satisfactory method of obtaining 

5 tons 4 tons 


["!] \r 



Fig. 5.3. 


the result. An example will best explain the procedure and we will calculate 
the vertical deflexions of points F and D of the steel truss shown in Fig. 5.3. 

Since the strain energy of the frame has to be differentiated with respect 
to the external loads at the points F and D it is necessary first of all to 
denote those loads by algebraic symbols and they will therefore be replaced 
by Wi and Wg respectively. The symbols will be given their numerical 
values only after the expressions for the deflexions have been obtained. 
Since the movement of the point G is not required there is no need to denote 
the load there by a symbol. 

The required deflexions will then be 

aWi A awi 

A ^ 

aWg A aWa* 

As in all calculations of this type, the work should be systematised and 
Table 5.2 shows a suitable arrangement. 

In the first place the force in every member must be calculated in terms 
of Wi jWg and the remaining loads, due regard being paid to signs : tensions 
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Table 5.2. 


1 

2 

3 

A 

ins.® 

4 

5 

6 

Bar 

L 

ins. 

Po 

PflL 

A a w; 

PoL aPo 

A aWj 

W, 

w. 

Other 

loads 

Wj 

w, 

Other 

loads 

w, 

W, 

Other 

loads 

AC 

240 

2 

i 

i 

2 

r>7-5 

45 

180 

46 

30 

120 

CD 

240 

4 

i 

i 

2 

33-75 

22-5 

90 

22*5 

15 

60 

DE 

240 

4 

i 

i 

2 

3-75 

7-5 

30 

7-5 

15 

60 

EB 

240 

2 

i 

i 

2 

7-5 

' 15-0 

60 

15 

30 

120 

EG 

240 

4 

-i 

1 -1 

-4 

15 

30 

120 

30 

60 

240 

GH 

240 

4 

-i 

-1 

-4 

15 

30 

120 

30 

60 

240 

AF 

240V2 

3 

3 V 2 

4 

V 2 

'2 

- 2 V 2 

90 V 2 

60\/2 

240V'2 

60^2 

40^2 

160 V 2 

FC 

240 

2 



— 

— 

— 

_ 

— 

— 

— 

FD 

240 V 2 

2 

V2 

4 

V 2 

2 

2V2 

15V2 

-30V2 

-120V'2 

-30V2 

6OV2 

240V2 

GD 

240 

2 



-4 

_ 

_ 

_ 

_ 

_ 

_ 

DH 

240V2 

2 

V 2 ' 
4 

V 2 

2 

2V2 

15V2 

30a/2 

I2OV2 

30V2 

6OV2 

240^2 

HE 

240 

2 



— 

— 

— 

— 

_ 

— 

'- 

HB 

240V2 

3 

V 2 

4 

V 2 

'2 

-2\/2 

10\/2 

20 V 2 

8OV2 

20^2 

40V2 

1604/2 


are positive and compressions negative. If this is done graphically it will 
be necessary to draw three separate diagrams—one for Wj acting alone, one 
for W 2 acting alone and the third for the remaining loads. These forces 
are entered in column 4 ; e.g. the force in GH is found by using the method 
of sections to be Pq——IW j—Wg—4 and the sub-divisions of column 4 are 


completed appropriately. It may be noted here that and for this 

bar are respectively and —1, i.e. the coefficients of W 2 and Wg entered 
in the first two sub-divisions of column 4. 

Columns 1, 2 and 3 give particulars of the various bars. 

P L 9P 

In columns 5 and 6 respectively are entered the values of and 

P L 9P ^ 

—^ calculated from the preceding columns. As an illustration, for bar 

xi. 0 W 2 

L 9P L 9P 

AC, j —120 and ^^=1, so that ^ ^^=90. This is multiplied by Pq which 
is tabulated in column 4 and the values entered in column 5 are obtained. 


9P L 9P 

Similarly A 9^"^^^’ which again multiplied by Pq gives the 

figures entered in column 6. 

The table is completed and columns 5 and 6 are summed to give 
PoL 9 Po , ^^0 
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These summations give 

326Wi+263W2+1,054 

and 263Wi +493W 2 +1,971 respectively. 

To obtain the deflexion at points F and D these must be divided by E 
which is taken to be 13,000 tons per square inch. 

Hence Ay =y+^(326Wi+ 263W2+1,054) inches, 

and Ad=j3^(263Wi+ 493W2+1,971) inches. 

The numerical values of and W 2 , viz. 5 tons and 10 tons respectively, 
are now substituted and the actual deflexions are 

*410 inch 

and Ad= *632 inch. 


6.3. Displacement of an unloaded point. —Since the expressions for Ap and 

Ad in the foregoing example are valid whatever the values of and W 2 a 
method is at once evident for determining the displacement of an unloaded 
point in a structure. Suppose for example that there were no load at F 
and it was required to calculate the vertical deflexion at that point. A load 
Wp is placed at F and the previous procedure is followed, leading to the 
general expression for Ap as before. Wp is then put equal to zero and the 
vertical displacement of F is obtained. 

P 

5.4. Displacements in terms of stresses in the members. —Since is 

the stress in any bar the equation for the displacement of any point can be 
rewritten 


A=2 


E aW’ 


If then the stresses in the bars of a frame are specified it is unnecessary 
to set down the areas ; the displacement of any point can be found directly. 
If, for instance, in the previous example the frame is so designed that the 
stress in every loaded bar is 8 tons per square inch, the displacements of the 
points F and D respectively are 




The calculations should be set out as in Table 5.3. 


It must be remembered that since / is 


^0 

A 


it will have the same sign as P^. 


When the specified values of and Wg are substituted in Table 5.2, it 
is found that the only bars in compression are FG, GH, AF and HB. The 
figures for these bars in columns 5 and 6 of Table 5.3 must therefore be 
multiphed by —8 tons per square inch and the remainder by +8 tons per 


square inch to obtain the values of/L 


aPo 

awi 


. -T ^^0 

and/L^^. 
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Table 6.3. 


1 

2 

3 

4 

6 

6 

Bar 

L 

3Po 

9 Po 

X 5Po 


ins. 

aWi 

awj 



AC 

240 

i 

i 

180 

120 

CD 

240 

i 

i 

180 

120 

DE 

240 

i 

i 

60 

120 

EB 

240 

i 

i 

60 

120 

FG 

240 

-h 

-1 

-120 

-240 

GH 

240 

-i 

-1 

-120 

-240 

AF 

240a/2 

3\/2 

— 

\/2 
“ 2 

-360 

-240 

FD 

240V2 

V 2 

4" 

V 2 

2 

-120 

240 

DH 

240-V/2 

1 

V2 

2' 

120 

240 

HB 

240\/2 

V2 

“ 4 

V2 
“ 2 

-120 

-240 


The summation of these columns then gives 
E^-' aWi 13,000' 


•738 inch, 


and 


^ 15,360 , , 

4»=E2/‘'3w.=iw-‘ ■'* 


If, as in paragraph 5.2, loads and not stresses are used, the question of sign 
is not so important. For example the force in FD can be expressed either 
as a tension of 

V2 V2 V2 V2 

—— I--™ W 2 + 2\/2 or as a compression of - - W 2 —2\/2. 


The terms which affect sims are P 


dP dP 

^nd it will be seen 

dW 2 d W 2 

that whichever of the two values of Pq arc used the same final result is 
obtained, since in the second case the signs of Pq and both differential co¬ 
efficients are changed simultaneously, leaving the products unaffected. 


5.6. Displacements of beams by strain energy methods. —^The first theorem 
of Castigliano gives an alternative method for calculating the displacements 
of loaded beams to that described in Chapter 3 and the strain energy analysis 
is often simpler. 

The simple instance of a beam carrying a single load has already been 
dealt with by the process of equating internal and external work and as a 
first example this same problem, illustrated in Fig. 5.2, will be solved by 
applying the first theorem of Castigliano. The vertical deflexion of the 
point C is 
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At X from A, 




Wbx 


so 


L 

dM^ bx 

and for the section AC of the beam, 

W 62 r« 


"^1 

Jwj 


Similarly for the section BC, 


[ 


dU 


1 


AC 'EIL^Jo' 

Wa* p 


xMx- 


xMx- 


Hence 


dWjBC ElL^iJo 
. (TO Wa*62 


Wa%2 

"3EIL2' 

"3EIL2' 

Wa262 

"3EIL* 


As a second example, suppose the simply supported beam shown in 
Fig. 5.4 has a span L and carries loads and W 2 at distances L/3 and L/4 




Wz 

4 ^ 

'C ' 

D 1 



L La .. 

- /? 



h-Z 



Fig. 6.4. 


from the left- and right-hand supports respectively. It is desired to 
calculate the vertical deflexions at the loaded points. These will be 

A 1 


and 


aw 

A 9U 1 r 
aWj EiJ 


n.. , 




In the first place the reactions at A and B are found to be 

„ w, 2Wi 

^A=T+"r 


and 


__3W. W, 

Rb—^+ y-. 


Then, taking an origin at A, we have between A and C, 

2W, 


X. /W 2 2Wi\ 

Ma; — —Ra^T — —X ^ - — j , 


SO that 

Between C and D, 
M,=- 
3M, 


2x dMj; 

______ and 


X 


^^,r W„ 


SO that 


aw," 


-RAa;+Wi(a:—L/3) = —^(L—a:)— —x, 

(h—x) aMa; X 

ri and 1 • 


aw. 
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For the section BD of the beam we take the origin at B and then 

„ /SWa , WA 

M,=—Rna:=—a:f — 

_ X dMx 3x 

We can now write 

. dU 1 r /Wa , 2Wi\ ,, 


SO that 


and 


Ad 




dU 

-ir 

dW, 

EIL 


Upon integration these give 


and 


Ac = 

Ad = 


U 


31104EI 


(512W1+357W2) 

(238W1+243W2). 


20736EI' 

Any values may now be assigned to Wj and W 2 and the deflexions at C 
and D obtained. 

As a final example of this method of calculation applied to simple beams 
we will determine the curve of deflexion for a uniformly loaded beam of 
span L, as shown in Fig. 5.5. 


> 

nrnrnrnrnnoTKTr^ 

W 

^ w 

rnrrt(yyrnncyooQC3000Q(y^^ 


^ L - 

- a ->- 



Fig. 5.5. 


Assume that a concentrated load W is applied at any distance a from A. 
Then the deflexion at the load W is 

dV 1 


The reaction at A is "^ + 


-iiH 


■dx. 


and at B is 


wh a 

T+l"'- 


Consider first the section AC of the beam and take A as the origin. 
The bending moment at x from A is 

M^= 


wLx /L~a 

""T 


(t) 


wx^ 

Wx+^- 
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80 that 
and 


dM 

dW 




f—1 - 

(L-a) ■ 

L<^wJac 

LEI 


(L—a)a^ 

LEI 


w/a L\ / 
2[l~3)~[ 


m 


Wx^Ux 
L-a\Wl 


By replacing a and L —a by L —a and a respectively, we obtain 


r~i - 

(L—a)^a f IV(Ij—a 


aWl 

L<iwJ,c 

LEI [2V 4 

3/ 

3L J 


Then the deflexion at C is 


rdu-i rdu-i 

UwJac^ UwJ 


BC 


and if W is made zero the deflexion at C due to the uniformly distributed 
load only is found to be 

w;(L—a)ara^ a^L (L—a)^ (L—a)2L‘l 

^ j 


or 


2LEI \_4 3^ 

?/;a(L —a) (L^+aL — 

Ac = —- 


This is true for all values of a between 0 and L and is therefore the required 
curve of deflexion for the uniformly loaded beam. 

This method can be applied to any case of bending and further examples 
of its use will occur in later chapters. 


6.8. Calculation of reactions in continuous beams and girders. —A know¬ 
ledge of the actual magnitudes of the deflexions of a beam or girder is not 
often required but the methods just described are useful for the calculation 
of reactive forces in continuous members. 


IV 

1 QQQC<XX?CQWQQCQQQQQQQQOQQQQQOQOQQ^^ 

ltd Itr* IKt? 


Fig. 5.6. 


Suppose, for example, that the beam ACB shown in Fig. 5.6 is continuous 
over the support C and carries a uniformly distributed load of intensity w 
over the whole length Lj+Lg- Tho reaction at C must be found before the 
bending moment and shearing force diagrams can be drawn. 

Let the reaction be denoted by Rc- AB may then be considered as a 
simply supported beam of span L^+Lg loaded with a uniformly distributed 
downward load w and an upward concentrated load Rc. 


The vertical displacement at G is 


(TO 

dRc 


but if the support is rigid this dis¬ 


placement will be zero and the condition which determines Rc is therefore 


dV 
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Consider first the section AC of the beam and take the origin at A. 
bending moment at any point is 
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The 


M^=—Ra^ 4 ~ 


wx^ 


and 


So, 



(1j^-\-1j2)wX 

I L2Rc^ , wx^ 



2 

'■Li+L,+ 2 


I 

s'l 

i 

Ljo; 



dRc 

Li+Lj 



—I 

_ \ 

I 


1 (Lt+L2)M;a:* 

L2Rcir^ wx^^ 

LdRc J AC 

(Li+L2)EiJ 0 

1 2 

'Li+L2 ' 2 J 


dx. 


On integration and reduction this gives 


rs-1 


Lc^RcJac 24EI(Li4-L2)^ 
Similarly we can write for the span CB 


{8 RcLJL2 — w{Jj\ -f-^LiL2-(-4Lf L|)}. 


r dv 

LdRcJ 


1 


Li 


, Bc +5LtL,+4L|Lf)}. 

Adding these results we obtain 

5^ +3L,L2+Li)] 

and equating this result to zero we find 

D _'^(Li+L 2)(LJ-f-SLiLg+Lg) 

.~ 8 L,L 7 • 

If Li=L 2 this gives Rc=|W where W is the total load on the beam, i.e. 
^^(Li+La). This is a well-known result easily obtained by the methods of 
Chapter 3. 

If the support at C instead of being fixed in position moves a certain 
distance, this can readily be taken into account. Suppose for example that 
C sinks a distance 3 when the load is applied. The movement of Rc in its 
own line of action is then — S and the condition to be satisfied for the 
determination of Rc is 

dU__ 

dRc““^* 


If the support is moved upwards by an amount S the condition is 

dV 
dRc 


=3. 


This method is applicable to beams with any number of supports, e.g. 
suppose a continuous girder supported at its ends A and B to have a number 
of intermediate supports, C, D . .. . Q. The reactive forces at these supports 
are denoted by Rc, Rd .... Rq. If the supports are fixed these forces can 
be evaluated by forming and solving simultaneously the equations 

9Rc 9 Rd 

If any support moves under load the differential coefficient of the strain 
energy with respect to the force exerted there is equated to the movement 
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of that support instead of to zero. Care must be observed in the sign 
ascribed to this movement as shown in the previous example. 

The same principle may be applied to the calculation of reactive forces in 
a braced girder having more than two supports. For example, the bridge 



shown in Fig. 5.7 is supported at A, B and C and carries any system of loads. 
The reactive force at B, denoted by Rb, may be determined from the 
condition 



where 8 is, as before, the movement of the support in the direction of action 
of Rb- If the support is rigid, 8 is zero. 

The structure is subjected to the known loads W^, Wg, etc., and the 
unknown load Rb- The force Pq in any member can be expressed in terms 
of these external loads and so 

_yPpI^ dpQ _ 

c^Rb ^AE dRs 

which yields an equation to determine Rb- 

6.7. Calculation of the angle of rotation. —In paragraph 4.13 it was shown 
that the angular movement of an external couple acting on an elastic body 
was given by the first differential coefficient of the strain energy with respect 
to the moment. As an example of tlie application of this theorem we will 
calculate the slope at all points on a cantilever of length L carrying a uniform 
load of intensity w ; the procedure is as follows. 



Apply a clockwise moment Mg to the cantilever at a distance a from the 
free end as shown in Fig. 5.8. 

Taking the origin at the free end of the cantilever the bending moment 
at any point is 

the second term appearing only when x is greater than a. 


Then 

dM.n 


since 
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dU 1 f,, 1 f^/wz^ ,, \ , 

=0 between x==a and a:— 0 . 
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dU . 


If Mq is made zero, - 7 ^ is the angle of rotation of the section at a from 


dM, 

the end due to the load to. 
Therefore 

or, 


, 1 f^wx ^, 


w 




which is the curve of slopes for all values of a from 0 to L. 
This result may be checked by a direct calculation thus 

dhj wx^ 

El?-'?’+A 

dx 6 

1 ^ dy loh^ 

when a:=L,-=-=0; thereiore A =- 77 -, 

dx D 

and L^). 

dx 6 EI^ ' 


This is the same result as by the former method, the negative sign corre¬ 
sponding to the direction of slope imposed by the clockwise moment Mq. 

In this instance the second method is slightly more direct than the first 
but the application of the first theorem of Castigliano often enables results 
to be obtained much more simply than by any other means. 


5.8. Williot-Mohr displacement diagrams. —For many purposes it is con¬ 
venient to determine the displacements of all points in a braced frame and 
a graphical method then has advantages over those already described. 



Let AC and BC in Fig. 6.9 represent two bars of a frame having internal 
forces which shorten the former by an amount Aj and lengthen the latter 
by an amount Ag. 

Corresponding to our convention of calling tensile stresses positive, 
increases in length will be treated as positive and decreases as negative. 
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The elastic straining of the frame will move the points A and B to new 
positions denoted by A' and B\ 

Suppose the bars AC and BC to be disconnected at C and let AC move to 
A'Ci where A'C^ is parallel to AC : similarly let BC move to B'C 2 where 
B'C 2 is parallel to BC. If we now take account of the strains of the bars, 
A'Ci will shorten by to A'C'^ while B'Ca will lengthen by A 2 to B'C'a- 

The displaced position of C can be found by striking arcs from A' and B' 
as centres with radii A'C'^, and B'C '2 respectively, the point of intersection 
being the required position. 

Since however the strains are all small compared with the lengths of the 
bars the arcs may be replaced by lines C'^C' and C'gC' drawn perpendicular 
to A'C'i and B'C' 2 » giving C' as the displaced position of C. 

Suppose now that o represents the original position of point C. Draw 
oa, ob parallel to CC^ and CC 2 and proportional to these distances ; the 
points a and b then represent C^ and Cg. 



From a draw ax parallel to CA and proportional to Aj and from b draw 
by parallel to BC and proportional to A 2 . Then x and y represent the points 
C'l and C' 2 - Lines from x and y perpendicular to ax and by meet at c' and 
oc' is the displacement of the point C of the frame to the scale chosen. 

Let Fig. 5.10 be any plane frame subjected to an external load system 
which causes alterations in the lengths of the bars of amounts Aj, A 2 , etc,, 
as shown in the figure. It is desired to determine the displacements of all 
points of the frame. 

These displacements must be relative to some datum so we shall assume 
the point A to be fixed in space and the bar AB to be fixed in direction. 
This choice is quite arbitrary. 

Let a represent the fixed point A. Draw ab parallel to AB and equal to 
Ai- Then ab represents the displacement of B relative to A. ab is drawn 
from a in the direction of movement of B. 

Now C moves away from A by an amount Ag so we draw ac' equal to Ag 
and parallel to AC. Similarly C moves towards B so 6c" is drawn from b 
equal to Ag and parallel to BC. From c' and c" draw lines c'c and c"c 
perpendicular to ac' and 6c" to meet at c. Then c is the displaced position 
of C relative to our datum point and direction. 

To find the displacement of D the same procedure is followed. D moves 
towards C and away from A so cd' and ad" are drawn in the appropriate 
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directions parallel to CD and AD and equal to Ag and A^ respectively. 
Perpendiculars d'd and d"d to cd' and ad*' meet at d which is the displaced 
position of D. 

The point e is found in the same way from the previously determined 
positions c and d. 

Thus aby ac, ad, ae, the displacements of B, C, D and E, are found relative 
to the fixed point A and the fixed direction AB. The resulting diagram is 
known as a Williot diagram. 

The fixed point and direction were, however, chosen arbitrarily and a 
diagram to be of general use must give absolute displacements. If A were 
actually fixed in space the true displacements of the various points could be 
determined by superimposing upon the relative ones found by the Williot 
diagram a suitable rigid body rotation to correct for the inaccuracy of the 
assumption that the direction of AB was unchanged. This correction is 
effected by means of the Mohr diagram now to be described. 



Let ABCDEF in Fig. 5.11 be any frame which is supposed to rotate about 
an instantaneous centre P through an angle 6. Any point on the frame will 
then move in a direction perpendicular to the line joining the point to P. 
The amount of the movement will be LG where L is the distance from P to 
the point. Hence the movements of all points will be proportional to their 
distances from P. Take any pole o and draw oa, o6, etc., parallel to the 
displacements of A, B, etc., and proportional in length to these displacements. 

Join abedef and consider the triangles PAB and oab. Since oa and ob are 
proportional to the displacements of A and B they are also proportional to 
PA and PB. Further, they are drawn parallel to the perpendiculars to PA 
and PB. Therefore the angle APB=ao6 and the triangles are similar. 
Hence ab is perpendicular to AB and bears the same ratio to it that oa does 
to PA. 

This is true for all other corresponding lines of the two figures and so the 
Mohr diagram, abedef, is similar to the frame diagram and is rotated 
relatively to it through a right angle. 

If therefore two points on the Mohr diagram can be fixed the whole 
diagram may be drawn and can be superimposed on the Williot diagram to 
give absolute displacements of all points in the frame. 
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The method is best illustrated by an example and we will consider the 
king post truss shown in Fig. 5.12. This truss is assumed to be pinned at A 
and mounted on rollers at B so that any movement of B relative to A takes 
place along the line AB. The stress diagram is drawn for the load system 
for which the displacements are to be calculated and the elongations and 
shortenings of all members of the truss are calculated from a knowledge of 
their internal forces and sections. These are shown marked on the frame 
diagram of Fig. 5.12. It will be noticed that these strains are symmetrical 
but we shall proceed as would be necessary in the general case leaving until 
later the simplification which may be introduced due to this symmetry. 


E 



First, since A is fixed, we need only to assume a reference direction and 
for this purpose AD will be arbitrarily chosen. The Williot diagram is 
drawn exactly as described earlier and gives the vector ab as the displace¬ 
ment of B relative to A and AD. Since the displacement of B relative to A 
is known to be horizontal a Mohr diagram must be superimposed on the 
Williot diagram to make the necessary correction. 

The instantaneous centre of rotation will be the fixed pin A and a rigid 
rotation of the frame about A will cause a displacement of B perpendicular 
to AB. 

From a draw a Line perpendicular to AB and from b draw bb' horizontally 
to cut this line at b'. 

Then b'a represents vectorially the displacement of B due to a clockwise 
rotation of the frame about A and the vector sum of b'a and ab gives the 
combined effects of the rotation and of the displacement obtained from the 
Williot diagram. 
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The vector sum of b'a and ab is 6'6 and this being horizontal complies with 
the necessary conditions that B must move along the line AB. Hence 6' is 
fixed as a point on the Mohr diagram which is completed 
by drawing on ab' a figure similar to the frame diagram. 

It will be noticed that the Mohr diagram as shown in 
Fig. 5.11 has been rotated through two right angles so 
that b'a and not ab' represents the displacement of B 
due to rotation. 

The true displacement of any point, e.g. E, is then 
the vector sum of ae, the elastic displacement and e'a 
the rotational displacement. This sum is e'e and is 
measured from the point on the Mohr diagram to the 
corresponding one on the Williot diagram showing that 
E moves downwards. 

Due to the symmetry of strains we could obtain the 
results much more easily as follows. 

Take C as the fixed point and CE as the fixed direction 
and draw the Williot diagram as shown in Fig. 5.13. 

From the symmetry of the figure and of the strains it is clear that CE is 
actually fixed in direction and a Mohr diagram is not required, ac, ab^ etc., 
give directly the true displacements of c, 6, etc., relative to A. 

In Fig. 5.12 project points A, C and B vertically to cut horizontal lines 
from a, c' and b' at the points a", c" and b" which will clearly lie on a 
straight line. 

Also let horizontal projections of the points a, 6, c cut the verticals through 
A, B and C at a", 6", c^. 

Then a"cjb" is known as the displacement polygon for ACB and the verti¬ 
cal intercept of this polygon at any point gives the vertical displacement of 
that point, e.g. c"Co is the vertical displacement of point C. 

This polygon is useful in dealing with certain problems in braced girders 
and will be referred to in later chapters. 
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Fig. 5.13. 


EXERCISES 

{E for steel may be taken as 13,000 tons per square inch.) 

(1) A tripod is formed of steel tubes 2 inches outside diameter and -056 inch thickness 
of metal. The feet of the tripod are at the apices of an equilateral triangle of 4 feet 
side in the horizontal plane and the tubes are each inclined at 60° to this plane. 

Calculate the deflexion of the top of the tripod under a load of 1 ton hanging there. 

(0-0055 in.) 

(2) A vertical steel mast of height L and flexural rigidity El is firmly built into the 
ground and at its centre point a steel stay of cross-sectional area A is attached. This 
stay is led back at 45° to the mast and firmly attached to the ground. 

A load W is applied horizontally to the top of the mast in the plane of the mast and 
stay. 

If the stay is tightened so that its point of attachment is kept in the unloaded position 
calculate the tension in the stay and the deflexion at the top of the mast. 

(3) In the truss shown in Diagram 6a all members are of steel and are stressed to 
8 tons per square inch. Calculate the vertical deflexion under the load Check your 
answer by means of a Williot diagram. 


(1 • 04 ins.) 
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(4) The steel frame shown in Diagram 66 is so designed that the stress in all members 
is 8 tons per square inch. 

Calculate the vertical deflexion of the point D under a load of 10 tons. 

(O-S^O in.) 

(5) Calculate the deflexion of the point C in the steel frame shown at 5c if all members 
are 2 square inches in cross-sectional area. Verify the result by means of a Williot- 
Mohr diagram. 

(0‘JI in.) 

(6) The frame shown at 5d, simply pinned at A and B, is so designed that every 
loaded member is stressed to 8 tons per sqiiare inch when 12 tons is carried at C. 

Calculate the vertical deflexion of C under this load. 

(2 • 208 ins.) 

(7) A rolled steel joist having a second moment of area of 300 inch units and a cross- 
sectional area of 12 square inches is firmly attached to a rigid base and is inclined at 
60° to the horizontal. The length of the joist is 20 feet and from the free end a load 
of 1 ton is suspended. Calculate the vertical deflexion of the load. 

(0-296 in.) 



Diagram 5. 
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(8) A steel beam of flexural rigidity El and length L is pinned at one end to a wall. 
It is supported in a horizontal position by a steel wire of cross-sectional area A and 
modulus of elasticity E which is attached to the centre of the beam and to a point on 
L 

the wall ~ above the pinned end. 

It 

If a load is hung on the free end, calculate the deflexion at the load. 

fWL( iV~2\~\ 



CHAPTER 6 


STRESS ANALYSIS OF REDUNDANT FRAMES 

6.1. Introduction. —Suppose as in Fig. 6.1 a weight W is suspended from 
two wires AD and BD which are attached to a rigid support AB. The 
forces in these two wires are calculable simply from a knowledge of the 
geometry of the arrangement and provided the wires are capable of carrying 
these loads it is immaterial what size they are made. The movement of the 
point D will, however, depend upon their elastic properties as well as upon 

the geometry. If a third wire CD 
be added to the suspension the 
problem of load distribution is con¬ 
siderably modified. If we denote 
the force in AD by Tj we can deter¬ 
mine the forces in DC and DB in 
terms of W and Tj, and since any 
value can be assigned to T^ it is 
evident that there are an infinite 
number of solutions which will 
satisfy the conditions of static 
equilibrium of the point D, i.e. 
the condition of compatibility of 
stresses at D is not a sufficient 
criterion for the determination of 
the force distribution. 

For any of these possible solutions the amounts by which the three wires 
will stretch due to the loads in them can be calculated. 

If D' is the displaced position of D, the strained lengths must be AD', BD' 
and CD', i.e. arcs struck from A, C and B as centres and with radii equal 
to the respective strained lengths must intersect at a common point. This 
condition, which is known as that of compatibility of strains, enables the 
correct solution to be selected from the infinite number which satisfy the 
conditions of stress compatibility at D. The strains can only be calculated 
from a knowledge of the elastic properties of the wires and so the stress 
analysis of frameworks having redundant bracing members depends upon 
a knowledge of the elastic propertie^s of all components of the structure. 
Several methods are available for making such an analysis, but they are 
essentially the same and differ only in application. The most widely used is 
probably the method of least work, i.e. an application of the second theorem 
of Castigliano, which was given in paragraph 4.12 and the present chapter 
will be devoted to illustration of this method as well as others. 

Objections have been made to this treatment on the ground that it does 
not allow the calculator to visualise the physical significance of his procedure 
at every step and that it is, in fact, something of a mechanical device for 
obtaining results. While the authors do not agree with this view it is true 
that once the equations have been formed the arithmetical work is a matter 
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of routine and many designers prefer to work by graphical methods. For 
this reason a treatment involving the direct comparison of displacements is 
used in some instances and a reference to it is therefore desirable at this 
stage. 

6.2. Stress analysis by direct comparison of displacements. —Suppose a 
frame such as that shown in Fig. 6.2 (a) which has a single redundant bar 
is to be analysed. In the first place any bar is chosen as the redundant 
member, j^rovided that when this bar is removed from the frame the remain¬ 
ing or essential bars form a simply stiff structure. 

In the present example it is convenient to treat CD as the redundancy 
and it is assumed to be removed, leaving the frame shown at (b). 



Fig. 6.2. 


A Williot-Mohr diagram is now drawn for this frame and the separation 
of the points C and D is obtained. Let this displacement be A. 

If the force in the redundant member CD is denoted by R the effect of 
this bar will be to apply loads at C and D as shown at (c) and a second 
deflexion diagram is drawn for this system and the approach of C and D is 
measured from it. Let this be RS. 

The bar CD which applies the forces will itself stretch due to the tension 
RL 

in it by an amount where L is the length of CD, A is its cross-sectional 

area and E is the value of Young’s modulus for the material. 

The total separation of C and D will clearly be A—R§ which must be equal 
to the stretch of the bar and so we obtain the relationship 



from which 
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The method, as shown in Chapter 15, can readily be extended to a structure 
in which there is more than one redundant member when it involves the 
solution of as many simultaneous equations as there are redundancies. 

It should be noticed that it involves the use of displacements, which are 
vector quantities, and signs are therefore of fundamental importance. 
Strain energy, on the other hand, is a scalar quantity and complications due 
to the signs of the quantities involved do not occur. In a plane frame this 
is perhaps not a matter of serious importance, but in a space frame the 
consideration of signs is difficult and the method of least work has consider¬ 
able advantages over that just described. 


6.3. Stresses in frames with one redundancy. —^The application of strain 
energy analysis to frames will be illustrated by a number of examples and 


h-5'- 


A \/////////C////////////////Jp 


jq! _^ the simplest, involving a single redundant 

member will be taken first. The three 
steel wires AB, CB and DB in Fig. 6.3 
are attached to a rigid beam at A, C and 
D and carry a load of 5 tons at their 
70' junction B. 

The dimensions of the frame ai\d the 
wires are shown on the diagram and it is 
desired to know how the load is dis¬ 
tributed between the wires. 

It is convenient to select CB as the 
redundant member. The tensile load in 
it is denoted by R. 

In the first place it is necessary to find the forces in the two remaining 
wires in terms of W and R and this is best done by the use of tension 
coefficients. The equations for the point B are 



R y/ 

\sq.in. / 

r/ 


1 


5 tons 
Fig. 6.3, 


which give 


—fi^AB + 10^BD~0 

10(^ab+^bd) —5 ~R 


5-R ^ 5-R 

^AB= and <BD=- 


Multiplying these tension coefficients by the lengths of AB and BD 
respectively we have 

TAB=-7r—X V25 + 1TO=3 -725- •745R 


and 


Tbd = 


15 

5-R 


X Vl00 + 100-=2*358- ^TIR. 


To determine the value of R we use the second theorem of Castigliano and 
put -rFr=0. 


dR~ 

Now 


d\J 


dR 


AE dR 


where Pq is the load in any member, A is its area and L its length. The 
summation includes all members of the structure. 

It is advisable in all calculations of this type, even in simple ones like the 
present, to arrange the work as in Table 6.1. 
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Table 6.1. 


1 

2 

3 

4 

5 

6 

Member 

L 

inches 

A 

sq. inches 

Po 

tons 

dPo ' 
dR 

P„L dP. 

A d& 

AB 

134 1 

1 

3-725--745R 

--745 

-372-5-f74-5R 

CB 

120-0 

0-6 

R 

1 

240R 

DB 

169-6 

1-5 

2 -358-*47111, ! 

i --471 

1 

-125-6 + 25 1R 


In column 1 is entered the member, in column 2 its length in inches, and 
in column 3, its area in square inches. In column 4 the force in the member 
is entered in terms of R and the external load. Column 6 is the value of 
dV 

3 “ which is the coefficient of R in the expression in column 4. Column 
ds\ 


6 is obtained by multiplication of the appropriate terms in the preceding 
columns. The final result is equated to zero, E being the same for all 
membfers has been omitted. 

Then, summing the three expressions in column 6 and equating to zero, 
we have 


2^- ^=-498+339-6R=0, 


from which R —1 *466 tons 

and finally from column 4 of the table, 

Force in AB~2 *633 tons. 

„ „CB=: 1-466 „ 

„ „DB=l-667 „ 

As a second example of this type of problem we will consider a beam 
suspended by three rods as shown in Fig. 6.4 and loaded at any point. The 
dimensions are shown on the diagram. The beam is supposed to be so stiff 



Fio. 6.4. 


that it may be considered to be rigid and therefore to store no energy due 
to bending, while the rods are capable of taking either tensile or compressive 
loads. 
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BE will be taken as the redundant support and the tensile force in it will 
be denoted by R. By taking moments about D of the forces acting on the 
beam we obtain 

2LTcf+RL-A:WL-0 
or TcF=i(kW-R) 

and so Tad~KW(2—A:)—R}. 

To find the value of R we put ^ =0, and tabulating as before we obtain : 

dri 


Table 6.2. 






r/Po 

PoL rfPo 

Member 

Length 

A 

Po 

rfR 

A rfR 

AD 

1 


j{W(2-i:)-R} 

_1 


BE 

1 

a 2 

R 

1 

1r 







CF 

1 

«3 

|(A!W-R) 

-1 

S' 

I 

1 


Summing the last column we find 



0^2 ^3 

from which the loads in the other 
two rods may be found. 

In both examples just considered 
it has been assumed that the redun¬ 
dant member is exactly the right 
length to fit into its place so that 
no stresses are caused in the other 
members when it is inserted. The 
next shows how stresses due to self¬ 
straining may be calculated. 

The square frame shown in Fig. 
6.5 is formed of four pin-jointed 
steel bars, each having a cross- 
sectional area of 2 square inches, 
braced diagonally by bars of the 
^ 60^' H same material each having a cross- 

FiG. 6.5. sectional area of 1 square inch. The 

diagonal AC was ^ inch too long 
before it was forced into position and it is required to find the forces in all 
the bars of the frame due to this self-straining. 



- 60 ''- 


Fig. 6.5. 
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Since the bar AC was initially too long it will, after insertion, be in com¬ 
pression and so we assume that it finally carries a compressive force R. In 
order to determine the value of R we use the second theorem of Castigliano 
in its general form and evaluate 


IH-JL 

c^R“20 


inch 


where U is the total strain energy of the frame. 

The forces in the other bars due to R acting at A and C are found by 
resolution at the joints and their values are shown on the diagram. The 
work is set out in Table 6.3. 


Since the value of is not equated to zero the modulus E must be in- 

ttXV 


eluded in the expression. We shall take it to be 13,000 tons per square inch 
and summing the last column, we obtain 


I 


PoLrfPo 60R(1+2V2) 1 


or 


AE dll 




13,000 

13,000 


20 


’20x60(l+2\/2) 


=2*83 tons. 


Thus, due simply to the lack of fit of the bar AC, the compressive force 
in each diagonal when it is inserted is 2 • 83 tons and the tensile force in each 


Table 6.3. 






dPo 

PoLdPo 

Member 

L 

A 


dR 

A dR 

AB 

60 

2 

K1V2 

11V2 

15R 

BC 

- 

„ 

. . ... 



CD * 




»» 

- 

DA 

- 


- 



AC 

(>0V2 

1 

-K 

-1 

60 Vm 

BD 

-> 

” 





side of the frame is 2 tons. These forces are additional to any caused by 
external loads which must be calculated either separately or at the same time 
as those due to self-straining. 

Suppose, for example, that the same frame is simply supported on a pin 
at A and on rollers at D and that a load W =5 tons is suspended from C as 
shown in Fig. 6.6. Assume also the same lack of fit as before in AC. We 
may proceed in one of two ways. If the previous calculation has already 
been made we can assume that we have an initially unstrained frame carrying 
the load W ; call R the force in the redundant member AC and find the forces 

dU 

in all the bars of the frame due to W and R. Then, putting we find 

aR 
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the value of R due to the load W alone and so the forces in all the other bars. 
These forces must be added algebraically to those arising from the initial 
self-straining due to the lack of fit of AC and the sums will be the total forces. 
This result follows at once from the principle of super-position. Usually, 



however, it is unnecessary to make two separate calculations and the pro¬ 
cedure is as follows. Fig. 6.6 shows the forces in the frame under the action 
of the vertical load of 5 tons, R as before being the force in AC, due now, 
however, to the combined effects of the external load and of self-straining. The 
work is set out in Table 6.4. 


Table 6.4. 






dPo 

PoL dFo 

Member 

L 

A 


cm 

A dn 




R 

1 

/R 5 \ 

AB 

60 

2 

V"2 + ® 

V2 

“(i + Vl) 




R 

1 

/R 6 \ 

BC 

60 

2 


V 2 

^^ 2 + 71 ) 




R 

1 


CD 

60 

2 



16R 




R 

1 

, ^ 160 

DA 

60 

2 

V2+^ 

Vi 

15RH— 

V2 

BD 

60-V/2 

1 

-R-6\/2 

-1 

60V2(R + 6V2) 

AC 

6 OV 2 

1 

-R 

-1 

OOV^R 
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From the last column, after dividing by E we have 

dU^^PpL dPo_60R(l+2V2)+918 1 


or 


dR 




^AE dR 
13,000 


20 


918 


60(1+2 V2)” 


13,000 


-1*166 tons 


20 


i.e. there is a tension of 1 *166 tons in AC under the combined effects of self¬ 
straining and the external load. An analysis of this result shows clearly 
the legitimacy of making the calculations in two parts, as outlined earlier, 
when it was stated that it could be done by calculating the forces due to 
self-straining alone and superposing the forces due to the external load alone. 
In the table just obtained, if we make 

the external load zero and equate ^ 

dR 

to the lack of fit of AC, i.e. to -gV inch, 

=^^^/60{l+2V2), i.e. the 


we obtain R = 


first term in the expression for R, agreeing 
with the separate calculation of the pre¬ 
vious example. 

If we now assume R is due only to the 
external load system we obtain the same 
values in the last column but must equate 
the sum to zero ; i.e. we get 

60R(1+2V2)+918 


13,000 


-=0 


or 


R = 


918 



^^ 40 " 


10 tons 


Fia. 6.7. 


60(1-f2V2)* 

This is the second term of the combined 
expression and the justification for super¬ 
posing results is evident. 

As a further example, consider the 
frame shown in Fig. 6,7, which has one 
correctly fitted redundant bar. This is 
taken to be BD and the load in it is 
assumed to be tensile and of magnitude R. 

Proceeding as before, the loads in all bars of the frame are found in terms 
of R and the external force, and the strain energy equation is formed. The 
calculations are set out in Table 6.5. 

Summing the last column but one, an equation is obtained which gives the 
value R=—5*45 tons. The forces in all bars of the frame are then entered 
in the last column of the table. 

A slightly different type of problem which may be solved by strain energy 
methods is exemplified by the case of a number of columns supporting a 
roof. For example, suppose a rectangular flat roof 20 feet x 30 feet which 
may be considered to be rigid, is carried on four similar stanchions placed 
at the corners and is loaded by a concentrated weight of 2,400 lb. acting 
at 10 feet from a short side and 5 feet from a long side of the roof. The 
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Table 6.5. 


Member 

L 

inches 

A 

sq. in. 


rfPo 

dR 

PqL dpQ 

P. 

AB 

20 

2 

R 

“®~V3 

1 

~V3 


-1-85 

CD 

20 

2 

o 

1 

1 

~V3 


-f315 

AD 

20 

1 

-10-^ 

V3 

2 

V3 


-3-70 

AC 

20 Vs 

1 

5V3 + R 

+ 1 

20V3(5V3 + R) 

-f3*21 

BD 

20 Vs 

1 

0 + R 

+ 1 

20V3(0+R) 

-6*45 



Fig. 6.8. 


load in each stanchion is required. The 
arrangement is shown in Fig. 6.8. Denote 
the loads in the four stanchions by A, B, 
C and D. By taking moments about AB 
and CB in turn and equating vertical 
forces we obtain the following conditions 
for the static equilibrium of the system : 

30(C+D)--=10W 

20(A+D)-15W 

A+B+C+D-W. 


There is one redundant support which is taken to be the stanchion at A 
so that the fourth equation necessary for the solution of the problem is 


dA 


=0. 


Now 



(A2+B2+C2+D2) 


where a is the cross-sectional area and L is the length of each stanchion. 


^-}l( 

dA aE \ 

From the first two of the above equations we obtain 


A+B^+cg+D^) =0. 


and 


W 

C=3-D 

D=?-A. 

4 


Hence C=A-^W. 

Then from the third equation 

2W 

B_-A. 
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Hence 


dA^ 


dC dD 

-1.5^=1 and^=-l 
dA dA 


and 


or 






A=iiW. 


Substituting the value W—2,400 lb. the forces in the stanchions are 

A=l,100 lb. 

B= 500 1b. 

C= 1001b. 

D= 7001b. 


As a final example of a structure with one redundant element the king- 
posted beam shown in Fig. 6.9 will be analysed. 



This structure consists of a continuous beam AB strengthened by a king 
post CD which is pinned to the centre of AB and braced by stays AD and 
BD. The beam is simply supported at A and B. Dimensions are as shown 
in the figure. 

It is evident that if the beam consisted of two parts AC and CB pinned 
together at C the structure would be just-stiff and all loads in the bars would 
be simple tensions or compressions. The continuity at C, however, in¬ 
troduces a redundancy and AB is subjected to bending moments as well as 
axial loads. This bending must be taken into account in the analysis and 
differentiates the treatment of this problem from the preceding ones. 

It is convenient to take the compressive force in CD as the unknown to be 
determined and if this is denoted by R the axial forces in the stays are 

R W~~R 

^ cosec 0. The shears at the ends of the beam are then each —-— and at 

any point X in BC at a distance x from B the bending moment is 
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To determine R we have the relation ^=0 where U is the total strain 


energy of the frame. If we neglect the strain energy due to the axial force 
we have for the beam 


rdV-] 2 , 

UrJb“EbiJo 

since it is symmetrical and symmetrically loaded. 

I is the second moment of area of the cross-section of the beam and Eb 
its Young’s modulus. 


Since 


X 

Sr ""“2 




—R)x^dx 


L3 

48EbI 


(W-R). 


For the member CD 

r^l tan 6 

L(iR j s <zEs 6?R 2aEs 

where a and L' are the cross-sectional area and length respectively of the 
strut CD and E3 its Young’s modulus. 

For the two ties 

rcosec^ 0 sec 0 
LdR J X 4 AEx * 


and 

dU RL cosec 2 0 sec 0 

RLtan0 

WL3 

RL* 

dR“ 4 AEt 

2aEs 

48 EbI 

**48 EbI 

which 

gives 

WL2 




^ 48EbI 

cosec 2 0 sec 0 tan 0 

L2 

1 

4AEt ^ 2<iE3 

^48EbI 


Once this value has been determined the loads in all the bars can be found 
and the bending moment diagram for the beam can be plotted. 


6.4. Strain energy analysis for frames with more than one redundant 
element. —When a frame has more than one redundant element the procedure 
is similar to that already explained but must be repeated for each redundancy. 
For example, if there are two redundant bars we denote the loads in them 
by Ri and Rg and determine the forces in the remainder of the bars in terms 
of Rj, R2 and the external load system. Then U, the total strain energy, 
is a function of both these unknown forces and the external load, and to 
evaluate R^ and R2 we have the two simultaneous equations 

au^yPpLaPp 

aRi ^AE 0Ri ^ 

aRjj ^AE dRi 

where Xi and X2 are the initial lacks of fit in the two redundant bars. 
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As an illustration of the method of analysis the calculations for the airship 
fin rib having three redundant members shown in Fig. 6.10 are given in detail. 
The loading is quite arbitrary and the cross-sectional areas tabulated are those 
arrived at by a direct design method which will be explained later. These 


values have been chosen to serve as a 
check on the accuracy of that method. 
The calculation is arranged in tabular 
form as before. In the first four columns 
of Table 6.6 are entered the bar refer¬ 
ence, its length, cross-sectional area and 
value of Young’s modulus respectively. 
It will be noticed that E is not the same 
throughout, some of the bars being of 
steel and the remainder of duralumin. 

The forces in all bars are determined 
by resolution at the joints in terms of 
the external loading and the forces in 
the three redundant members which are 
taken to be Rj, R 2 and R 3 in BE, DG 
and FG respectively. 

The force in any member can thus be 
expressed in the form 

Pq=P+ aRj -{- PR2 +YR3 
where P is the force due to the external 
load and a, p and y are numerical 
coefficients. The values of P, a, p and 
sub-columns of column 5. 

The equations to be formed are 



are entered for each member in the 


and 


aRi ^AE aRi 

aR, ^AE aRj ^AE^”' 
^U_YPoLaP,_yPoL 
ails ^AE" aRs ^AE^ 


P L 

In column 6 , therefore, we enter the values of ^ obtained by multiplying 

AE 

P L 

the term for each member by the coefficient of Ri in Pq, 6 .( 7 . for member 


BD by the value *892. 

Similarly, columns 7 and 8 are completed by multiplying the same terms 
PqL 

—“ by the eoefficients of Rg and R 3 respectively. 

P L 

Columns 6 , 7 and 8 are then severally summed to obtain 
this results in the three equations : 


-223,900+ 93 OR 1 +I-75R2 =0 ] 

-261,160+1 '75Ri+1060R2+5*6R3 =0 \ 
- 24,700 +5*61R2+22*8R3=0.J 





Table 6.6. 
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QO 

o 

X 

>- 

Oi 

P5 

4-29 

3-72 

10-70 

2 046 
2 083 

P? 

pT 

1-97 

1-71 

•942 

•958 

1 1 1 1 1 1 1 M 1 M M 1 1 1 


_ 

-48,400 

30,450 

14,260 

-21,020 


«D 

o 

X 

CQ- 

Ph \< 

« 

pH 

1-97 

1-706 

~ 

•944 

•962 

M 
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The solution is 


=R2== 240 1b. 
R3=1,030 lb. 


6.6. Stresses due to changes in temperature. —If a structure made of one 
material throughout, whether it be just stijff or redundant, experiences a 
uniform change of temperature, every bar is shortened or lengthened in the 
same proportion and no stresses are induced. The structure is geometrically 
similar to its original configuration but slightly smaller or larger. 

If however a structure is made of more than one material and these have 
different coefficients of expansion, the effect of a temperature change depends 
upon whether the structure is just stiff or redundant. If the former, there 
will be no stresses induced since a just-stiff frame cannot be self-strained, 
but there will be a slight change in the geometry of the structure. This is 
no more important than the small changes in configuration due to the 
unequal stressing of the component ^ ^ 

members when the structure is loaded, 
but if the structure is redundant this 
tendency to distort may induce stresses 
of considerable magnitude. 

Suppose Fig. 6.11 (a) represents a 
rectangular frame in which all the 

members except AC are made of the _ ^Nj 

same material having a coefficient of ^ (a) ^ 

expansion a. AC is made of a different g ^ 

material, the coefficient of expansion of y)' \ 

which is (3. 'x. 

If AC is removed the remaining bars 
form a just-stiff frame and if this frame 
has its temperature raised by each 
member will be increased in length in 
the ratio 1 +af : 1. Thus the new lengths 
A'B', A'D', D'C', C'B' and D'B' shown 
at (6) will be 1 +a^ times the lengths AB, 
etc., in {a) and the fig ire ADCB will q 

be geometrically similar to ADCB. 

Suppose now that the removed bar AC, of original length L, is heated to 
the same temperature as the remainder of the structure. Its new length 
will be L(l+(30 and not L(1 +a0 which would be necessary if it were to fit 
exactly into position in the heated frame. It is in fact short of the correct 
length by S^L(a—If it is forced into position the stresses in the 
structure will be identical with those which would exist if the tempera¬ 
ture Oi the complete r'^.dundant frame were raised through t°. 

These stresses can be calculated exactly as for a redundant frame in 
which the redundant bar is initially too short. The tensile load in AC after 
heating is denoted by R : the forces in all bars of the frame are found in 
terms of R and then, if U is the strain energy, the value of R is found from 
the relation 

Temperature stresses are induced not only if the structure is redundant 
by reason of its having more than the essential number of bars but 
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also if the redundancy lies in the number of reactive forces. For example, if 
a just-stiff roof truss is supported on a pin at one end and on rollers at the 
other over a span L, a rise of temperature will cause the free end to move 
over the rollers a distance Laf If both ends are pinned, however, this 
movement cannot take place and forces which stress the truss are exerted 
by the pins. 

To calculate these forces one end of the truss may be considered free and 
to move a distance Lent. A load P is now supposed to act along the line 
joining the pins, of such magnitude as to restore the freed support to its 
original position. P will then be the reactive force between the pin and the 
truss when movement due to the temperature rise is completely restricted, 
and if U is the strain energy of the frame in terms of P we have, by the first 
theorem of Castigliano, 

movement of P in its own line of action——Lai 

dr 

from which P can be determined. 

This effect is of considerable importance in connexion with metal arch 
ribs whose ends have to be fixed in position, and will be dealt with further 
when considering the stresses in such structures. 

6.6. Distribution methods of stress analysis applied to pin-jointed frames. 

—It will be seen that the methods of determining the forces in the members 
of a redundant structure outlined above involve the solution of as many 
simultaneous equations as there are redundancies. While this presents no 
difficulty mathematically the labour involved increases rapidly with the 
number of equations. Experience has shown that, when hand calculating 
machines only are available, it is impracticable to deal successfully with a 
redundant structure requiring the solution of more than about fourteen 
equations derived by strain energy analysis. The advent of the electronic 
computer makes much heavier tasks bearable (Livesley and Charlton, 1954), 
but as it will be a long time before designers have such aids available for 
their day-to-day tasks, other methods of analysis must be used. 

A new process of successive approximation for determining the stresses 
in rigidly jointed frames which are highly redundant (Hardy Cross, 1930), 
focussed considerable attention on such methods. Hardy Cross’s original 
work will be discussed in Chapter 10, but it will be well here to outline an 
extension of it and also another analogous method, due to R. V. Southwell, 
which are applicable to pin-jointed frames. 

The first step taken in applying the strain energy method was to remove 
all the redundant bars and to determine the forces in the members of the 
resulting simple frame due to the external load system. The redundant 
bars were then re-inserted in the loaded frame and from energy considera¬ 
tions the forces induced in those bars were determined. The extension of 
the Cross method, on the other hand, leaves all the bars in place but assumes 
that before any external load is applied all the joints are held fixed ; that 
is to say, in a pin-jointed structure all the pins are held by external con¬ 
straints so that they cannot move. The external loads are then applied to 
the joints and, since all the pins are fixed, no load can be transmitted to the 
members. One joint is now released by removing the constraint which fixed 
its pin in position. The external load applied to this joint then strains the 
members attached to it, the joint moves and easily calculable forces are 



REDUNDANT FRAMES 93 

induced in these members. The joint is now supposed to be fixed in its 
new equilibrium position and an adjacent joint is released. The out-of¬ 
balance forces acting on this second joint are the external loads applied to it 
and the force in the member connected to the first joint which was induced 
by the movement of the latter. The second joint moving into its equilibrium 
position induces, as a result, forces in the members connected to it. This 
procedure is repeated until all the joints have been released and fixed again 
sufficiently often to ensure that the modification in the forces brought about 
by further releases is small enough to be neglected. It will be seen that the 
method is one of successive approximation but it is not, in the ordinary sens© 
of the term, an approximate method since by repeating the process sufficiently 
often any desired degree of accuracy can be obtained. 

The underlying principle and the detailed procedure will be most easily 
appreciated from the study of a worked example but before giving this 
example it will be useful to develop in general terms certain expressions 
which are required in the analysis. 



It will be seen from the outline already given that the method requires a 
knowledge of the forces in such a group of members as is shown in Fig. 6.12, 
due to horizontal and vertical loads H and V apphed at A. If under the 
action of these loads the joint A suffers horizontal and vertical displacements 
aA and pA then, since the other ends of the members are prevented from 
moving, the tension set up in member 1 will be, with the sign convention and 
notation used in earlier paragraphs, 

EA 

Fi = —cos Gi+Pa sin 0^).(6.1) 

and from a consideration of the equilibrium of joint A it follows that 
EA 

H=2-jj^(aA cos 6i+pA sin 6i) cos 01 . . . . (6.2) 

EA 

and V=y——^(aA cos 6 i+Pa sin 0i) sin Gj . . . . (6.3) 

1-1 

the summation in each case extending to all the members. 

By solving these two simultaneous equations the unknowns aA and Pa 

4 * 
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may be evaluated in terms of H and V and equation (6.1) then enables the 
force in each member connected to A to be determined. 

As an illustration of the procedure the stress analysis of the frame shown 
in Fig. 6.7, already treated by strain energy methods, will be given. The 
first step is to find, from equations (6.2), (6.3) and (6.1), or by other methods, 
the forces developed in members AB, AC and AD when the joints B, C and 
D are held fixed and loads are applied to the free joint A ; also the forces 
developed in members DA, DB and DC when the joints A, B and C are held 
fixed and loads are applied to the free joint D. These forces are given in 
Table 6.7. 

Table 6.7. 


Forces in Members Meeting at a Joint. 



Horizontal 
load H at 
joint A 

Vertical load 

V at joint A 


Horizontal 
load H at 1 
joint D 

Vertical load 

V at joint D 

Fab 

-0-978 H 

-0-206 V 

^DO 

-0-978 H 

+ 0-206 V 

Fao 

-0-310 H 

+0-357 V 

^DB 

-0-310 H 

-0-357 V 

Fab 

-0-220 H 

+0-688 V 

Fba 

-0-220 H 

-0-688 V 


The analysis of the stresses in the complete framework may now be under¬ 
taken. It is advisable to adopt a tabular form for the calculations and a 
convenient arrangement is shown in Table 6.8, where the three upper 
columns refer to the three members meeting at the joint A and the three 
lower columns refer to those meeting at the joint D. 

It is assumed initially that all joints are held fixed. The external vertical 
load+ 10 tons at D, is then applied. The joint D is now released, A still 
being fixed ; joints B and C are attached to a rigid abutment and therefore, 
in this particular example, are never released. Due to the external load 
acting at D, forces are developed in the members DA, DB and DC. Their 
magnitudes, read from the last column of Table 6.7, are entered in line a'. 
Table 6.8. The joint is now in equilibrium and to indicate this a full line 
is drawn below the entries so far made. It must not be forgotten that the 
member DA is attached to joint A and therefore the force —5*88 tons 
developed in it must be recorded also in the first of the upper columns, 
line a, where the forces in the members meeting at joint A are entered. Since 
joints B and C have not been released no forces have yet been developed in 
the members AC and AB and so in the second and third columns of fine a 
the entries are zero. Joint D is now fixed in its new equifibrium position 
and joint A is released. Since there are no external loads at A the only 
force acting on the joint at its release is that due to the movement of D just 
recorded. Before A has moved into its equilibrium position, therefore, the 
unbalanced force acting on it is a vertical force of +5*88 tons and so the 
forces developed in the members AB, AC and AD as A moves are obtained 
by substituting this value of V in column 3 of Table 6.7. These forces are 
entered in line 6, Table 6.8, and at the same time the force of +3*46 tons, 
developed in AD by this movement of joint A, is “ carried over ” to the other 
end of the member and entered in line 6'. Joint A is now fixed in its new 
equifibrium position and joint D is once more released. This process of 
releasing and fixing joints is continued until the unbalanced force remaining 
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at a joint is small enough to be neglected. In Table 6.8 the joints A and D 
have been released five and six times respectively and the unbalanced force 

Table 6.8. 


Fobces (tons) in Membebs of Fbamewobk. 


AD 

AC 

AB 

-6*88 

000 

0-00 

+ 3-46 

+ 2-10 

-1-21 

-2-04 

0-00 

0-00 

+ 1-20 

+0-73 

-0*42 

-0-71 

0-00 

0-00 

+0-42 

+0*26 

-0-14 

-0*24 

000 

0*00 

+ 0-14 

+0*09 

-0-06 

-0-08 

000 

O'OO 

-fO-05 

+003 

-0*02 

-003 

0-00 

O'OO 


DA 

DB 

DC 

-6-88 

-3-67 

+ 2-06 

+ 3-46 

0-00 

0-00 

-2-04 

-1-23 

+ 0-71 

+ 1-20 

0-00 

0-00 

-0-71 

-0-43 

+ 0-25 

+ 0-42 

0-00 

' 0-00 

-0-24 

-0-16 

+ 0-09 

+ 0-14 

000 

0-00 

-0-08 

-006 

+ 0-03 

+ 0-06 

0-00 

0-00 

-0-03 

-0-02 

+ 0-01 


is *03 tons. The total forces in the members are the totals of the entries 
in the various columns and are 

AD = —3 *71 tons. 

AB = -1*84 „ 

AC =+3*20 „ 

DB = -5*45 „ 

DC =+3*16 „ 
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These values should be compared with those obtained by strain energy 
methods given in Table 6.5. 

The forces in the members in this simple example were estimated to within 
•01 tons of their true values after only eleven releases. The same degree 
of accuracy could not have been obtained so easily if the frame had been 
more complex as will be appreciated if the deformations suffered by the 
structure are considered. The percentage errors in the forces at any stage 
in the process are, in some degree, a measure of the difference between the 
shape of the frame at that stage and its final deflected form. If the frame 
can be so deformed before the balancing process at the joints is begun that 
its shape approximates to the final form, fewer cycles will be necessary to 
obtain any desired degree of accuracy and, if the deformation is so chosen 
that the loads in the members produced by it are easily calculated, a con¬ 
siderable saving of labour will result. Fig. 6.13 illustrates one method of 
producing the deformation required. A two-bay cantilever frame is shown 



JV 

Fig. 6.13. 


by broken lines in its unloaded position. When the external loads are 
applied, the joints of the frame are allowed to move, as shown by the full line 
diagram, but they are so constrained that those in the first bay. A, B, D 
and E, do not change their relative positions. Forces are therefore developed 
in the members of the second bay only and, an important point, their 
magnitudes are easily calculated. The joints are now held in these deformed 
positions and the process of releasing them one at a time, as described in the 
worked example, is begun. The equations for the determination of the 
forces developed in the members by this type of deformation are in no way 
complicated but for a complete discussion of the method reference should 
be made to a paper published by the Aeronautical Research Committee 
which deals with both pin-jointed and rigidly-jointed braced frames (Baker 
and Ockleston, 1935). 

6.7. Southwell’s relaxation method. —^A more elegant but less practical 
method than that described in the previous paragraph, due to R. V. 
Southwell, avoids all simultaneous equations and is concerned primarily 
with the determination of the deformations of the structure. 
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It follows from paragraphs 2.6 and 4.4 that the tension coefficient of any 
member PQ is 

, 

^PQ==Y^{(^Q—^p)(aQ—ap)+(yQ—yp)(PQ~-Pp)+(2Q—2 ;p)(yq— yp)} (6.4) 

where xp, i/p, zjy and a?Q, yq, zq are the co-ordinates of P and Q in their initial 
positions and ap, Pp, yp and ag, pg, yg are the components of their displace¬ 
ments due to strain. 

As in the previous method we shall be concerned with the displacements 
at one end of the member while the other end is held fixed in position though 
free to rotate on its pin. 

If the end Q is held fixed the tension coefficient of the member may be 
written 

EA 

<PQ = —^p)ap + (yQ—yp)pp + ( 2 :g— 2 :p)yp} . . (6.6) 


As a result of the tension in PQ the joint P will be subjected to a force 
having components : 


Xp=^pg(a:g—a^p)! 

Yp=^pg(yg-~yp) I.(6.6) 

Zp=<pg(zg—2:p) J 


and the fixed joint Q will be subjected to forces equal and opposite to these. 

If the joint P has a number of members connected to it, their remote ends 
being fixed as is Q, then when P is given a displacement ap in the a:-direction 
and no displacements in the directions of the other axes, the components 
of the total force developed on the joint P are :— 


in the a:-direction 

X<pq(^q—^ p) = ' 
in the 2 /-direction 

^hq(yq—yp) = - 

in the z-direction 

X^pq(2Jq— 2p) —- 


-i;^(a:g-a:p)2ap. 


EA 

—^p) (^Q —2/p)*P> 


EA 

(xq —xp) (zq —sp)ap, 


(6.7) 


the summation including every member connected to P. 

The forces developed by displacements pp and yp may be found in the same 
way and no other preparatory calculations are needed. 

The analysis of the stresses in a framework is made by giving each joint 
in turn that displacement in the direction of one of the co-ordinate axes 
which has most effect in reducing the resultant force on the joint. This 
process is continued until the resultant forces on the joints are small enough 
to be neglected. The total displacements given to the joints are then known 
and the forces in the members can be found from equation (6.4). The 
method will be illustrated by applying it to the problem dealt with in the 
preceding paragraph, the framework concerned being shown in Fig. 6.7. 


The first step is to evaluate the constant 


EA 


for each member, the units 


of 


length and force adopted being inches and tons respectively and E being 
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taken as 13,000 tons/sq. in. These constants are 3*250 for members AB 
and CD, 1 *625 for AD and 0*312 for DB and AC. 

The forces on the joints due to unit displacements must next be found. 
When joint D is given a unit displacement in the direction of the a;-axis and 
no displacement in the direction of the ^/-axis, i.e. ai)=l and Pd=0 , the 
forces exerted on the joint D by the member DC are, from equation (6.6 ), 
Xd =^dc(^c —^d) = —975 
and Yd =<Dc(yc—^ d) = +564. 


Due to the same displacement, forces are exerted by the other members 
meeting at the joint and it will be found from equation (6.7) that the total 
forces on D are, in the :r-direction —1,068 and in the y-direction +402. 
This information is set out in line 1 (a), Table 6.9, where it is also stated that 
Xa and Ya, the forces on the joint A due to this displacement, aD = l, are 
zero. 

In the same way the forces on the joints are calculated due to a unit 
displacement in the y-direction and no displacement in the a:-direction, 
i.e, Pd = 1 and aD=0. These forces are set out in line 2 (a). Table 6.9, 
and it will be seen that there is a force of +650 in the y-direction at joint A. 
This follows from equation (6.6) since, due to the displacements under 
consideration. 


EA 


Y A AD(2/n —2 /a) {(2/D —y a)Pd} (2/d —2/a) 


=l*625{~20x -20} = +650. 

It will be found a convenience in the later work if the largest force at a 
joint due to each displacement is reduced to 1,000. This has been done in 
Table 6.9 ; line 1 (6), for instance, being obtained from line 1 (a) by dividing 
throughout by 1 *068. 

The deformation of the framework as a whole can now be considered. 
All the joints in the framework are initially fixed in space and the external 
load is apphed. Joint D will then be subjected to a force Yd = + 10. The 
joint must next be given a displacement, all other joints being held fixed, 
which will reduce this force as much as possible. A glance at Table 6.9 
shows that a displacement of joint D in the y-direction is the most efficient 
for the purpose and that if its magnitude is one hundredth of the displace¬ 
ment recorded in line 2 (6), Table 6.9, the force on the joint in the y-direction 
will be reduced to zero. 

Table 6.10 shows a convenient way of setting out these facts. The first 
line, p, in the table shows the conditions after the external load has been 
applied but before any joints have been displaced. Line q shows the forces 
developed at the joints A and D, which in this particular framework are the 
only ones to be given displacements, by a movement of joint D in the 
y-direction of magnitude 0 • 00797. The type and magnitude of this displace¬ 
ment are recorded in the first two columns of Table 6.10, the entry “2 (b) 
in the first column referring to line 2 (b) of Table 6.9. The forces at the joints 
after the displacement has been given to D are found by adding lines p and q ; 
they are entered in Line r. While the force Yd has been reduced to zero it 
will be seen that forces Xd and Ya, of magnitudes +3*20 and +5*18 
respectively, have been induced by the displacement. Of these the latter 
is the greater and it will be seen from Table 6.9 that it can be made to 
disappear by giving joint A a displacement 0*00518 times that recorded in 
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Table 6.9. 

Forces (tons) at Joints due to Displacements. 



Displacement 

Xo 

Xa 

Yo 

Yi 

1 (a) 

“0=1 

-1,068 

0 

+ 402 

0 

1 (6) 

aD-0-937 

-1,000 

0 

+ 377 

0 

2 (o) 

1 ~ 1 

+ 402 

0 

-1,256 

-f 650 

2 (6) 

Pd = 0-797 

+ 320 

0 

-1,000 

+ 618 

3(a) 

a^=l 

0 

-1,068 

0 

- 402 

3(6) 

= 0-937 

0 

-1,000 

0 

- 377 

4(a) 

Pa-1 

1 0 

- 402 

+ 650 

-1,256 

4(6) 

P^-0-797 

0 

- 320 

+ 518 

-1,000 


line 4 (6), Table 6.9. The forces at the joints induced by this displacement 
are entered in line s, Table 6.10, and those remaining after this second 
displacement has been completed, in line t. This process is repeated until 
the displacements become small enough to be neglected. In Table 6.10 a 
total of eighteen displacements have been made. The forces in the bars 
have now to be calculated. This is done by determining the total displace¬ 
ments given to the joints. It can be seen from columns 1 and 2, Table 6.10, 
that the total displacement in the a:-direction suffered by joint D is 

ap=0 • 937 (0 • 00320+0 • 00124+0 • 00075 +0 • 00020) 

-0-937x0 00539. 

The other displacements are 

pD=:.0-797x0-01710 
aA = -0-937x0 00311 
Pa-0-797x0-01003. 

These displacements being known the tension coefficients ean be caleulated 
from equation (6.4), thus 
EA 

<DA {Va —J/d) (Pa —Pd) 

= 1 -625 X 20 X 0 -797(0 -01003 -0-01710) = -0 -183 

and the force in member DA—^daX20 = —3-66 tons. 

The forces in the other members are 

AB ——I *92 tons. 

AC-+3-14 „ 

DB--5-36 „ 

DC-+3-17 „ 

It will be seen that these values differ appreciably from those obtained 
for the same framework in paragraphs 6.3 and 6.6. The reason for this is 
that the work in Table 6.10 has not been carried far enough. 

In this method, as in the one described in paragraph 6.6, it will be found 
economical to deform the structure by “ block displacements and rotations 
before the process of displacing the joints one at a time is begun (Southwell, 
1935). 
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Table 6.10. 


Operation 

Multiplier 



Yi . 

Ya 




0-00 

0-00 

+ 10-00 

0-00 

p 

2 (b) 

- fO -01000 

+ 3-20 

0-00 

- 10-00 

+ 5-18 

Q 



+ 3-20 

0-00 

0-00 

+ 5-18 

r 

4 (6) 

+ 0-00518 

0-00 

- 1-65 

+ 2-68 

- 5-18 

s 



+ 3-20 

- 1-65 

+ 2-68 

0-00 

t 

1 (b) 

+- 0-00320 

- 3-20 

0-00 

+ 1-20 

0-00 




0-00 

- 1-65 

+ 3-88 

0-00 


2 (ft) 

+ 0-00388 

+ 1-24 

0-00 

- 3-88 

+ 2-01 




+ 1-24 

- 1-65 

0-00 

+ 2-01 


4 (6) 

+ 0-00201 

0-00 

- 0-64 

+ 1-04 

- 2-01 




+ 1-24 

- 2-29 

+ 1-04 

0-00 


3 (6) 

- 0-00229 

0-00 

+ 2-29 

0-00 

+ 0-86 




+ 1-24 

0-00 

+ 1-04 

+ 0-86 


1 {b) 

+ 0-00124 

- 1-24 

O-OO 

+ 0-47 

0-00 




0-00 

0-00 

+ 1-51 

+ 0-86 


2 (6) 

+ 0-00151 

+ 0-48 

0-00 

- 1-51 

+ 0-78 




+ 0-48 

0-00 

0-00 

+ 1-64 


4 (b) 

+ 0 - 001(14 

0-00 

- 0-52 

+ 0-85 

-1 • 64 


1 


+ 0-48 

- 0-52 

+ 0-85 

0-00 


2 (b) 

+ 0-00085 

+ 0-27 

0-00 

- 0-85 

+ 0-44 




+ 0-75 

- 0-52 

o’^r" 

1 + 0-44 


1 (b) 

+ 0-00075 

- 0-75 

0-00 

+ 0-28 

0-00 




0-00 

- 0-52 

+ 0-28 

+ 0-44 


3 ( 6 ) 

- 0-00052 

0-00 

+ 0-52 

0-00 

+ 0-20 




0-00 

o-do 

+ 0-28 

+ 0-64 


4 (b) 

+ 0-00004 

0-00 

- 0-20 

+ 0-33 

- 0-64 




0-00 

- 0-20 

"“TcTei 

0-00 


2 (b) 

+ 0-00001 

+ 0-20 

0-00 

- 0-61 

+ 0-32 




+ 0-20 

- 0-20 

0-00 

+ 0-32 


4 (6) 

+ 0-00032 

0-00 

- 0-10 

+ 0-17 

- 0-32 




+ 0-20 

- 0-30 

+ 0-17 

0-00 


3 {b) 

- 0-00030 

0-00 

+ 0-30 

0-00 

+ 0-11 




+ 0-20 

0-00 

+ 0-17 

+ 0-11 


1 (b) 

+ 0-00020 

- 0-20 

0-00 

+ 0-08 

0-00 




0-00 

0-00 

+ 0-25 

+ 0-11 


2 (b) 

+ 0-00025 

+ 0-08 

0-00 

- 0-25 

+ 0-13 




+ 0-08 

0-00 

0-00 

+ 0-24 


4 (b) 

+ 0-00024 

0-00 

+ 0-08 

+ 0-17 

- 0-24 




+ 0-08 

+ 0-08 

+ 0-17 

0-00 



6.8. Choice of method of stress analysis. —It is impossible to formulate 
general rules which will govern the method to be used in any particular 
case. 

It is clear that less labour was involved in determining the forces in the 
members of the framework shown in Fig. 6.7 by strain energy methods than 
by either of the successive approximation methods and it is probably safe 
to say that when analysing the stresses in redundant structures having 
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hinged ends the strain energy method will be found most economical if the 
number of redundancies does not exceed six. 

There is little to choose between the two successive approximation methods 
except that in the second all simultaneous equations are avoided. It should 
be remembered, however, that it may be simpler to solve groups of two or 
three simultaneous equations as required by the first method than to obtain 
the same results by successive approximation. 


6.9. Design of redundant frames. —Since the stress analysis of a redundant 
frame necessitates a knowledge of the cross-sectional areas of all the members 
it is evident that ordinary methods of design are not applicable to such a 
structure. The usual method is to guess sizes for all members, analyse the 
frame by means of strain-energy theorems, and if the stresses do not appear 
reasonable to make a second approximation to the sizes and go through the 
operation again. By this process of trial and error a suitable design can be 
achieved, but the procedure is laborious, especially if there are a number of 
redundancies, since each trial involves the solution of a number of simul¬ 
taneous equations. 

By a modification of the equations obtained from the second theorem of 
Castigliano, however, a method has been evolved which enables a much more 
direct approach to the problem to be made (Pippard, 1922). The results 
obtained by this method are not always of direct practical use and sizes 
obtained may have to be modified by conditions other than the stresses to 
be met, but it does give a structure which fulfils the conditions imposed by 
theoretical considerations and any necessary modifications are easily made. 

Suppose that the pin-join ted frame to be designed carries a number of 
external loads W^, Wg . . . Wn, and that it contains a number of redundant 
members the forces in which are R^, R 2 . . . Rm- By drawing stress diagrams 
the loads in all members of the frame can be found and we can write 


VQ=dW • • • "f*^^WN“t~aRi“l-PR2 • • • “hP'RM? 
where Pq is the load in any member and a, 6 ... n, a, p ... [x are numerical 
coefficients depending on the geometry of the frame. 

The strain energy of the whole structure is 




Po^'L 

AE 


and by the second theorem of Castigliano we can write 

^ = gu 

Now 

aRi ^ AE 

and Pq/A is the stress in the member =/. 


Hence 


aRi ^ E 
aR« ^ E 


3Rm ^ E 


( 6 . 8 ) 
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If, as is common, E is the same throughout, these equations become 

2/La=2/Lp= . . . =2/L[ji=0.(6.9) 

The procedure for design is as follows :— 

Replace all redundant members in the structure by unknown forces R^, 
Rg, etc., acting along the axes of these members. Since each member is 
connected to two joints of the frame, the force replacing it must be applied 
at both joints. The structure is now reduced to a just-stiff framework acted 
upon by R^, Rg, etc., and Wj, W 2 , etc. A stress diagram is drawn for the 
external load system, and this gives the sum of the terms 

aWi+6W24- . . . +nWN 
in the expression for Pq. 

A stress diagram for the two equal forces Rj, acting on the structure, 
gives the values of a for all members of the frame, and similar diagrams for 
Rg . . . Rm give values of p . . . p,. Since the values of L and E are known, 
the terms La/E, Lp/E . . . Lp/E are readily calculated for each member of 
the frame. The equations corresponding to ( 6 . 8 ) or (6.9) are now formed. 
There are the same number of equations as there are redundant members, 
and each equation contains terms involving the stress in one of the redundant 
members and the stresses in those members of the truss affected by that 
particular redundancy ; no other terms occur. Thus the equations connect 
the stresses in the various members of the structure and the next step is to 
select such stresses as will satisfy the equations. 

It will be found convenient to begin with the equation which contains the 
smallest number of terms. The maximum permissible stress can be sub¬ 
stituted for the majority of terms occurring, the remainder—which often 
need be no more than one in number—being adjusted to satisfy the equation. 
This is a very easy matter since there are any number of possible variations, 
all correct, and it is not a question of determining a unique solution. 

Certain stresses which are fixed in the first equation will occur in other 
equations and these values should be substituted. The remaining equations 
are then dealt with in the same way and all stresses determined. 

The stresses thus fixed should be tabulated and among them will be the 
stresses in the redundant members. The next step is to fix the load in each 
redundancy by assigning suitable areas to these members. A study of the 
table of internal loads helps this decision, since it shows the effect of the load 
in the redundant member upon the loads in the other bars. Having fixed 
the sizes of the redundant members and so the loads in them, the loads in all 
the other members of the frame can be written down and by dividing these 
loads by the stresses already fixed the cross-sectional areas of all members 
are determined. 

It should be noticed that this method ehminates the solution of simul¬ 
taneous equations and further, that the stresses are controlled by the 
designer during the process of calculation. As an example the frame shown 
in Fig. 6.10 will be considered (Airship Stressing Panel, 1922). 

The frame is fixed at J, H and K and assuming all diagonal braces to be 
operative there are three redundancies. These will be taken to be FG, BE 
and DG. 

The force in FG will be denoted by —R 3 , that in BE by —Rj, and in DG 

by -R,. 
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The first step is to find the internal forces in all members of the frame in 
terms of the external load system and R^, Rg and Rg. This can be done by 
stress diagrams or by resolution at the joints. The values obtained by the 
latter method are given in Table 6.11. These loads and the length of each 
member having been tabulated, columns 4, 5 and 6 are obtained as follows :— 
Since a, P and y are the coefficients of Rj, Rg and Rg respectively, their 
values are known from column 3 and multiplying by the term L/E we 
get the figures in columns 4, 6 and 6. The structure is supposed to be 
made of duralumin, braced diagonally by steel, having values of E of 
10-fix 10® lb. per square inch and 30x 10® lb. per square inch respectively. 


Consider first column 4 : this enables us 


f La 

to form the equation V =0 and 
^ E 


if we denote the stress in any member AB by AB and so on, we obtain 


5-43 BD+5-43 CE + 1 -38 BC+1 -38 DE-2-39 BE-2*39 CD=0 (6.10) 


where BD, CE, etc., are the members of the truss appearing in column 4. 
Similarly, from columns 5 and 6, we obtain the equations 

5*82 DF-.1-99 FJ +5-82 EG-1-99 GK+2'46 DE 

-2-90 DG-2-90EF+0-96 FH+0-96HG-0 . . . (6.11) 

~-4-34FJ -4*34GK~5-35FG +2 08FH+2 08 HG=0. (6.12) 


Since equation (6.12) contains the smallest number of terms, we begin with 
that and select any stresses to satisfy it. 

Assuming that the stress in duralumin is limited to 10,000 lb. per square 
inch and in steel to 80,000 lb. per square inch, we put 

FH = —GK=8,000 lb. per square inch. 

FJ=10,000 „ 

FG = —2,000 „ „ „ 

which gives HG=—8,970 „ ,, „ 

It should be noted that any other stresses which satisfy equation (6.12) 
would be equally correct, but we have stressed four of these members fairly 
equally which is reasonable. 

The values above are entered in column 7, and we turn next to equation 
(6.10). None of the stresses appearing here have been fixed from (6.12), so 
we again select suitable values. 

—BE =CD=80,000 lb. per square inch. 

BD=10,000 ,, ,, ,, 

CE = —8,000 ,, ,, ,, 

BC=DE = -3,928 „ 


and these are also entered in column 7. 

Five stresses appearing in equation (6.11) have now been fixed and sub¬ 
stituting them, we obtain the equation 

6*82 DF+6 -82 EG-2-90 DG-2-90 EF = 14,602. 

Put DF=10,000 lb. per square inch. 

-DG=EF=80,000 „ 

and then EG = —7,495 „ „ „ 

Since members AB and AC are unaffected by the redundancies, they do not 
enter into the equations, so that the stresses in them can be made anything 
we please. They are therefore put at the maximum allowable stress, 

i.e. AB = —AC=10,000 lb. per square inch. 
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Table 6 . 11 . 

Italicfl denote negative values. 


1 

2 

3 

4 

5 

6 

7 

8 

9 

Mem¬ 

ber 

Length 

Load 

La 

Lp 

Ly 

Stress 

Load 

Area 

Ins. 

Lb. 

R, 

R, 


E 

xlO® 

E 

xio® 

E 

Xl0« 

Lb./ 
sq. in. 

Lb. 

Sq. 

in. 

AB 

118 

2,269 







10,000 

1 

2,269 

0-23 

BD 

64 

2,269 

0-892 

— 

— 

6-43 

— 

— 

10,000 

2,492 

0-26 

DF 

73 

4,182 

— 

0-838 

— 

— 

5-82 

— 

10,000 

4,392 

0-44 

FJ 

64 

8,030 

— 

0'327 

0-712 

— 

1-99 

4-34 

10,000 

7,236 

0-72 

AC 

118 

2,269 

— 

— 

— 

— 

— 

— 

10,000 

2,269 

0-23 

CE 

64 

4,182 

0-892 

— 

— 

5-43 

— 

— 

8,000 

3,959 

0-49 

EG 

73 

7,140 

— 

0-838 

— 

— 

5-82 

— 

7,495 

6,931 

0-92 

GK 

64 

5,815 

— 

0-327 

0-712 

— 

' 1-99 

4-34 

8,000 

6,609 

0-83 

BC 

26 

1,200 

0-559 

— 

— 

1-38 

— 

1 — 

3,928 

1,060 

0-27 

DE 

40-1 

2,278 

0-362 

0-645 

— 

1-38 

2-46 


3,928 

2,020 

0-61 

FG 

56-2 

— 

— 

— 

1-0 

— 

— 

5-35 

2,000 

1,000 

0-50 

BE 

71-7 

— 

10 

— 

— 

2-39 

— 


80,000 

250 

0-003 

CD 

71-7 

2,146 

1-0 

— 


2-39 

— 


80,000 

1,896 

0-024 

DG 

87-1 

— 

— 

1-0 

___ 

— 

2-90 


80,000 

250 

0-003 

EF 

87-1 

3,626 

— 

1-0 

— 

— 

2-90 


80,000 

3,276 

0-041 

FH 

39 

3,910 

— 

0-258 

0-561 


0-96 

2-08 

8,000 

4,536 

0-57 

HG 

39 

5,660 

■ 

0-258 

0-561 

— 

0-96 

2-08 

8,970 

_ i 

5,034 

0-56 


We now fix the absolute values of the loads in the redundant members, and 
in doing so we consider the eiBFect these members have upon the loads in the 
other members. 

Suppose we make Rj=R 2 = 2501b. 

and R 3 :== 1,000 lb. 

and enter these values in column 8 . 

We now write down the load in every member from column 3 and these 
loads divided by the stresses in column 7 give the required areas tabulated 
in column 9. 

It should be emphasised that this is only one of an infinite number of 
solutions of this particular problem, but we have by a direct process produced 
a design which we know will have the stresses of column 7 when loaded as 
shown in Fig. 6.10 and this design has not involved the solution of any 
simultaneous equations. 

This example was used in paragraph 6.4 as an illustration of the method 
of stress analysis for a structure having more than one redundant member. 
The areas assumed in that analysis were those found by the present method 
and given in Table 6.11 above. The values of Rj, Rg and R 3 were evaluated 
by an application of the method of least work. This meant the solution of 
three simultaneous equations which gave Rj—R2=240 lb. and R 3 =l ,030 lb. 
These figures should of course have agreed with the values assigned to Rj, 
R 2 and R 3 above : the small differences are due to the fact that only slide- 
rule accuracy was aimed at in the calculations. 
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6.10. Effect of curved bars in a framework. —Some members of a frame¬ 
work may be curved and if the structure is redundant special treatment of 
these members is necessary (Pippard, 1926). 

Let A and B in Fig. 6.14 be two nodes of a framework connected by a 
circular arc of radius R and subtending an angle 2(f} at the centre. If the 
frame is pin-jointed, any force transmitted between A and B must act along 
the line AB. Let P be such a force. 

Then if A is the amount by which the distance AB is shortened under the 
action of P, 


A 


~dF 


where U is the strain-energy of the bar. 

If I is the relevant second moment of area of the bar, 
A the cross-sectional area of the bar, 

E Young’s modulus for the material and 
N the modulus of rigidity of the material, 



then at any point D on the arc where /.COD=0 the resultant actions are : 

an axial compression =P cos 0, 
a radial shear ==P sin 0, 

a bending moment =PR (cos 0—-cos (f>), 


and the total strain-energy of the bar is 

p2T> r<^ P2R3r<A 

Ucos“ QdQ -1—I (cos 0 —cos ^)2 c? 04-—— sin2 QdB 
LA Jo Li j0 AJN J0 

where the first and second terms are the components due to axial load and 
bending respectively and the third term is an approximation to the un¬ 
important component due to shear. 

From this expression, when N—|E we obtain 


PRrv^^ 
"AeL~2 ■ 


3 sin 2<^ R2 

4 f-p 


^2^— ^ cos 2^) J. 


where k is the radius of gyration of the cross-section of the bar. 

If the curved bar were replaced by a straight member of the same cross- 
sectional dimensions but with such a value of E that A remained the same, 


the elastic properties of the frame would be unaltered. 
Let E' be the modulus of elasticity of such a member 

2PR sin 


action of P its alteration in length would be - 


AE' 


Then, under the 
and for this to be equal 
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to A we must have 


E'=E ' 


2 sin ^ 


IJ. 

2 


3 sin 2(f> R* 

r~ 


(2^- 


3 sin 2^ 


-(f> cos 2(f) 


).■ ■ 


(6.13) 


Any framework containing curved members can thus be simplified by 
replacing all such members by straight bars of the same cross-sections as 
the originals but with modified values of E as given by equation (6.13). 
Such a simplified frame will be elastically equivalent to the original and the 
usual methods for calculating deflexions and stresses can be employed. 

The above formulas apply strictly only to circular arcs but very little 
error is introduced if the arc is not circular provided the maximum bow is 
the same. 


C c' 



As an example we will consider the structure shown in Fig. 6.15 (a) which 
represents a roof truss of the simple hammer-beam type supported at^A and 
B on rigid walls. There are ten joints in the truss and seventeen members 
are required to make it just-stiff. This number is actually provided but 
since both the supports are formed by pins on rigid walls a redundant reaction 
is introduced. This may be conveniently taken as Ha. The loading, which 
is not shown, will consist of dead weights and wind forces. 

The value of Ha is determined from the equation ^^ =0. 


The curved members of the truss are replaced by straight bars as 
shown at (6) and (6.13) is used to calculate the equivalent values of E 
for these straight bars. The force in each member of the truss shown 
at (b) due to the external load system and Ha and Hb is found by any 


of the methods described in Chapter 2 and 


PqL dPp 
AE dRx 


is calculated for each, 


using the equivalent value of E for the bars A'H', H'J', J'K' and K'B' and 
not the real value for the material. This work should be done in tabular 


form as shown in earlier examples and results in an expression for 


dPp 

^AE dHA 
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in terms of Ha and the external loads. Equation of this expression to zero 
gives the value of Ha required, from which the forces in all the bars of the 
truss can be calculated. 

Detailed examples of analyses of this type of truss will be found in a paper 
published by the Department of Scientific and Industrial Research (Pippard 
and Glanville, 1926). 

6.11. Principle of superposition applied to redundant frameworks. —When 
a structure which has a number of redundant bars exhibits symmetry about 
a centre-line an application of the principle of superposition considerably 
reduces the work of analysis. 

An example to illustrate this is shown in Fig. 6.16. It consists of a four- 
panel truss with counterbracing in each panel, so that there are four 
redundant bars. A load of 2W acts at joint D, and the bars CA, DK, FH 
and GB are conveniently chosen as the redundant members, the tensions in 
them being R^, R^, R 3 , and R 4 respectively. 



Using the second theorem of Castighano, the conditions for the solution 
of the problem are 

In the ordinary way the four resulting equations must be solved simul¬ 
taneously. 

Suppose, however, that the load system is spht into the two systems 
shown in Fig. 6.17. That shown in Fig. 6.17 (a) is symmetrical about EJ, 
the centre-line of the truss, and corresponding bars on either side of this axis 
must carry the same loads. It is only necessary, therefore, to assume two 
unknown tensions RJ, and R 2 , as shown instead of four as in the case of 
unsymmetrical loading. 

The second load system shown in (b) is skew-symmetrical, a load W acting 
downwards at D and an equal load acting upwards at F. The reactions are 
as shown, and corresponding bars on either side of the centre-line will carry 
equal but opposite loads. Thus, if CA has a tension R^, GB will have a 
tension of —RJ ; that is, a compression of +RI. Here again the number 
of statically indeterminate forces is two instead of four. If the load systems 
shown at (a) and ( 6 ) are superposed the result is 2W acting at D as in Fig. 6.16, 
and the original problem is thus reduced to the solution of two pairs of two 
simultaneous equations instead of the solution of four simultaneous equations. 

The saving in work is considerable even in the present simple case, but in 
a problem with a larger number of redundant bars the method enables 
solutions to be obtained which would otherwise be impracticable. For 
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example, twelve simultaneous equations would generally involve a pro¬ 
hibitive amount of work, and it is only in very exceptional circumstances 
that a solution would be attempted ; if, however, by the use of the principle 
of superposition they can be reduced to two independent sets of six each the 
problem, although still lengthy, is quite practicable. 

The example shown in Fig. 6.16 has been solved both by the straight¬ 
forward method and by using superposed load systems, and the working is 
given for comparison. 

Numerical values have been reduced to the simplest terms to keep the 
arithmetical work as easy as possible. 



In each instance equations are formed of the type 

3R AE aR ’ 

where the symbols have the same significance as previously in this chapter. 
The material is supposed to be the same throughout. 

(1) Dealing with the problem straightforwardly, the necessary four simul¬ 
taneous equations are formed, the work being set out in Table 6.12. 

These equations are 

9W+4OR1-2OR2- 2R3+ 2 R 4=0 
9W-4OR1+44R2+ 4R3- 4 R 4=0 
~9W- 4Ri+ 4 R 2 + 44 R 3 - 4 OR 4 -O 
9W+ 2Ri- 2 R 2 - 2 OR 3 + 4 OR 4 -O.. 

The solution is Ri=—0 • 59799W 

R2=-0-77006W 

R3=-fO*01434W 

R^=-0.22643W. 

The negative signs denote that the forces are compressive. 

(2) Using the method of superposition, and deahng first with the loading 
shown in Fig. 6.17 (a), the equations obtained are 

-9W~42Ri+22R^=0l 

22R;-~24R5=0 J 


6 . 12 . 
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which give 

RI=_0-41221W \ 

R' = -0-37786W.J 

The detailed work is set out in Table 6.13. 


Table 6.13. 


Bar 

1 

A 

L 


p„L ap„ 

A ait; 

3P„ 

A 3R; 

W 


K 

w 

r; 

r; 

w 

r; 

R' 

CA 

2 

1 


1 



A 





DK 

2 

1 



1 






h 

CD 

4 

1 


1 



i 





DE 

4 

1 

-1 

-1 

1 

i 

i 

-i 

-i 

-i 

i 

AK 

4 

1 

1 

1 


i 

i 





KJ 

4 

1 

1 

-1 

1 

-i 

i 

-1 

i 

-i 

i 

CK 

V2 

V2 


~V2 



2 





DA 

V2 

V2 

IC4 

> 

1 

-V2- 


2 

2 





DJ 

V2 

V2 


V2 

-V2 


2 

— 2 


-2 

2 

KE 

V2 

V2 


V2 

-V2 


2 

-2 


-2 

2 

i (EJ) 

i (2) 

1 


-1 

1 


1 

-1 


-1 

1 


The skew-symmetrical loading shown in Fig. 6.17 (b) yields the equations 

i9r;- or;=0-1 
-9W+36RI-40R;=0i 

the solution being 

R5; = -0-18578W -1 
r; = -0-39220W.J 

The numerical work is given in Table 6.14. 


Table 6.14. 
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The redundant forces under the original loading are then 

Ri =R; +R[=- (0 • 41221 +0 • 18578) W =-0 • 59799W 
=R' +R^ = - (0 • 37786+0 • 39220) W =-0 • 77006W 
R 3 =R' _RJ = - (0 • 37786 -0 * 39220) W = +0 • 01434W 
R 4 =R; ~RI = - (0 • 41221 -0 • 18578) W=-0 • 22643W. 

These results agree exactly with those obtained from the straightforward 
solution, but the work involved is considerably less. 

It should be noted that the calculations are only required for one-half of 
the truss under each of the two component systems. In the case of skew- 
symmetrical loading the centre-post JE is unstressed and presents no 
difficulty ; in the symmetrical loading, however^ it is necessary to take a 
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Fig. 6.18. 


post of one-half the actual area carrying one-half the load when dealing with 
the half truss. This is indicated in Table 6.13 by the description J (EJ) in 
the first column. 

In this example the truss carried only a single concentrated load. There 
is, however, no difficulty in applying the same method to any load system. 

This is best illustrated by an example. 

Suppose Fig. 6.18 (a) represents a structure carrying loads 2Wi, 2 W 2 , 2 W 3 
and 2 W 4 at points C, D, E and F respectively. This system is to be replaced 
by symmetrical and skew-symmetrical systems which, when superposed, 
give the original system. Let C', D', E' and F' be the points corresponding 
to C, D, E and F on the other side of the centre-line of the truss. 

Consider first the load 2Wi. This is replaced by a pair of downward 
loads Wi at C and C' as shown in Fig. 6.18 (b), and by downward and upward 
loads Wi at C and C' respectively as shown in Fig. 6.18 (c). The other loads 
are dealt with similarly, and the two systems ( 6 ) and (c) result. The stress- 
analysis is then carried out as illustrated in the detailed example already 
given. 
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EXERCISES 

(1) Three steel wires AB, CB, DB attached to points A, C and D on a rigid horizontal 
beam are connected at the point B which is 10 feet vertically below C. The distances 
AC and CD are each 10 feet. 

If AB, CB and DB are respectively 1 square inch, J square inch and IJ square inches 
in cross-sectional area, calculate what load each carries when a weight of 6 tons is himg 
at B. 

(AB—BD=-\-2-22 tons; BC=-{-l'86 tons) 

(2) Four equal wires OA, OB, OC and OD of length L and cross-sectional area A 
support a weight W midway between two walls AD and BC which are V2L apart. 
The wires OD and OB are in the same straight line and at right angles to OA and OC, 
(See Diagram 6a.) 

If the wires are initially tensioned to remain taut imder load find the deflexion of O. 



(3) The rectangular space frame shown in Diagram 66 is pinned to a rigid wall at the 
comers A, B, C and D, and a couple of 1,000 inch-lb. is applied to the face EFHG, which 
is rigid in its own plane. 

Each panel is braced and coimterbraced with steel wires each of 1/100 square inch 
cross-sectional area. These wires have no initial tension so that only one of each pair 
is operative. 

All other members are of steel, having cross-sectional areas of 1/10 square inch. 

Determine the loads in all the members. 

{DE = BH = 35'2lb. 

AF=^CO = 43-Olb. 

AE==CH^-28^1 lb. 

BF=-OD^-38 6 lb.) 

(4) The pin-jointed structure shown in Diagram 6c is simply supported at L and J 
and carries suspended loads of 4 tons and 2 tons as shown. 

The members are unstressed when the loads are removed and have the following 
areas :— 

EA=F'A=HA = 1 • 06 inch* 

ED = EF = GH - 1 • 78 inch* 

F'G = G'C-HB = FF' = 2-09 inch*. 

Calculate the vertical deflexion imder each of the applied loads. (E = 13,000 
tons/square inch.) 

{O'093 inch ; 0-071 inch) 

(6) The steel beam AB shown at 6d is strengthened by a steel king post CD which 
is pinned to C, the centre point of the beam. The point D is braced by steel rods to 
A and B which are simply supported. 

Calculate the maximum central load which the beam can carry given the following 
data;— 

Beam : I — 250 inch imits. 

Depth - 12 inches. 

Strut CD : Cross-sectional area=4 square inches. 

Rods AD, BD : Cross-sectional area=l square inch. 

Permissible flexural stress in beam = 8 tons per square inch. 


(36’3 tons) 
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(6) The pin-jointed steel frame shown in Diagram 6e is attached at A, B and C to a 
rigid wall, 

AD and CF are each V2 square inches and each diagonal is I square inch in area. 
DE and EF are rigid. Calculate the loads in AD and CF when a load acts as shown. 

(AD== +2 tons ; -2 tons) 







CHAPTER 7 


STRUTS AND LATERALLY LOADED COLUMNS AND TIES 

7.1. The behaviour of struts under load.—If a rod of perfectly uniform 
shape, perfectly straight and of homogeneous material throughout were 
loaded axially so that the point of application of the load coincided with 
the neutral axis of the rod, failure would occur by direct compression. In 
practice such an ideal set of conditions cannot occur. Small errors in work¬ 
manship, slight variations in the material and the practical impossibility of 
obtaining perfect test conditions all combine to give what is equivalent to 
an eccentricity of loading. This equivalent eccentricity, although small, 
exercises considerable influence upon the behaviour of the strut, and since 
it cannot in any individual case be measured, the problem of strut strength 
must of necessity be settled by the help of experimental data. 

Before proceeding to a discussion of formulas suitable for design purposes 
it is necessary to consider further the behaviour of the ideal strut described 
above and this will depend upon the proportions of the strut, or the ‘‘ slender¬ 
ness ratio ” ; this is the ratio of the length of the strut to the minimum 
radius of gyration (l/k) and appears in all rational strut formulas. The 
usual terms long and short struts are misleading, since absolute length has 
no bearing upon the behaviour of the member : a slender strut may be of any 
length and the important factor is the slenderness ratio. Struts will there¬ 
fore be referred to as slender when the ratio l/Jt ia large and stocky when it is 
small. 

Suppose that a stocky strut is subjected to an axial load. The axial 
strain will be elastic up to a certain value of the end stress, but when this 
stress reaches the yield point there will be a comparatively large permanent 
set and the strut will have failed. If the material is ductile a further increase 
of stress will cause flattening of the strut, but if it is brittle there will be an 
actual partition of the material along planes approximately at 45° to the 
direction of the load, due to the shear stresses induced along such planes. 

If, on the other hand, a slender strut is subjected to an axial load the 
behaviour is different. Under small loads the strut is in stable equilibrium 
and if it is displaced by a small amount it will straighten when the disturbing 
force is removed. For a certain value of the axial force the strut is in a state 
of neutral equilibrium and will remain deflected after the removal of a 
disturbing force. A further increase in the axial load produces a state of 
unstable equilibrium and any disturbing force will start a deflexion in the 
strut which will increase in amount until the material is overstressed due to 
the increasing curvature of the member. If the axial force is removed before 
the fibre stress has reached the limit of proportionality, the strut will become 
perfectly straight again and show no signs of distress. The axial load which 
induces this condition of elastic instability is known as the critical load, the 
buckling load or the Euler load, since Euler first investigated the problem. 
It should be noticed that in the absence of an external disturbing force all 
perfect struts, whether slender or stocky, will fail by direct compression. 
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7.2. The critical load for slender struts. —In Fig. 7.1 let AB be a slender 
strut of length 1, of uniform cross-section and of homogeneous material. 
It is pin-jointed at A and B and carries an axial load P which just produces 
a state of neutral stabihty. The strut under this load is deflected a small 
amount a at the centre and the deflecting force is then 
removed. Since the strut is neutrally stable it remains 
deflected. 

Take an origin at the centre of the deflected strut and 
measure x and y as shown in the figure. Then at any point 

dx^ 

P d'^y 

or writing 

The solution of this equation is 

y=A sin (jlx+B cos \p:+a 

where A and B are constants of integration. 

When a:=0, ^=0 so that B=:—a. 


d'lj 

When a;—0, differentiating we obtain 



Fig. 7.1. 


dx 


=[ji(A cos [xo:—B sin [xx), 


=0. 


from which A = 

Then 

When y—d and substitution in the above equation gives 


2 /=:a(l—cos (xx). 


a cos 


\lI 


= 0 . 


Since by our hypothesis a cannot be zero, the solution required is 

cos^^ =0. 

The smallest value of fx?/2 which satisfies this condition is 7r/2 and so the 
critical load is defined by the condition 

\F 

L 2 2 

PJ* . 


t.e. 


or 


El 

P- 


t t^EI 


(7.1) 


If instead of being pin-jointed the strut is encastr6 at both 
ends (Fig. 7.2), the slopes at the ends and at the middle are zero, 
and it is clear that there are inflexions at the quarter points of 
the strut, D and E, The portion DE can therefore be treated 
as a pin-jointed strut of length Z/2, and so for this method of 
fixing the critical load of AC is 

_ tt^EI 4tu2EI 


71V 
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This result as well as those for other cases may be obtained directly by 
the same mathematical procedure used for the pin-jointed strut. 

Critical loads for struts with diiBFerent end conditions are given in 
Table 7.1. The encastre-free condition means that one end is not con¬ 
strained in any way, i.e. the strut is a mast carrying an axial load. The 
results for the pin-encastre conditions are only approximate, but are 
sufficiently accurate for any practical purpose. 


TABI.E 7.1. 


Critical Loads fob Struts of Length 1 . 


End conditions 

Critical 

Equivalent 

1 

2 

load 

length 

Pin 

Pin 


1 

Encastr^ 

Encastr^ 

in^EI 

1 

2 

Encastr4 

Free 

tt^EI 

2/ 

Pin 

Encastr^ 

81EI 

4/2 

0-7/ 


7,3. Eccentrically loaded strut. —Suppose now that a pin-join ted strut 
carries a load at a specified distance from the neutral axis. For any value 
of this load the strut assumes a definite shape and the stresses in it can be 
calculated. We make no assumption as to slenderness but treat the problem 
generally and the result is applicable to members of any slenderness ratio. 
It will be shown, however, that when the strut is stocky the result can be 
simplified. 



In Fig. 7.3, AB is a pin-jointed strut of length I having a 
load P acting at a distance e from the neutral axis. 

Any value of P will produce a deflexion of the strut, owing 
to the bending moment which was absent under an axial load. 
With the same notation as in paragraph 7.2, we have 

or a—e)=0. 

The solution of this is 

y=(a-\-e){\ —cos fjLo;) 

obtained in the same way as for the axially loaded strut. 

I 

Since y=a when have on substitution 


Fig. 7.3. 



The maximum bending moment in the strut, at the centre, is 


MQ=P(a+e)=Pe sec 


' /- 

2VEr 


(7.2) 
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If I=A1:* is the minimum second moment of area and h is the corresponding 
distance of the compressive fibre farthest from the neutral axis of the section, 
the maximum compressive stress in the strut is 


P/, eh i /P\ 


(7.3) 


where k is the minimum radius of gyration and A is the area of the cross- 
section. 

This formula is not convenient for design purposes since P occurs in the 
secant term and cannot be evaluated readily. The solution necessitates 
either a process of trial and error or a graphical method. 


7.4. Stocky struts. 

term can be written as sec 


■In the formula of the preceding paragraph the secant 
I /■p’ 

^ which for small values of Ijk approaches 

unity. 

Hence for stocky columns the maximum compressive stress is 


Pr 


P/, eh\ 


(7.4) 


and the maximum load which can be applied to a stocky column without 
permanent deformation is 


(‘+p) 

where Py is the yield stress in compression. 


(7.6) 


7.5. General strut formulas. —From the preceding work it is clear that 
neither the very slender nor the very stocky strut presents serious difficulty, 
but with few exceptions struts which are used in practice do not fall into 
either of these categories. They are intermediate and the real problem is 
to find a formula which will be sufficiently accurate to serve as a design basis 
for struts of any slenderness ratio. 

Many such formulas for the axial load which a strut can carry have been 
used in the past, one of the best-known being that due to Rankine : 

— pA —./^gv 

l+a(i/fc)2 ^ ’ 

This is an empirical formula and the constant a should be determined ex¬ 
perimentally. Its value for different materials is given in most books of 
engineering data. 

If Z/A; is small the value of P approaches Pyk as it should and by a suitable 
adjustment of a, P can be made to approach the Euler value as Ijk approaches 
infinity. 

_ . . .... k^ 

Rewriting (7.6) - 

and as kjl approaches zero P should approach tc^EI/Z^ 


i.e. 




This value generally differs somewhat from the experimental one but in the 
absence of the more rehable figure it can be used as an approximation. 
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The Rankine formula can be written 


where p is the load per unit area on the end section of the strut. 

It has already been shown in paragraph 7.4 that when a strut which is not 
slender is eccentrically loaded the ratio 


P 1 



i.e. the allowable end loading is reduced by this amount due to eccentricity. 
If then a strut to which the Rankine formula is applied has an eccentricity 
of loading, an approximation to the allowable load is 

p__ Pi/^ _ 

{l+a(W*}(l+g) 

The Rankine formula is now only of historical interest and has been 
superseded by more rational formulas for which the essential empirical 
constants have been more accurately determined. 

The Rankine formula makes no direct allowance for the eccentricity of 
loading due to slight imperfections in workmanship and material which have 
previously been mentioned although these would be dealt with to some extent 
by the empirical constant a. Later investigators however introduced such 
factors into their formulas and two methods have been adopted with success. 
In the first method the sum of all the departures from perfection is treated 
as an equivalent eccentricity of loading and appears in the formula as such. 

The second method is to treat the sum of the imperfections as being 
equivalent to an initial curvature of the strut and this leads to a very useful 
strut formula of general applicability. 


7.6. Modified Smith formula for pin-jointed struts. —If in equation (7.3) the 
specified eccentricity is replaced by an equivalent eccentricity to be found 
experimentally, a formula is obtained which is applicable to normally straight 
axially loaded members. This is the treatment of the problem adopted by 
R. H. Smith and his formula was modified by R. V. Southwell by the sub¬ 
stitution of the yield stress, or more accurately the stress at the limit of 
proportionality, for the ultimate stress suggested by Smith. 

The equation can be put in the form 

P.=l>(l+p8ec|y^,). 


from which we obtain the modified Smith formula (Jenkin, 1920) 

_ 


P=^,A=- 


A8 lip' 


(7.7) 


where P=The limiting load. 


p=The limiting average intensity of loading on the cross-section of 
the strut. 

A =The area of the cross-section of the strut. 

Py=The yield point of the material. 
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A==The greatest distance of any point on the section from the centre 
line. 

8—The equivalent eccentricity of loading. 

A;—The minimum radius of gyration of the cross-section. 

E—Young’s modulus of the material. 

/=Length of the strut. 

This formula cannot be used directly because p appears on both sides 
but curves may be constructed and the results read from them. 


7.7. Perry strut formula. —formula due to Professor Perry is based on 
the assumption that the effect of imperfections in material and workmanship, 
unavoidable eccentricity of loading, etc., can be represented by a hypo¬ 
thetical initial curvature of the strut. The exact initial shape which is 
assumed for the strut does not greatly affect the final results and for ease of 
manipulation a cosine curve was used, as this leads to simple equations. 

Let AB (Fig. 7.4) be a pin-jointed strut of length 1. Take an origin at 0 
and measure x and y as shown. The initial shape of the strut is assumed 
to be given by the equation 

TZX 

Vq—Cq cos -j -, 


where Co is the initial departure from straightness at the centre. 
Under a load P the deflexion at x is increased by y so that 




y+Co cos 


%.e. 


dx^ 


cos 


TZX 

1 


). 

)=o. 


where, as before, 



The solution of this equation is 


TZX 


(X% cos y 

^=A sin [jlx+B cos [lx-{ - - - 






where A and B are constants of integration. 


When 


hence 


where 


I 


X —^—0 and so Af=B=0, 


Pc,, cos 


TZX 


Q= 


Q-P 

TZ^ 


If A is the cross-sectional area of the strut, 
put 


-=p and ^=pe. 


y 


V 

Pe-V 


Co COS 


TZX 

T 


Then 
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and the total deflexion at any point is 




Co COS 


TCX 

T 


Pe 

=- Co COS -f* 

Pe-P I 


The maximum deflexion occurs at the centre where a:—0 and its value is 

y--" . 

while the maximum bending moment is 




\Pc-p} 


The maximum compressive stress occurs on the concave side of the strut 
and is 


Pc, 


Pi-- 


{—) 

\Pe — p/ 


«1 


P 

‘A’ 


where is the distance of the most stressed compressive fibre from the 
neutral axis. 


C CL 

If we put obtain 




. . , (7-9) 

KPe—P / 

Putting Pi^^Pyi the yield stress in compression, and solving for p we find 
JPv+^ +^Pe / fPy + (7) + l)Pe] ^ 


p = 


-PyPe, 


(7.10) 


which is the Perry formula for the intensity of end loading which will cause 
the fibre stress to reach the yield point. 

In a brittle material failure may occur on the tension side of 
the strut and following the same procedure we obtain 

, {\-y])Pe-p'y , l\('^-t\)Pe-PyY 

P- -2-+V -2- 



+PyPe, ■ (7.11) 


where p' is the intensity of end loading which will cause the 

fibre stress to reach the ultimate stress in tension and 7 ]' 

I where a<^ is the distance of the most stressed tension fibre from 
the neutral axis. 

This formula, with others, was subjected to a critical exam¬ 
ination by Andrew Robertson (1925), who made an exhaustive 
series of carefully controlled tests upon struts of various 
materials. As a result of these and tests made by other 
experimenters, he stated his conclusion that for all materials 
having a real yield the Perry formula gives good results 
for pin ended struts if y) is taken as *001 Ijk for an 
average value, and *003 IJk for a lower limit. For materials with con- 
siderable^ductility but no real yield phenomena, as defined by a drop of 
stress, the value of should be taken at the point in the stress-strain diagram 
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where the slope is three times that in the elastic region, yj is then the same 
as for materials with a real yield. 

For materials having no yield it appears reasonable to take the ultimate 
stress in compression as the value of 'Py and t) as *015 Ijk. For cast iron 
struts this curve is slightly below the one representing tensile failure. If 
the strut has end conditions other than free the values of y) require modifica¬ 
tion and Robertson makes the necessary corrections by working on an 
equivalent length of strut given in Table 7.2. 


Table 7.2. 



End 

Equivalent 



conditions 

length 

Ductile 

Brittle 


Free 

1 

•ooai 



•015j 

k 


Flat 

•5Z 

•006x~ 

k 



•61 

•03x~r 

k 


Fixed 

•5Z 

•6Z 

•006 X -7- 
k 



X 

CO 

o 


It will be noticed that the numerical values of y] are the same for flat and 
fixed ends as for free ends. The correction on the results is introduced by 
the fact that the Euler crippling stress is calculated for a strut of only 
half the length, i.e. it is four times the value of the pin-ended strut. 

If a strut has a real eccentricity of loading, it may be allowed for as 
suggested by Ayrton and Perry (1886) by replacing the term c^, i.e, the 
initial departure from the straight, by a term 
Let the constant for this case be 


Then 




a. Cl 


1^1 

* 


Y]i=Y) 




where y) is the value for the strut when there is no dehberate eccentricity of 
loading. 

The simplest way of using the Perry formula is by a curve of p against Ijk 
from which the maximum load for the member can be read directly. 

A load factor can be incorporated by writing Np instead of p as recom¬ 
mended by the Steel Structures Research Committee (1931). 

The formula is then 

Nj, 'Py+if\-\-'^)Pe J\ Pv+(-ri+'^)'Pe 

The Steel Structures Research Committee suggested that the following 
values should be used for struts of Quality A steel (British Standard Speci> 
fication No. 15) : 

Yield stress =18 tons per square inch. 

Young’s modulus =13,000 tons per square inch. 

N=2'36. 

73=0-003 Z/ifc. 


-PyVe 


. (7.12) 
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Table 7.3, taken from the Report of the Committee and later included in 
the original British Standard Specification No. 449 (1932), gives the resulting 
values of p, the permissible end load in tons per square inch of cross-sectional 
area, for different values of Ijk. 

Table 7.3. 


l/k 

P 

Ijh 

P 

20 

7-2 

130 

2-6 

30 

6-9 

140 

2-3 

40 

6-() 

150 

2*0 

60 

6*3 

160 

1*8 

60 

6-9 

170 

1-6 

70 

6-4 

180 

1-5 

80 

4-9 

190 

1-3 

90 

4-3 

200 

1-2 

100 

3-8 

210 

1 

110 

3-3 

220 

1-0 

120 

2-9 

230 

1 0-9 



240 

0-9 


The curve plotted from this table is shown in Fig. 7.5. 

The revision of the si)ecification B.S. 449 (1948) used the formula to 
calculate the permissible end load per unit area, p, for struts with a slender¬ 
ness ratio in excess of 80 but with the load factor N reduced to 2 *0 and the 




yield stress py, to 15*25 tons per square inch. For values of the slenderness 
ratio less than 80, p was obtained by linear interpolation between its value 
for Ijk—SO, and 9 tons per square inch for ljk=0. 

In Chapter 1 two methods of strength specification, by means of a load 
factor and a factor of safety respectively, were briefly mentioned and the 
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Perry formula serves as a useful illustration of the fundamental difference 
between them. 

Since Nj? is the intensity of end loading which will cause the maximum 
fibre stress to reach the yield stress N is a load factor. 

Substituting the recommended value of 7j== *003 Ijk in (7.9) we obtain 



Table 7.3 gives values of p for different values of Ijk and on substituting 
these values in this formula the working fibre stress in the material is obtained. 



Fig. 7.7. 


The factor of safety is P},IPi and Fig. 7.6 shows its relation to l/k ; with 
a constant load factor the factor of safety varies greatly and the result 
emphasises in a striking manner the difference between the two methods of 
specifying strength in this instance. 

If the design of struts were based on a constant factor of safety instead 
of a constant load factor very different design curves would be used. 
Fig. 7.7 shows the strut curve from Table 7.3 with a constant load factor of 
2 • 36 and curves plotted from the same formula when the factor of safety 
is kept constant. Two such curves are given, the factors of safety being 
those in struts designed as at present with slenderness ratios of 20 and 200 
respectively. 

7.8. Members with combined loads. —^Any member will deflect under 
lateral load by an amount depending upon the magnitude of the load and the 
flexural rigidity of the member. If in addition an axial thrust P is applied 
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to the member the bending moment due to this axial load will increase the 
deflexion. If the flexural rigidity is large in relation to the loads, it is often 
suflSciently accurate to determine the deflexion A due to the lateral load 
and to add to the bending moment produced by this load a term PA, thus 
neglecting the effect of the additional deflexion due to the axial load. The 
stress is then found from the total bending moment in the usual way. 

If, however, the members are flexible, determination of the stress in this 
way might result in serious error and more accurate treatment is necessary 
as described in succeeding paragraphs. 

7.9. The pin-jointed strut with a uniform lateral load. —Let AB in Fig. 7.8 
be a pin-jointed member carrying an axial load P and a uniformly distributed 



Fig. 7.8. 


lateral load of intensity w. Take an origin at 0, the centre of the un¬ 
deflected strut and measure x and y as shown in the figure. 


Then 



„ ^ wf „ l^\ 

or 

M+P2/==2(* -jj* 

Hence 

dx^ 



or 



The solution is 


M=A sin [jur+B cos [jLa;+~. 


When M=0, 

therefore 

and 


Asi „^+ Bcc »|'+^.-0 

—A sin ^+B cos 

2 2 (x^ 


From these equations A=0 ; B~—^ sec ^ 


and so M =“2 ^ 1 —cos \lx sec . 

The maximum value of the bending moment occurs when x =0 and is 

.(7.13) 
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n^EI 

Substituting for (jl® and putting -|y-=Q, the Euler critical load, this gives 

where is the bending moment at the centre due to the lateral load only, 
i.e. wP/S. 

The maximum compressive stress, at the centre of the member, is then 


Pr 


^PbP, 




-P 


. . (7.15) 


where p^, pe and p represent the bending stress due to lateral load alone, 
the Euler stress and the intensity of end loading respectively. 

A problem which may arise is that of calculating the load factor of a 
member of this type when the normal working loads are known. For 
example, suppose these to be a distributed load of intensity w and an axial 
load P. It is required to know by what factor these loads must be increased 
so as to stress the material to its allowable limit. 

If we call this load factor N, then pi and p will be increased to and 
Np ; pf will be the yield stress py, and pe which is only dependent on the 
size and material of the member will remain unaltered. 

Equation (7.15) then becomes 


Pv 


TZ^P \ 


—sec 



-Np 


(7.16) 


which can only be solved for N by a process of trial and error and is very 
inconvenient. A simpler, approximate formula due to Perry, which will be 
derived in a later paragraph, provides a much easier solution. 


Ifweput0=y? 


and expand, the maximum bending moment (7.14) can 


be written as the series 


or 

i.c. 


Mniax — 
Mniax = 


8M^ Q/9^ 56^ 616" 

8M^ Q/tt^P P^ 
7z^ F\ 8Q'^384Q2‘^ 


Mn 


‘ (Mo+384 


wl*P 

“eT" 



■) 

I 


The first term in this series is the bending moment due to lateral load alone 
and the second is the deflexion at the centre due to the lateral load 
multiplied by P. It will be seen therefore that the method indicated in 
paragraph 7.8, which is often used for stiff members, consists of taking two 
terms of an infinite series. If P is small compared with Q the third term 
is very small and can be justifiably neglected, but this is not always so, the 
factored load NP often being a big fraction of Q. 


7.10. Pin-jointed strut with a concentrated lateral load. —Let AB be a 

pin-jointed strut under an end load P and a concentrated lateral load W. 
Let the dimensions be as in Fig. 7.9. 


5* 
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If the origin be taken at A we have for any point from a:=0 to x=a 

\a-{-bj 

The solution is 




W/ 6 \ 

y=Ai Bin |xa:+Bi cos nx- p ( jx, 


where 


Since y=0 when x==0, 6^=0. 

r A 


1 


w 


B P 


a~ 


bW 

a-^h 


a-^b 


Fio. 7.9. 


At x—a we have 


W ah 


i/w=A,8in(xa^ p^^^. 

By taking the origin at B we have when a;=6, a similar expression for yw with 
a and 6 interchanged 

Ai sin (xa-p ^-^a=A, sin 1^6-p ^6. 

The two values of ^ similarly derived are equal and opposite since W is 
approached from opposite sides and so 


therefore 


cos [xa- 

From these equations 


W b 


P a-\-b 




(xAg eos [lb - 


W/P 


W g 
P a-\-b\’ 


sin [lb sin [la p. sin \x(a+by 

from x—0 to x=a 

W sinp6 . W/ 6 \ 

p (l-^hTdC^'h) ““ i^-p 1^6 

oW sin [lb 

dx^ psinp(a+6) 

W sin [la sin p6 


and 


At x=a 

In pa 
becomes 


M= 


psinp(a+6) 

In particular when the load is placed at the centre of the member this 

Ayr pZ 

M“«—^tan 2 


since a=b=-. 
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Substituting for (i, this gives 


El 


tan 


u 


p 

EI‘ 


(7.17) 


As before, putting for the bending moment due to the lateral load alone, 
i.e. WZ/4, and Q for the Euler crippling load of the member, the equation can 
be written 

. 

or — — 

.<’■“> 

the negative sign denoting compression. 

7.11. Strut with end couples. —In Fig. 7.10 AB is a pin-jointed strut with 
terminal couples —Ma and —Mb as shown. Taking the origin at A we have 


M= —•{ Ma+j^(Mb—Ma)+P2/ 


or 


The solution of this is 




M=A sin [jur+B cos [xx. 



When X—0 and Z, M is —Ma and —Mb respectively. Substituting these 
values we obtain 

A=Ma cot [iI—Mb cosec [il, 

B = -Ma. 


For the maximum bending moment ^^=0, 


tan 


A Mb cosec (jl/^—Ma cot 


Ma 


. . (7.20) 


where Xq is the position of the maximum bending moment. 

Then Mniax=(MA cot [iI—Mb cosec \d) sin (xXq—Ma cos [xx^ 
i-e, Mn)ax= —Ma (tan [xx^ sin [xXq+cos (xx^) 

= —Ma sec (xXq. 

Now sec-+t.n- ^,=1 + 1^' ) *. 

from which 

Mmax=-—M a sec [xXq=—V(M^+Mb) cosec^ [xi—2 MaMb cosec \lI cot [lL 
When Ma=Mb=Mq this becomes 

Mniax= Mq sec• • 


(7.21) 
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7.12. Pin-jointed strut with two lateral loads. —In testing beams it is often 
convenient to adopt the four-point system shown in Fig. 7.11 for the applica¬ 
tion of lateral loads. 

The member AB is a pin-jointed bar of length 21 subjected to an axial 
load P and having two lateral loads, each of magnitude W, symmetrically 
applied about the centre of AB and separated by a distance 2kL 



Taking an origin at the centre of the undeflected bar and measuring x and 
y as shown, we have :— 

For the central part of the bar between O and D, 

Elg+Pt/=-Wi(l-fc) 


or 


d^y, , Wi(i-fc) 


dx^ 


+|^V=- 


The solution of this is 

y=A sin |jLa;+B cos \lx 
dy 


El • 

w;(l~;[;) 


and so 
When 


dx 


=|jl(A cos [xa;—B sin [xa;). 
dy 

a;=rO, 3-=0 and so A=0 ; 
d/dc 


then 

Between D and B 

or 

The solution of this is 


d^y 

M=EI^=—EI[x^B cos {xx=— PB cos [xo:. 


or 


M= 


Elg+Py=-W(i-x), 

d^y W 

dx~m: 

dy W 

^=C sin [lx+D cos [ix+-^y 

d^y 

EI^=(xEI(C cos (xa:—D sin fxa:). 


When x==ly M=0 and so C=Dtan(x^. 

Since the slope at D is continuous we have, from the slope equation above 

W 

—|xB sin [xH~D(tan |xZ sin [xH+cos [xA;Z)+p- 

W 

or -—fxB =D(tan (xZ+cot \ikl) +-p cosec [ikL 
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Again, the bending moments at D are the same, hence from the two bending 
moment equations 

—[jlB cos jjiAji—D(tan [d cos [ikl—am [ikl), 
i.e. —(jiB=D(tan [xZ—tan [ikl) 

W 

and so D=—^ cos [ikL 

The maximum bending moment, which occurs at 0, is —jx^EIB, 

Wf 


t.e. 


Mn 


T 7C /P kn /P“l Icn /P _ 

i*“”2VQ“‘“WQj““TVQ. 


Since the bending moment at the centre due to lateral loads alone is 
we have 


Mmax — 


o 

1 


/PL 


'q 


r n If hz /Pi hi If 


7.13. Encastr^ strut with a uniform lateral load. —When the ends of the 
member are completely restrained in direction we have, with the same 
notation as in paragraph 7.9 and Fig. 7.8, 


M+Py 




+Ma, 


where Ma is the fixing moment at the ends, 
so 


the solution of which is 


w 


When 

and these conditions give 

A=0 and B 


M=A sin (xx+B cos [xx+—. 
M=Ma 


W\ III 

-Jsec^; 


therefore 


(m. 

= ^Ma— sec ^ cos ILX+ 
is 


w 


[d . 

sec — sin [XX, 


The shearing force at any point is 

m 

dx 

which is ~ when x=^. 

A iU 

TI -KH X 1^^ 

Hence Ma=- 5 —s-cot 

p.^ 2p. I 

At the centre the maximum bending moment is 

w 

Mniax=B+-2 

r 

wl ill 

= T— 


(7.24) 


. (7.26) 
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which can be written 


,.J24Q 12 /Q 7t /P\ 

M„ax-Mo|^p--^p cosec. . . (7.26) 

7.14. Encastr^ strut with a central lateral load. —With the notation of 
paragraph 7.10 and Fig. 7.9, when a=6=Z/2 we have, taking the origin at 
the centre. 


or 


The solution of this is 


d^y ^ W/l \ 

dx^^^^~EI 2El\2 /• 


fw. W/Z 

M 


rV\ 


and 

When 

when 

when 

so 

or 


y=A sin cos [x^+j 

dy W 

^=(x(A cos (ju;-B sin (ix)+^. 

^ dy ^ . . W 

x—0, - -=0 and so A = — 

dx 2[jlP 


I dy ^ j -o W / 

I 

a;=2> 2/=0. 


cosec cot • 




^ W / [d ^ IX^^ 
® ^ -cot 


W/ 

>V 


2 2 


+ 


P ’ 


MA=ir:( cosec -s—cot ^ j 




2 2/~2[x^^" 4 


(7.27) 


The bending moment at the centre is 


which is 


w; 

-P^+Ma— 

-PB or —^ tan 
2{jl 4 


(7.28) 


Hence the bending moment has the same numerical value at the ends and 
the centre and 

Mn,ax = ±^ tan J 

.*’■“> 

It should be noted that Mq is WIJS for an encastre beam with a central lateral 
load. Q as before =’^. 


7.15. Ferry^s approximation for a pin-jointed strut with uniform lateral 
load. —The secant formula given in paragraph 7.9 is an inconvenient one if 
it is desired to calculate the load factor from a knowledge of unit loads and 
the following approximation due to Perry is much easier to apply. The 
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results given by it are very close to the exact results of the secant formula 
except when the end compression approaches the Euler critical load for the 
member. It is assumed that the deflected form of the member is a cosine 
curve, so that if the central deflection is c we may write 

TZX 

y=C COS -y, 

where x, y, etc., are as in Fig. 7.8. 

Then M*=El2=M',-P2/, 


where is the bending moment at x due to the lateral load alone. 
Substituting for d^yjdx^ from the first equation we have 



EItt^ nx 

l, ccos ^ = 

or 

—Qy=M'x—Py where 

so 

M'* 

^ P-Q' 

Then 





(7.30) 


The maximum bending moment at the centre of the member is 

Mmax=Mo^^y^^.. 

where M(, is the central moment due to the lateral load alone = 

The maximum fibre stress is then 

[wPhf Q \ PI 

L 81 

where A is the cross-sectional area of the strut and h is the distance from 
the neutral axis of the section to the outside compressive fibre. If we write 
Pft for the bending stress due to the lateral load alone, p for the end load per 
unit area and for the Euler stress as before, we can, if the material is to 
be stressed to the yield point p^, express the formula as 


Vy=Vb 


(—) 

\Pe~P/ 


+P- 


(7.31) 


In general, if w and P represent unit loads carried by the member, the load 
factor N which will cause a stress Py in the material is found from the 
equation 


JNwPhf Q NP 

iVq-np/'^a 


(7.32) 


This is a simple quadratic which is readily solved and the Perry equation 
is therefore always to be preferred to the secant formula for this class of 
calculation. 


7.16. The analysis o! strut tests. —Experimental observations in problems 
of elastic stability can in many instances be analysed by an elegant method 
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due to R, V. Southwell (1932), which is particularly applicable to strut 
tests. 

The problem of the strut with an initial curvature c has already been 
discussed in paragraph 7.7 where it was assumed that the initial shape of the 
member was a cosine curve. From this it followed that the maximum 
deflexion c at the centre of the strut due to an axial load P was, from 
equation (7.8), 

C- ^ _ 

1-p/p’ 

where Pe is the first critical or Euler load. % is, for actual struts, an equiva¬ 
lent curvature covering unavoidable departures from perfection in material 
and manufacture as well as in testing ; it is usually very small. The initial 
cosine form was assumed for the sake of simplicity but Southwell showed by 
a more general Fourier analysis that the expression above for c is a very good 
approximation to the correct solution. The curve of c plotted against P/P<; 
is a hyperbola passing through the point c=Co, P=0, and asymptotic to the 
line P=Pe. 

This hyperbola can be transferred to axes with an origin at the point 
(Co, 0) and is then 

which is again asymptotic to the line P=Pg and also to the line c==C(,. If 
this expression is multiplied throughout by P^/P wo obtain 

c-Y+'^o=0, .(7.33) 

which is the equation of a straight line in terms of c and c/P. If then a 
series of central deflexions measured in a test on a strut are plotted against 
those same deflexions divided by the axial loads producing them, the result 
will be a straight line, provided the behaviour of the strut is represented by 
the hyperbolic curve of the Perry result. The necessary conditions are that 
the initial curvature Cq shall be small compared with c, and that c shall not 
be so large as to impair the elasticity of the material of the strut. 

Southwell showed that a number of strut tests carried out both by von 
Karman and Andrew Robertson gave excellent straight lines when plotted 
in this way and subsequent experience has confirmed that this is usual. 
If values of c/P are plotted as ordinates and values of c as abscissae the 
slope of the resulting line to the vertical axis is clearly, from (7.33), the 
value of Pg and the intercept on the horizontal axis is —c^. Thus, from a 
series of test results which do not damage the strut it is possible to deduce 
both the Euler critical load and the equivalent curvature of the member. 

This method of analysis is not confined to strut tests but is applicable to 
any problem of elastic stability in which the deflexions and loading relation 
is hyperbolic in form. 

7.17. Approximate formulas for laterally loaded struts. —It has been shown 
that an approximate analysis for the laterally loaded strut when the load is 
uniformly distributed gives the result 
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If we modify this equation by the introduction of a constant C so that we 
have 



it is possible by a suitable choice of constants to obtain very good approxima¬ 
tions for other cases of laterally loaded struts (Pippard, 1920). Table 7.4 
gives the values of C and the errors involved by the use of these values. 


Table 7.4. 


Ends 

Lateral load 

C 

Range of 
values 
Q/P 

examined 

Maximum 

error 
per cent. 

Remarks 

Pin 

Uniform 

1-000 

— 

— 

Perry formula, para. 7.16 

Pin 

Central 

0-894 

20-9-0 

1-0 

Q 

When ~ = 1 - 5, error ~ 6 per 






cent. 

Pin 

Constant B.M. 

1-110 

20-9-0 

2-1 

— 

Eiicastre 

Uniform 

0-276 

10-9-0 

1-0 

Centre of bay 



0-172 

10-9-0 

1-0 

Fixing moment 

Encastr4 

Central 

0-212 

10-9-0 

0-3 

Centre and fixing moments 


r Two equal 

1-064 

2-0-90 

1-0 

k — l- in para. 7.12 

Pin 

< loads spaced 

1-030 

20-9-0 

1-0 

krr.1 


i. symmetrically 

1-000 

20-9-0 

1-0 

k^i 


7.18. Members with combined bending and axial tension. —When a member 
is subjected to lateral bending and axial tension the maximum deflexion at the 
centre is less than would be produced by the lateral loads alone and the 
approximation referred to in paragraph 7.8 would overestimate the stress. 

In the exact solution of such problems the sign of P in the differential 
equation is reversed and the solution is in terms of hyperbolic instead of 
trigonometrical functions. As an example, consider a pin-jointed bar with 
a uniform lateral load and an axial tension P. Then as in paragraph 7.9 we 
obtain 

dm dhj 

- Y-~^:=zW 

dx^ dx^ 

the solution of which is 


When 


w 


M=A sinh fjur+B cosh (jur— 


M=0 


and 


A sinh ”+B cosh 0 

2 2 (ji^ 

-A sinh cosh ^^-^=0. 

2 2 


From these equations A =0 and B = 




a sech 
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The bending moment is 

M—^^sech ^ cosh (za:—.(7.34) 

This is a maximum when a;=0 and its value is then 

M„ax=^,(sech|*-l).(7.35) 

Other problems dealing with laterally loaded ties can be solved in the same 
way. 

7,19, Initially curved strut with end couples. —In the practical design of 
compression members allowance must be made for imperfections in material 
and workmanship which may be expected to exist in the finished structure. 
It was pointed out in paragraph 7.7, where the safe axial loads for pin-ended 
struts are tabulated, that these imperfections can be represented by an initial 
curvature of the axis of the member. In actual structures very few members 
satisfy the requirement that the ends shall be free from restraint and it is 
necessary, therefore, to consider the initially curved strut subjected to end 
couples. 



Suppose a strut, of uniform cross-section as shown in Fig. 7.12, to have 
ends which are fixed in position and to have an initial curvature defined by 
the equation 

7ZX 


y =e sin 


I 


(7.36) 


It is acted on by an axial compressive load P and clockwise end couples Ma 
and Mb in the same plane as the curvature. The bending moment at any 
point at a distance x from the origin is 

M,=Ma-(Ma+Mb)|-P2/ 

or EI^g-^^=MA-(MA+MB)|-P 2 /, • • • (7.37) 

where I is the relevant second moment of area of the strut. 

The solution of this equation is 

£71 


sinfx(^—x)l MBfsiniJu; x 
^ P [ Z sin [xi J P *[ sin \d I 


, TZX 
—--- Sin — 

I 


(7.38) 


where 


EI' 

Upon differentiating this expression the slope at any point is 



MA[2acos2a(l J 


sin 2a 


-Mb 
' ^Pi 


2a cos 


2oiX 

~T 


sin 2a 


-1 


£71 


l(n^ 


TCX 


(7.39) 


2oL=[ll. 
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Adopting the sign convention that clockwise rotations are positive, the 
changes of slope 6 a and 0 b at the ends of the strut are given by 

a . o IX , ^ahrc 

6a = —^(2a cot 2a— 1 ) — ^(2a cosec 2a — 1 ) - 


PI 


pr 


Ma Mxk 

6b = —p^(2a cosec 2a—1)—^(2a cot 2a —l)-j 


4:0ihn 


-4a2)* 


Making use of the Berry functions * /(a) and <f>(cf.) these expressions can 
be written in the form 


and 

where 




MbI 


6Er 


/(a)- 


4a%7r 


/(tt^ 


Ma?-. . , Mb? 


-4a*) 

4a*e7r 


m- 


6Er 
6(2a cosec 2a—1) 


and (f>(oL) = 


^(7r2-4a2)’ 

3(1 —2a cot 2a) 


4a^ 


(7.40) 

(7.41) 


The solution of these equations gives 



6EI 

MA=-^(2YeA+X6B-Z) . . . 

. . (7.42) 

and 

6EI 

MB=-^(X0A+2YeB+Z), . . . 

. . (7.43) 

where 

V /(«) 

4^*(«)-/*(a)’ 



Y 



4^*(a)-/*(«) 





These expressions, which are more general forms of the slope deflexion 
equations derived in paragraph 3.13, will be used later in the stress analysis 
of frames having members which cannot be considered perfectly straight 
and where the axial loads are sufficiently great to affect appreciably the 
flexure of the members. 

This stress analysis will enable the magnitudes of the end couples and of 
the axial loads acting on the members of the frame to be determined. The 
next step in design procedure is the determination of the maximum total 
stress developed in each member. For this, the distribution of bending 
stress in an initially curved strut subjected to axial load and end couples 
must be studied. 

From equations (7.37) and (7.38) the bending moment, and therefore the 
bending stress, at any section of such a member may be obtained and, as in 
paragraph 7.11, the maximum values determined. A slight variation on this 
method has, however, been found useful. 

It has been convenient so far in this paragraph to assume the initial shape 
of the axis of the member, which represents its imperfections, to be a sine 
curve. There is, however, nothing axiomatic about that curve and the 
stresses in the member would not be seriously affected by a slight change in 
its initial shape so long as the versed sine remained the same. 


♦ See Paragraph 8.4. 
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In calculating the safe axial loads for pin-ended struts in paragraph 7.7, 
the initial shape was taken to be a cosine curve. If we transfer the origin 
of co-ordinates from the centre of the member to one end to agree with the 
work of the present paragraph and substitute for the value of Cq given in 
paragraph 7.7 we can write the equation of initial curvature in the form 

Ik TCX 

2/=0*003- sin -y-. 
a I 


This is compared in Table 7.5, with the shape taken by an originally straight 
member when subjected to a uniform moment M' such that 


M'=:0 024 


kEl 

al 


Table 7.5. 

Comparison of Shapes for Initial Curvature of Strut. 


X 

ya 

Ik 

Sine curve 

Beam under uniform 
moment 


1 

0 

0 

IIS 

Ills 

0-00116 

0-00131 

iii 

3114 

0-00212 

0-00226 

3//8 

5118 

0-00280 

0-00282 

112 


0-00300 

0-00300 


It is clear that no serious differences in the final results will arise if the 
latter shape instead of the sine curve is assumed to represent the imperfec¬ 
tions in the member. 

The shape of the initially curved strut under examination when subjected 
to an axial end load P and end couples Ma and Mb tending to increase the 
curvature of the member as in Fig. 7.13 will therefore be, for all practical 







Fig. 7.13. 


purposes, indistinguishable from that of an originally straight member of 
the same cross-section, subjected to the same axial end load P and to end 
couples Ma+M' and Mb+M' as in Fig. 7.13. The bending moment in the 
latter at a section a distance x from the origin is, from equations (7.37) and 
(7.38), 


M',=(Ma+M') 


sin fJt(Z— x) 
sin [ii 


f(MB+M') 


sin [XX 
sin pi 
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and the bending moment at the corresponding section of the initially curved 
member is 


^ ' sm (jil ' V ' /gjn fii ’ 


(7.44) 


since it was actually unstressed before the application of the axial end load 
P and end couples Ma and Mb. If the maximum bending moment in the 
initially curved member occurs at the section x 

(Ma+M')cos [jL(Z--a;)—(M b+M')cos [xa;=0 


or 


^ ,/Mb+M' 

tan [xa;—cosec [xicos pZ 1. 


(7.45) 


Dividing equation (7.44) throughout by the relevant modulus of section 
of the strut we obtain 


fx +/ sin [LX / b +/ , sinjxfZ—a:) 


(7.46) 


/a+/' sin pZ /a+/ sinpZ 

where fx, /a, etc., are the extreme fibre stresses developed in the section 
by the moments M^, M', Ma, etc. 

In designing a member it is essential that the maximum total stress should 
not rise above a certain limit p\ If the compressive axial load per unit area 
P 

is jp= ~ where A is the cross-sectional area of the member 

P+fx>p'. 

When the maximum total stress reaches the limit it follows from (7.46) that 

r \ 

p-fsin pZ cot pa;—cos pZj . . (7.47) 


—p+/' . iZ/b+Z^ 

—sin pa; cosec pZ 


u+r 


fB+f 


it is possible to calculate from equations (7.45) and 


fA+f 

For any ratio ^ 

(7.47) the value of the maximum end bending stress /a which can be applied 
to a strut of any slenderness ratio carrying any axial load without raising 
the maximum stress at any point beyond a predetermined value p\ 

These equations are much too complex for use in design, but it is a simple 
matter to present the results obtained from them in the form of families of 
curves. If Ma is always taken as the numerically greater end couple the 
ratio/ b//a must always lie within the Mmits ±1. In Fig. 7.14 are plotted 
the values of /a, calculated from these equations, which cause a maximum 
total stress of 8 tons per square inch for any ratio of /b//a and for a number 
of values of the slenderness ratio Ijk when the axial load is 6 tons per square 
inch and the imperfections of the members are represented by an initial 

Ik 

curvature having a versed sine of 0*0015 —. A more convenient way of set¬ 
ting out the information for design purposes is shown in Fig. 7.15. If a com¬ 
pression member in a structure is subjected to an axial load of 6 tons per 
square inch and to anti-clockwise end couples, one being 0 • 6 times the other, 
/b 

then the ratio ^ = -“0 * 6 and Fig. 7.15 shows that, if the slenderness ratio of 
JTa 

the member is 90, the maximum total stress will not rise above 8 tons per 
square inch so long as /a, the end bending stress due to the greater end 
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Fia. 7.14. 


couple, does not rise above 1 -33 tons per square inch. It must not be con¬ 
cluded that the result in this example would have been different if both end 
couples, Ma and Mb, had acted in a clockwise direction. The designer is 
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unaware of the nature of the imperfections which will be found in the member 
and he must, therefore, assume that they are such as to give rise to the worst 
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stress conditions. This assumption is automatically made in the method 
outlined above. 


7.20. Polar diagrams for beams with end thrusts.—Many problems of the 
type we have dealt with in this chapter can be solved very neatly by the aid 
of a polar diagram originally due to J. Ratzersdorfer (1920) but discovered in¬ 
dependently later by H. B. Howard, (1928). 

The differential equation for any laterally loaded strut is 

Elg=M=-P2/+M'.(7.48) 


where M' is the bending moment due to the lateral loads and end moments. 

P 

Differentiating this equation twice and putting as before, we get 

for a uniformly distributed lateral load of intensity w 


dm 

dx^ 




The solution of this can be written either as the sum of a cosine and a sine 
term as hitherto in this chapter or in the form 


M=C cos (7.49) 

where C and e are constants of integration replacing the A and B of the 
former analysis, or 

w 

m=m -^=C cos ([xo:—e).(7.50) 

The shearing force S is given by dMjdx so that we have 

S = — {jlC sin (|x:r—e),.U-Sl) 

or in another form by differentiating (7.48) 

S--Pi+S',.(7.52) 

where i is the slope at the point under consideration and S' is the apparent 
shear due to lateral loads and end moments alone. 

Since xis a. distance, [jur is an angle measured in radians, and lengths upon 
the beam can therefore be represented by angles in a polar diagram. In 
Fig. 7.16 let OZ be any base Hne and O a pole on it. Draw OX=C at an 
angle ZOX=£ and on OX as diameter describe the circle OAXB. Let ON 
be any chord of this circle, and let angle ZON =iix. 

Then ON—OX cos XON=C cos ({jur—e). Hence ON re 2 :>resent 8 m to the 
scale to which OX represents C, and if the angles ZOA and ZOB are respec¬ 
tively made equal to and [ 1 X 2 , AXNBO represents the polar diagram for 
m between the two values of x^ and X 2 - 

Again XN —G sin ((Xic—-e) 

and so XN represents —S/[x from (7.51). X is termed the apex of the 
diagram. Positive values of \ix will bo measured in a clockwise direction 
from OZ. Positive values of m will be measured into the angle ZOB, e.g, 
OA, ON are positive. Negative values would appear from 0 outwards from 
the angle. 

If we look along a radius vector in the positive direction, shearing forces 
will be positive if measured to the right and negative if measured to the left. 
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Thus the shearing force at a; is (x(NX) and looking along ON it is on the left 
and so is negative. 

A few examples will make the method of using these diagrams clear. 

Example 1. Initially straight strut with end couples. —In the first place 
consider a strut with end couples as described in paragraph 7.11 and shown 
in Fig. 7.10. Here, since there are no distributed lateral loads 

M=C cos ([xx—e). 

When [JLX=0, M—— Ma, 

and when \ux=\xl, M~— Mb. 

In Fig. 7.17 make angle ZOB—(jlZ and mark off OA' and OB' equal to Ma 
and Mb. Since these moments are negative they are measured outwards 
from the angle ZOB. 



Fia. 7.1G. Fig. 7.17. 

Through B', O and A' draw a circle of which OX' is a diameter. Then 
B'X'A' is the polar diagram for this case. 

The maximum bending moment is OX' which is negative and angle 
ZOX-£. 

To find the bending moment and shearing force at a point from the 
origin, we make angle ZON=[xari and produce NO to meet the circle at N'. 
Then the bending moment at x^ is given by ON' and the shearing force by 
(x(N'X'). 

The bending moment is negative, since ON' is in the negative direction : 
the shearing force is positive since, looking along N'O, i.e. the positive 
direction for moments, the line N'X' is to the right. 

Example 2. Uniformly loaded beam with positive end couples. —^This is 
similar to the loading shown in Fig. 7.8 but positive end moments Ma and 
Mb are applied at A and B respectively. Two diagrams are shown in 
Fig. 7.18 to illustrate the effect of varying the size of the end moments ; 
the description applies to both. 
w 

Here m=M—j=C cos ([jlx— e). 
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Since the term in w is negative, we draw an arc CD in the negative sector 
with centre at O and of radius 

When iix=0, wia=Ma—^ 

[X* 


and when 


w 


mB=MB- 


Therefore if we set off DA in the positive direction equal to Ma and CB 
in the positive direction equal to Mb we have 


w 


OA=Ma -i==WA 


and 


w 


OB =Mb -i —m^. 


Hence, a circle drawn through B, O and A is the polar diagram for m. 



Draw E'OXE through the centre of this circle : OX is then C and angle 
ZOE' is e. The position of the mathematical maximum or minimum value 
of M is defined by {jur—e and the value of the moment here is EX, which is 
positive in the first diagram and negative in the second. 

Draw any other radius vector ONE whose position is defined by the angle 
(jurj. Then the bending moment in the beam at a distance from the 
origin is FN and the shearing force is +(x(NX). The bending moment is 
positive in the first diagram and negative in the second ; the shearing force 
is positive in both, since if we look along the positive direction of the vector 
NX is drawn to the right. 

Example 3. Uniformly loaded beam with a negative fixing couple at one 
end and a positive fixing couple at the other .—This is similar to the last, but 
the fixing couple at A is now in the opposite direction, i.e. it is — Ma. That 
at B is still Mb. 

As in the previous example, the arc CD in Fig. 7.19 is drawn with centre 
at O and radius 

DA is set off in the negative direction equal to Ma and CB in the positive 
direction equal to Mb- A circle drawn through AOB completes the diagram 
as shown. X is the apex, and XE the maximum negative bending moment 
in the beam. 
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Fig. 7.19. 


Example 4. Beam with a single concentrated load, axial thrust and terminal 
couples. —The loading is that shown in Fig. 7.9 with the addition of positive 
terminal couples Ma and Mb at the two supports A and B respectively. 

Here M=C cos ([ju:—s) with different values of the constants C and e in 
the two sections into which the beam is divided by the load. 

To construct the diagram, mark off OA and OB equal to Ma and Mb along 
the radii drawn at [jw;=0 and [lx=[iI (Fig. 7.20). 


Z 



From A and B draw AC and BD perpendicular to the radii OA and OB. 
Draw the line Y'OY at the angle [xa to OZ to represent the position of W 
on the beam. 

W 

On BD take any point h and draw hk perpendicular to 0 Y and of length —. 
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From k draw a line parallel to KB cutting AC in and from X^ draw 
XjXg parallel to hk and cutting BD in Xg. 

Then X^ and Xg will be the apices of the polar diagrams for the two sections 
of the beam. 

Join OXi and OXg and describe circles on these lines as diameters, com¬ 
pleting the diagram as shown in Fig. 7.20. 

The circle AOY with apex X^ relates to the left-hand section of the beam 
and the circle BOY with apex Xg relates to the right-hand section. 

The conditions at the load point which must be satisfied are : 

(1) The bending moment is the same on either side of the load point. 

(2) The slope of the beam is the same on either side. 

(3) The deflexion of the beam is the same whether considered from the 

left or from the right of the load point. 

It will now be shown that the construction given above satisfies these 
conditions. 

In the first place, since OYX^ and OYXg are right-angled triangles, 
circles drawn on OX^ and OXg as diameters must intersect at Y. 

But OY represents the bending moment at the load point whether it be 
considered from the left or the right section of the beam and so the first 
condition is satisfied. 

Again, it is evident from the construction that 

W 

XiXg-M—. 

[1 

The true shearing force to the left of the load 

Sl==-(X,Y)(jl 

and to the right of the load 

SR=+(XgY)pi, 

therefore SR-^-SL^fxCXgY+XiY) =W. 

From equation (7.52) we have 

Sl+P4=S'l, 

SE+P^a=S'Il, 

where ia and i'a are the slopes to left and right of the load, 
therefore Sr—Sl+P(C—^’ a) —S'l- 

But S'k—S'l is the difference of the apparent shearing force in passing 
through the point and is W. Hence, since 

Sr-Sl=W, 

^a~^a 

and the condition of equality of slopes is satisfied. 

From equation (7.48) M—M' = —Py 

and, since neither M nor M' changes in passing through the load point, the 
deflexion of the beam is the same whether considered to the left or right of 
the load. 

Hence, all conditions are satisfied and the diagram is proved correct. 

Example 5. Initially curved strut with end couples ,—The initially curved 
strut considered in paragraph 7.19 can be dealt with conveniently by 
means of a polar diagram. 
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If the strut is initially curved with a versed sine of the approxi¬ 

mate bending moment at any point due to the application of end couples 
Ma and Mb and of an axial compressive load P can be found as follows. 
In Fig. 7.21 mark off OA' and OB' equal to Ma+M' and Mb+M' where 
M'= •024A:EI/aZ is the uniform moment necessary to produce the initial 
curvature in the strut. The circle A'X'B'O gives the moment in an 
originally straight member subjected to end couples Ma+M' and Mb+M' ; 
the bending moment required in the initially curved strut is this moment less 
the moment M'. Thus the required moment at a point from the origin is 
given by the intercept N'N" of ON between the circle A'X'B'O and the 
circle A"X"B" which is drawn with centre 0 and radius M'. 



If OX' is a diameter of the circle A'X'B'O the maximum bending moment 
in the initially curved strut will be given by the length of the intercept X'X". 
It will be seen that when the centre C of this circle lies on OA' or on OB' 
or anywhere on the opposite sides of those lines from the position shown in 
Fig. 7.21 the maximum bending moment will be found at one or other end 
of the strut. When this occurs the end couples will have completely masked 
the strut action and there is no reason why the working stress in the strut 
should be cut down below the value allowed for beams subjected to flexure. 
The critical values of the end couples which make C lie on OA' or on OB' are 
therefore of importance. 

They are given by the equation 

Mb+M' 

Ma+M ^ 

The maximum bending moment in a practical strut will, therefore, occur 
at the end where the greater couple is applied when the end couples have 
values defined by this equation or when the greater end couple is equal to 
Ma and the smaller is less than Mb or when the smaller end couple is equal 
to Mb and the greater exceeds Ma. 

The use of polar diagrams has been extended to continuous girders and 
to various t 3 q)es of loading. For details of these extensions the reader should 
consult the paper (Howard, 1928) referred to at the beginning of this 
paragraph. 
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7.21. Derivation of strut formulas from polar diagrams— The polar 
diagram provides a useful method for the derivation of formulas for laterally 
loaded struts geometrically instead of by the more usual methods of the 
earlier paragraphs in this chapter. This use of the diagram does not need 
accurate drawing as when numerical problems are solved graphically ; 
sketches are quite sufficient. The following examples will illustrate the 
method. 

Example 1. Pin-jointed strut with an eccentric thrust .—^This is dealt with 
analytically in paragraph 7.3 and shown in Fig. 7.3. The origin will now be 
taken at A and not at the centre of the strut as shown in that figure. Since 
there is no distributed load, M=m. 



So, at x=0 and at x=h the value of m is Pe, and the polar diagram is 
shown in Fig. 7.22 where OA=OB=Pe, and angles AOX and XOB are each 
id 

equal to —. 

III 

Then Mniax=winiax=Be sec 

Also, from equation (7.48) 

Minax = —Pyrnax+P^i 
and so at the centre of the bar yniax=ef 1 — sec ™ j . 


Example 2. Strut with an axial thrust and a uniformly distributed load .— 
This is dealt with in paragraph 7.9 and illustrated in Fig. 7.8. Again 
the origin will be taken at A and not at the centre. From equation (7.60) 


m=M— 


w 


w 


At A and B, since there are no applied end couples, m— -g, so OA and 


w 


OB in Fig. 7.23 are set off in the negative direction to represent The m- 

[i. 

circle is then drawn through O, A and B, and mmax is seen to be —OX or 
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TT Tijf w w al w 

Hence Mmax — ^max H —2 — — 2 — 2 

(x* 2 (X* 

or Mm8x=^l-sec^^^j, 

as in paragraph 7.9. 


B 



Example 3. Strut with an axial thrust and a concentrated load .—This is 
dealt with in paragraph 7.10 and illustrated in Fig. 7.9. We shall write 
a~f-6 =Z. 

The polar diagram is shown in Fig. 7.24 and is generally similar to Fig. 7.20, 
but since there are no end couples the circles must not cut the lines ZOZ' 

Z 



and KOK', so these hnes will be tangents to the appropriate circles at 0. 
The centre of the circle for sector ZOD will therefore lie on OXj, which is 
perpendicular to ZO, and the centre of the other circle will lie on OXg, which 
is perpendicular to KO. The maximum value of m and therefore of M occurs 
at the load point and is given by OY. 

Then in the diagram, since OX^ and X^Y are respectively perpendicular 
to OZ and OY, the angle OXjY =[xa, and similarly the angle OXgY =(x6. 
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Hence Xj_0X2 —tt—[ xi!. 

Now OY= 0 X 1 sin [xa. 


Also 
and so 

Therefore 
If the load is 


0X1 


OX^ X1X2 
sin (x6 sin jxZ’ 
X 1 X 2 sin (x6 
sin (xZ 


Mniax —^rnax — OY 


W sin {x6 
[X sin yil ' 

W sin (xa sin (x6 
[X sin III 


I 

central, a—h—- and 



These results are the same as those already found in paragraph 7.10. 



Fig. 7.25. 


Example 4. Pin-jointed strut ivith specified end couples. —This is dealt with 
in paragraph 7.11 and shown in Fig. 7.10. The m-circle is shown in Fig, 7.25, 
but is drawn as though the end couples were positive and not negative as 
shown in Fig. 7.10. OX is the maximum value of m and therefore of M. 

From the diagram, 

OX—Ma sec fxXo=MB sec ([xZ—( xo^q), 
where [iXq=z is the position of maximum bending moment in the bar. 

This gives tan [iXq= cosec (xZ—cot [xZ; 

then 0X2 =M2 a( 1 +tan2 |xXq) 

and substituting the value of tan [iXq^ already found, we have 

^max=Mmax==V{(^^A+M2B) cosec^ [xZ—2 MaMb cosec (xZ cot [xZ}, 
as in paragraph 7.11. 


Example 5. Encastri strut with axial thrust and uniformly distributed load. 
—This is treated in paragraph 7.13. The end couples are unknown and must 
be determined in addition to the bending moment at the centre. 

From equation (7.52) since the slope of the strut at the end is zero, the true 
shearing force is the same as the apparent shearing force, i.e. \wl. The 

diagram is as shown in Fig. 7.26, where AX is now known to be 
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Hence 


^max— 0X = 




Ill 

cosec 


and 


w wl id w 

Mmax —^maxH o— —^ COSCC - 


t'rnax"! 9- 


2y 


The value of m at the support is 

-OA = -AXcot^- = 
The end fixing moment is therefore 


it) 


cot 2 - 


__ lwl\ id w 



Example 6. Ericastre strut with axial thrust and central load .—This is dealt 
with in paragraph 7.16. The m-diagram will consist of two equal circles 
intersecting at the point Y in Fig. 7.27. As in the preceding example, we 


Z 



Fig. 7.27. 
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do not know the value of the end fixing moments, but the real and apparent 

W 

shearing forces at the supports are both JW. So AX“~. By the same 

reasoning, the true shearing force to the left of the load is also |W, and so 
W 

XY=—. The triangles OAX and OYX are therefore similar, and 

Z(X 


AO 




tan 


[d 

4 ‘ 


Since m=M, this is the value both of the bending moment at the centre 
and at the supports, the former being negative and the latter positive. 
Other cases can be solved in a similar way (Pippard, 1942). 
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EXERCISES 

fl) Compare the Perry and Rankine formulas for struts by plotting curves of axial 
loading against for a wide range of values. Take the yield stress in the Perry 
formula and the constant py in the Rankine formula to be 18 tons per square inch ; 

“ = 7-^ and 7)= -OOSL/i:. 

(2) Express the secant formula for a laterally-loaded pin-jointed strut and the Perry 
approximation to this formula in terms of the two ratios Mq/Mq and P/Q where Mq is 
the maximum bending moment duo to the lateral load alone and M^ the maximum 
bending moment duo to the lateral load and end thrust P. Compare those formulas 
by plotting curves of Mq /M^ against P/Q. 

(3) Use Smith’s modified formula to calculate the strength of a circular steel tube 
100 inches long, 2| inches out.side diameter and 0-056 inches thick when used as a pin- 
jointed strut. 

. , , length internal diameter 

The equivalent eccentricity of loading may be taken to be H- Jq-» 

the yield stress to bo 28 tons per square inch and E —13,600 tons per square inch. 

{5y000 lb.) 

(4) A pin-jointed rectangular wooden beam 6 inches deep by 3 inches wide and 100 
inches long carries an axial thrust of 10,000 lb. and a uniform lateral load of 3 lb. per 
inch over its whole length. 

Calculate the factor of safety under this loading and the load factor of the member 
if the yield stress of the material is 5,000 lb. per square inch and E = l*6x 10® lb. per 
square inch. 


(6-3: 4-8) 
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(5) A vmiform bar of length L and flexural rigidity EX is encastr^ at one end and 
pin-jointed at the other. At the pinned end it carries a compressive load P and a 
moment M. 

Show that the position of the maximum bending moment is given by 

1 — llL sin (jlL— cos u,L 

tan —;- - -=-=—, 

sm [i.L~(jLL cos (xL 

where {x^ = P/EI and x is measured from the pin-joint along the original central line of 
the bar. 

(6) A steel tube 60 inches long, 1 inch outside diameter and *056 inch thick is pinned 
at the ends and carries an axial load of 500 lb. 

Calculate what lateral load, uniformly distributed, is required to produce a stress of 
8 tons per square inch in the material. E = 13,600 tons per square inch. 

{O'83 lb. per inch) 

(7) The strut in the last question without lateral load has bending moments applied 
to its ends of 650 and 300 inch-lb. respectively. 

Use a graphical method to determine the position and magnitude of the maximum 
bending moment in the strut, and the bending moment and shearing force at the centre. 

{748 mch-lb. at 17'6 inches from larger end moment : 700 inch-lb. ; —6'77 lb.) 

(8) A circular steel bar 10 feet long and 2 inches diameter is pinned at the ends and 
carries an axial compression equal to one quarter of the Euler critical load. In addition 
it carries a uniformly distributed load of 10 lb. per foot and has terminal couples of 
2,400 inch-lb. and —2,400 inch-lb. at the right- and left-hand supports respectively. 

Determine graphically— 

(a) the position and magnitude of the maximum bending moment ; 

(b) the bending moment and shearing force at the midpoint of the span. 

[(a) —234 Joot-lb. at 1'89 feet from end 
(b) -164 foot-lb. ; 46'5 lb.] 



CHAPTER 8 


CONTINUOUS BEAMS 


8.1. The general problem of the continuous beam. —We have seen in a 
previous chapter that a beam requires three reactive forces to ensure equili¬ 
brium under any loading conditions which may occur ; if we assume that 
the beam is horizontal and that there are no horizontal forces acting upon 
it, two vertical reactions only are needed. If more than the essential 
number are provided the resultant actions at any point are statically in¬ 
determinate and their evaluation depends upon a knowledge of the elastic 
properties of the beam and its supports. 

A common instance is that of a continuous beam supported at a number 
of points along its length. The beam may be of the same section throughout 
or may vary from span to span. The loads may be all normal to the 
longitudinal axis or may have components acting along this axis. The 
problem may be still further complicated by the nature of the supports. 
If these are rigid the loaded beam will not deflect at the support points ; 
if they are elastic such deflexions will occur. Further, the beam may be 
simply pinned to the supporting points or be so attached that the joints 
between the supports and the beam are rigid. It will be realised that any 
problem of this type can be analysed by making use of strain energy methods, 
but these are not always the most convenient and a number of other methods 
will be described in the present chapter. 

It will be assumed unless otherwise stated that the beams are continuous 
and are simply pinned to their supports. Before proceeding to a discussion 
of the methods available for their analysis it is desirable to examine the 
problem generally. v 

Suppose a horizontal beam such as specified above and subjected to vertical 
loads only, rests on n supports. Two of these supports only are essential 
for equilibrium and the vertical reactions exerted by the remaining n—2 
are redundant. If we denote these 7i—2 unknown forces by Rg, R 3 . . . Rn-i 
and the essential reactive forces by R^ and R,^ the values of Rj and R^ can 
be expressed in terms of the external loads and of the unknowns Rg. . . Rn-i 
by making use of the equations of static equilibrium for the beam as a whole. 
If the redundant supports have component movements in the lines of their 
action, Sg, ^3 . • . measured from the level of the line joining support 
points 1 and n, an application of the first theorem of Castigliano yields the 
equations 


au 

^Ra 

au 

9R3 


— ^ 2 , 


— ^ 3 » 


and 


au 

aRn_i 




1 * 
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It should be remembered that 83 , etc., are positive if the displacements 
are in the same directions as the assumed reactions. The usual behaviour 
is for supports to compress, t.e. to deflect against the directions of their 
action. The values of 8 in the equations must then be made negative. 
These equations, together with the equations of static equilibrium, enable 
all the reactive forces to be calculated. 

When they have been found the loading on the beam is completely known 
and the bending moment and shearing force diagrams can be plotted. 

The reactive forces in general act in the opposite direction to the applied 
loads and the bending moments produced by them are thus of opposite sign 
to those due to the loads. One effect of continuity is therefore to reduce 
the bending moments which would occur if the member had consisted of a 
number of separate beams. 

8.2, Wilson’s method. —A continuous beam of constant section throughout 
its length can be analysed by a method due to Dr. George Wilson. This is 
in principle the same as that given in the previous paragraph in so far that 
the deflexions of the beam at the points of support are equated to zero in the 
case of rigid supports or to known values in the case of elastic supports. 
It differs from it however in the method of obtaining expressions for the 
deflexions of these points ; these are now found by making use of the 
equation of the elastic line of the beam. The unknown reactive forces are 
treated as loads and the bending moment equation is expressed in terms of 
the known loads and the unlvnown reactions. A double integration of the 
bending moment equation gives expressions for the deflexions at the support 
points and these when equated to the known movements of such points yield, 
with the equations of static equili¬ 
brium, the necessary equations for a 
complete solution of the problem. 

For examjjle, suppose a beam of 
uniform cross-section and of length 
Z 3 as in Fig. 8.1 is simply supported 
at its ends and rests on two inter¬ 
mediate supports at distances Ij^ and 
I 2 from the left-hand support O, while applied loads Wj, Wg and W 3 act at 
distances a^, a 2 and a.^ respectively from O. 

The bending moment at a distance x from 0 is, using Macaulay’s notation, 

so EI^= -Ro|' +^[x-a,Y-^[x-kr+^[x-a,Y 

W 

-^[x-hY+-Y\=^-a,]nA 

R W 

—^[x-l2r+-^\x-a,r+Ax+B, 

where Ri and Rg are the reactive forces supplied by the supports and A 
and B are constants of integration. 
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If there is no sinking of the supports when the external loads are applied, 
four equations result from the conditions that ^/—O when a;=0, and Z3 
respectively. If the supports sink by specified amounts these values of y 
are used instead. There are six unknowns and the remaining equations 
necessary for their evaluation come from a consideration of the equilibrium 
of the beam as a whole. 

Thus, summing vertical forces we have 

F'O “(”^3 W 3 , 

and taking moments about O we have 

Rl^l -f"R 2^2 4"R3^3 jUj -j-W 2^2 + W 3 U 3 . 

The reactive forces are thus determinate and the bending moment and 
shearing force at any section can then be calculated. 

8.3. The theorem of three moments. —^Wilson’s method is useful if the 
beam is of constant section throughout its length but if it varies from bay 

to bay the equations are cum¬ 
bersome. A more generally 
applicable method, due origin¬ 
ally to Clapeyron, is known as 
the theorem of three moments. 
In the first place the general 
form of this theorem will be 
proved for any system of trans¬ 
verse loads ; extensions to 
cover components of the axial 
loads will follow. 

Fig. 8 . 2 . A continuous beam may be 

considered to consist of a number 
of single span beams subjected to known external load systems and to end 
moments such as Mab and Mba (Fig. 8.2) which are the restraints supplied by 
the neighbouring spans. The magnitude of these end restraining moments 
are such as to make the beams continuous over each support; that is to say, 
considering, for example, the support B, the slope at the end B of the beam 
AB will be the same as the slope at the end B of the beam BC. 

This condition of continuity can be readily expressed in general terms 
from equations (3.28) and (3,29) which give the slopes at the ends of a simply 
supported beam subjected to transverse loads and end couples. 

Suppose that the area of the bending moment diagram due to the external 
load system alone on the span AB, considered as a simply supported beam, 
is Aj and that the distance of the centroid of this area from the end A is 
then, from equation (3.28), the slope at the end B of AB is 

where and I^ are the length of AB and the relevant second moment of area 
of the section of the beam respectively, and Sa and 3 b are the deflexions of 
the ends A and B when the external load system is applied to the continuous 
beam. 

Similarly if is the area of the bending moment diagram due to the 
external load system alone on the span BC considered as simply supported. 
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and x\ is the distance of the centroid of this area from the end C, then the 
slope at the end B of BC is 




. Sc—S b 
^ k ' 


Since the beam is continuous at B the slopes given by these expressions 
must be the same. Equating them we have 


iMAB+¥5MB4+¥-“MBC + ~^McB- 










62A2/2 

”P7 


6E(Sa—Sb) 6E(Sc —Sb) 

==— i -— I .. 

A consideration of the equilibrium of the short length of beam immediately 
above the support B shows that when no external couple is applied to the 
beam at B 


Mba=Mbc- 

When, as part of the external load system, a clockwise couple M is applied 
to the beam at B 

Mba-M+Mbc.(8.2) 


For a continuous beam of n spans there will be 2n unknown end restraining 
moments. From a consideration of the slope and equilibrium of the beam 
at the intermediate supports, n — \ equations of type (8.1) and n~\ equations 
of type (8.2) may be obtained. The remaining two equations necessary for 
the complete determination of the end moments are obtained from a con¬ 
sideration of the conditions at the end supx)orts. The moment at an end 
support may be known ; if, for instance, the left-hand end A of the beam 
is simply supported Mab -O. The change of slope of the beam at an end 
support may be known, and the required equation can be written down 
immediately from one of the expressions already obtained : for example, 
if the end C is encastre and there is no sinking of the supports, we have 

Mbc+2Mcb+-7V=0- 

When the restraining moments at the supports have been evaluated the 
reactions at the supports may be calculated by equating the moments of 
internal and external forces about 
the various supports or by adding 
the shears on each side of the sup¬ 
port algebraically. 

As a particular application of the 
general theorem consider the beam 
ABCD of uniform section shown in 
Fig. 8.3 under a triangular distribu¬ 
tion of load acting upwards. Let 

be the intensities of loading at the supports A, B and C which 
remain collinear. 

The B.M. due to the load on BC can be divided into two parts : 

(a) Due to a uniform distributed load Wc. 

(b) Due to a distributed load varying from 0 to Wb—Wc. 
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The moment of the free B.M. diagram about C is the sum of the moments 
of (a) and (6). 

2^2 ^€^ 2 ^ ^2 


The moment from (a) is • o 

o o Z 


24 


To find the moment from (b) let wi,—Wc==iVo, 
then the B.M. at a distance x from C is 


r^* \ 

and the moment of the B.M. diagram is — l^xjxdx — 




45 


Therefore the total moment of moment is 


"^ 24 + ‘"45 

Bay AB.—To find the moment of the B.M. diagram due to (6). The 
area of the B.M. diagram 




w[^ 
" 24 ’ 


where 


The moment about B^ 




therefore the distance of the C.G. from B — 


45 ’ 

_24_ _24Zi 
45 45 


21 Ih 

and the distance of the C.G. from A—--Z,. 

45 15 

7z, 


The moment about A-- 


15’ 24 

1^1 

300 ‘ 


The total moment of the area about A 

“ 360 24 

Substituting in the general equation (8.1) we obtain the result 

^QWai® + ^«’6{iiHf2=’)+g^M’o«*='+MA?i + 2MB(«i+«2)+McZ2=0. 

A similar equation is found for the bays BC and CD to connect Mb, Me 
and Md. The other two necessary equations are given by the conditions of 
support at A and D and all fixing moments can then be evaluated. 





CONTINUOUS BEAMS 


157 


When the spans of a continuous beam cany uniformly distributed down¬ 
ward loads only, no external couples being applied at the supports, the 
general equation (8.1) takes the simple form of the three moment equation. 


^Ma+2 

■*^1 



Mb+:^*Mc 

i2 




41, 


6E(Sa— Sb) 6E(8c— Sb) 

+ _ 


(8.3) 


It must be remembered when using the general equation that the areas 
Ai and Ag were for diagrams in which hogging bending moments were taken 
as positive. 

As an example of the use of equation (8.3) consider the four span con¬ 
tinuous beam ABODE shown in Fig. 8.4. It is of uniform cross-section 
throughout and carries a uniformly distributed load of intensity w. The 
supports remain at the same level and the length of each span is L 
Since the beam is simply supported at A and E 

Ma=Me=0. 

From considerations of symmetry 

Mb=Md. 


Wl> WL 

Ma+4Mb+Mc-^-^=0 

and for BCD it is 

wl^ wl^ 

Mb+4Mc+Md-—-0. 

Substituting for Ma and Md these equations may be written 

__ wl^ 

4Mb+Mc=^ 


and 

from which 
and 


wl^ 

2Mb+4Mc=-^. 

Mb=Md=-^ 

wl^ 


The reactions at A may be found by considering the equilibrium of AB. 
Taking moments about B, we have 


or 


RA(-'f+MB = 
Ba== 


0 

llw;Z 


In the same way the reaction at B is found by considering the length AC. 
Taking moments about C we have 

2Ba^ “[“Bb^—-]-Mq =0 


or 



6* 
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For Rc, considering the whole beam and resolving vertically, we have 

2aR+2Rb -f-Rc =^wl 


or 


Rc= 


I3wl 
14 * 


These reactions can be found more elegantly by writing down the shears 
on each side of each support. Thus 


the shear to the left of B is Rbl 


wl 

"2 


Mb-Ma 

I 


and that to the right of B is Rbr=i 7 
so that the reaction at B is 


Mb—M e 

I ’ 


Rb 


wl Mb—Ma wl Mb—M e ^wl 
I hy + I =-y-. 


The shearing force diagram for the continuous beam is shown in Fig. 8.4. 

The bending moment diagram can be drawn in the usual way by calculating 
at every section the algebraic sum of the moments of all the applied forces, 


A B IV C JD E 



including the reactions, on one side of the section, but it is usually simpler 
to follow the method adopted in Fig. 8.4 and deal with each span separately. 
Span BC, for instance, may be considered to be subjected to two load systems, 
the first being a uniformly distributed load of intensity w and the second 
that due to the end couples Mb and Me. The bending moment diagrams 
for these separate systems, a parabola and a trapezium respectively, are 
easily drawn and the net bending moment diagram for the span forming 
part of the continuous beam is their algebraic sum. As the uniformly 
distributed load causes a sagging bending moment at each section of BC 
and the end couples cause a hogging bending moment, the resultant diagram 
is formed by subtracting the trapezium from the parabola as in Fig. 8.4. 
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The positions of the points of contraflexure, i.e. where the bending moment 
changes sign, can be seen in the completed diagram. 

The two methods given above involve the solution of simultaneous equa¬ 
tions and though this is not usually an arduous matter in continuous beam 
problems it is sometimes an advantage to avoid it. This can be done by 
applying the moment distribution method described in Chapter 10. 

8.4. The generalised theorem of three moments.— The complete solution 
of the problem of a continuous beam under a distributed transverse load and 
axial end loads was derived for the design of early biplanes (Booth and 
Bolas, 1915). The original solution was in too cumbersome a form for 
general use, but in the following year a simplified method was published 
(Berry, 1916) which will be followed here. 

We shall consider the top spar ABC ... of a biplane, A being the outermost 
support (Fig. 8.5). As in the notation used elsewhere in this chapter Ma, 
Mb, Me . . . denote the fixing moments at A, B, C . . . considered positive 
when they tend to produce convexity upwards. The deflexion at any point 



is denoted by y, the intensity of loading by w. Dimensions are as in Fig. 8.5. 
The distance of any point in a member is measured from the centre point 
of the span and is counted positive in the direction B to A or C to B. 

/Ip" 

As before [jl— / gj, where P is the total compressive end load in the span 

arising from the diagonal bracing and E and I have their usual significance ; 
III 

also > a being measured in radians. 


Suffixes are used to denote the particular span under consideration 
though where there is no risk of confusion these are dropped. 

The bending moment at any point is 


M=EI 


dx^' 


Taking moments about any point in AB we obtain the equation 

where Sa is the shear at A. 

Differentiating this equation twice we get 

dm 
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The solution of this is 


w 


M=A sin (xrr+B cos \ux -\— 
V* 

where A and B are constants of integration. 


When 
and when 
Therefore 


xJ^, M=Ma 
x=-^, M=Mb. 


W 


Ma=A sin a+B cos a-|— 


(8.4) 


w 


These give 
and 


Mb^=—A sin a+B cos aH— 

(A* 

^ Ma—Mb 


2 sin a 
^ Ma+Mb 


w 


2 cos a cos a* 


Substituting for A and B in (8.4) we have 

^ Ma~Mb sin (jLo: Ma+Mb cos (xo: 
2 sin a 2 cos a 

and integrating this equation twice we have 


w 

■f72 


/ cosfxxX 
\ cos a ) 


EIi/= 


Ma —Mb sin fxo: Ma +Mb cos [ix w cos [ix 


[x^ sin a 


■f- 

[x^cos a |x‘ 


where Aj and B^ are constants of integration. 

I 

Now y—0 when 
therefore 


and 


Ma A , 

(X2 


Substituting in (8.6) we obtain 

Ma—Mb sin (xa: Ma+Mb cos [xx 


my- 


(x^ sin a 


w 

fx^ cos a^fx^ 


( cos \LX ^ \ 

cos a ] 


:(i-) 




(8.5) 




(8.7) 


2(a' 

Differentiation of this gives 

dy Ma—Mb cos ]xx Ma+Mb sin [lx w sin \lx wx Ma—Mb 

•Elj • “i Q 1 o 1 7 o • (^•®) 

ax 2 [I sin a 2 (x cos a fx"* cos a (x^ 

The slope at B is the same whether we consider it from the point of view 
of the span AB or the span BC and so by using equation (8.8) for both spans 
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in turn and equating the slopes when x——^ and x — we have 

1 f Ma—M ncotai MA+MBtana^ ^ ^ Ma—Mb^ 

rA 2 > 

1 ( Mb—M e cotag MB+Mctanag ^ , Mb—M e 

=^1“^ 2 “^'"2 (Ig ^^+^2+'!^ 

This equation, on rearranging, can be written 
^iMa/ 3 2ai cosec 2ai — l \ ^gMc/S 2 a 2 cosec 2 a 2 — l \ 

_ I _ ^ __ I __ I - ^ ~ I 


Ii \2- 


or writing 


^ h \2’ / 

2/iMb 3 1 —2ai cot 2ai 2^2 Mb 3 1 —2a2 cot 2a2 
li 4* ^ Ig 4' ag^ 

o tanaj—^ o ^ 2~^2 

- • d . - o - + T¥~ • d . “ r , 


3 2a cosec 2a — 1 
/(a)-^.- o. 


3 1 —2a cot 2a 


we get 




Y^Aficci) lYMc/(a2) I 2 Mb| j -■="-^'J^{ai)+-^Wa2)- 

This is the most general form of the equation of three moments for a 
continuous beam. 


If instead of compressions the spars carry tensions. 


^MAF(a,) +-^McF(a2) +2 Mb 




where 


3 1 —2a cosech 2a 


3 2a coth 2a — 1 


T(a)-3. 


a~tanh a 


If a=0 the corresponding functions are unity and the ordinary equation 
of three moments is at once deduced from (8.10) by putting Pj=P 2 = 0 . 
If one span is in tension and the other in compression the corresponding 
series of functions must be used. Suppose for example AB is in tension and 
BC in comj)ression, we write 


-‘MAr(«,)+jiMc/(«,)+2MB|jiO(a,)+j^(a,) |=^'FK)+^(«,). (8.13) 
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The values of the functions (8.9) and (8.12) were tabulated by Berry, 
to whom the results are due, and are given in the Appendix. 

2a 

Maximum Bending Moment .—From equation (8.5), on putting 

l 

and rearranging, we find that the bending moment at any point in AB is 
^ wl^ Ma+MbNcosijl^; Ma—M ssinp; 

/ cos a 


M 


Wl^ /'I 

4a2 


2 / cos a 2 sin a 

It is easy to show that M is a numerical maximum when 

Ma-Mb 


tan [tx^ 


wP Ma+Mb 

4^ ^ 


cot a, 


(8.14) 


which gives the distance from the middle of the span to the point where the 
bending moment is greatest. 

If [IX obtained from this equation is numerically greater than a there is 
no maximum, the bending moment increasing steadily from Ma to Mb. 

But if [IX is less than a, 

wP Ma+Mb 
wP 


M„ 


4a2 


4a^ cos [JI.T cos a * 

The corresponding formulas for a member under tension arc 

Ma +Mb 


(8.15) 


tanh 


[IX = 


coth a 


and 


Mniax — ■ 


wP Ma +Mb 

^2+ 2 

wP Ma+Mb 
4a2~^' 2 

4a2 ^ cosh [LX cosh a’ 


(8.16) 


(8.17) 


For a 8i)ar subjected to neither compression nor tension we obtain 




The maximum value occurs where x= 


Ma—Mb 


and is 


Mn 


wl 

wP Ma+Mb (Ma-Mb)2 


8 


2wP 


(8.18) 

(8.19) 


8.6. The continuous column. —^A particular instance, to which equations 
similar to those derived in the last paragraph are applicable, is that of the 
compression member continuous through a number of storeys or panels. 
If such a member has imperfections represented by an initial curvature of 
the axis the end moments in each length may be determined from the three 
moment equations derived from expressions similar to (7.40) and (7.41). 

Such equations would apply to a member connected to the other parts 
of the structure by perfectly free joints and subjected to axial loads only. 
These conditions are rarely found in practice. The connexion between the 
members will usually have some rigidity so that any change of slope of the 
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compression member will be resisted, restraining moments being induced at 
the ends of each length where connexion is made to the other members in 
the structure. A discussion of this is outside the scope of this chapter, but 
a number of examples will be found in the Second Report of the Steel 
Structures Research Committee (Baker, 1934). In many structures such 
as building frames the continuous column is subjected to large moments 
in addition to axial loads, arising from the applications of load to the other 
members of the structure. This is dealt with in Chapters 10 and 18. 
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EXERCISES 

{These exercises should be solved by all of the methods described in this Chapter.) 

(1) A girder ABCD is continuous over the supports B and C and freely supported at 
A and D. The spans are AB - 10 feet; BC—12 feet; CD—15 foot. AB carries a 
uniformly distributed load of 1 ton per foot, BC 0 * 8 ton per foot, and CD 0 • 5 ton per foot. 

Sketch neatly the bending moment and shearing force diagrams for the beam, 
indicating the principal values on your diagrams. 

{Mb^ JO'3 tons-feet ; Mc^ lJ‘9 tons-feet. 

]^ar — ^'07 tons; Rbr~ 4'67 tons ; = tons 

Rri — 6'03 tons ; — i'93 tons ; Rbi — 2'95 tons.) 

(2) A continuous girder rests on four supports A, B, C and D at the same level, and 
carries a uniform load of 1 ton per foot run. The spans are AB^-= 15 feet ; BC —20 feet 
and CD — 12 feet. 

Determine the bending moments at the supports and the reactions on the supports. 

(Mr —32‘7 tons-feet ; Me—27'3 tons-feet. 

R^ — 5‘32 tons ; Rr-^ 19-92 tons ; Rc^ lS'Ofi tons ; Rj) — 3'70 tons.) 

(3) A beam AB which is 23 feet long is encastre at A and supported at points C and D, 
which are 8 feet and 20 feet respectively from A. The beam carries a load of 10 tons 
at a point 4 feet from A, 2 tons at B arul a uniforndy distributed load of 1 ton per foot 
between C and D. 

Sketch the bending moment and shearing force diagrams. 



CHAPTER 9 


FRAMES WITH STIFF JOINTS 

9.1. Stiff joints. —In earlier chapters we have dealt with the stress analysis 
of braced frameworks upon the assumption that the bars forming them were 
pinned together at the ends. Such joints as these cannot, theoretically, 
transmit bending moments so that when a pin-jointed frame is loaded at 
the nodes the forces in the component members are pure tensions or com¬ 
pressions. In practice it is very seldom that even an attempt is made to 
obtain pin joints in a frame ; connexions are usually made by rivetted or 
bolted joints which restrain the free movement of the ends of the members. 
A joint between two components of a structure which can transmit a bending 
moment will be referred to as a stiff joint and the degree of stiffness will 
depend upon the type of joint. A practical pinned joint will have some 
stiffness due to the friction between the pin and the members, and between 



this degree of stiffness and that of perfect rigidity there are infinite possibili¬ 
ties. A convenient measure of stiffness is the change of angle between two 
members connected by the joint when a unit moment is applied to the 
members. When the joint is pinned the change of angle will be a maximum ; 
when it is infinitely stiff the change will be zero. This method of measuring 
stiffness will be defined more precisely later ; for the moment it is only 
necessary to appreciate the importance of stiffness as affecting stress 
distribution. For the present, then, joints will be considered to be rigid ; 
any modifications to methods of analysis when they are only partially fixed 
will be considered later. 

To understand the function of a stiff joint in a frame, consider the simplest 
case of a quadrilateral frame as shown in Fig. 9.1. 

If joints at B and C are to be connected to the pins A and D by a pin- 
jointed skeleton frame, four members AB, AC, BC and CD are essential. 
If, however, the joint at B is stiff, as shown at (b) in the same figure, the 
members AB and BC form a single cranked bar and joint C is effectively 
braced to A and D by this bar and DC. The diagonal member AC is 
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redundant and can be omitted. Each rigid joint is thus equivalent to a 
member and the frame at (a) has one redundancy. 

As another example, consider the frame shovm in Fig. 9.2 in which A, F 
and E are pinned supports to which the joints B, C and D are to be braced. 
For the construction of a just-stiff frame six members are required and if 
joints B, C and D were all pins the arrangement would be incomplete since 
only five bars are provided. If, however, joint B is made rigid, we have 
the equivalent of six members, i.e. five bars and one stiff joint, and the 
structure is just stiff. Node C is located by the cranked bar ABC and FC, 
while D is braced to C and E by the pin-jointed bars CD and ED. Any stiff 
connexions additional to that at B will introduce redundancies. Thus, the 
frame shown at (a) in Fig. 9.2 consists of the continuous member BCD to 
which the end verticals AB and ED are rigidly attached. The remaining 
bar FC is connected to it by a pinned joint and the equivalent number of 
members thus provided is made up as follows : 

Five bars, AB, BC, CD, FC and ED. 

One stiff joint at B and one at D. 

One stiff joint at C due to the continuity of BC and CD. 



Fia. 9.2. 

Eight equivalent members are thus provided and since only six are essen¬ 
tial the frame has two redundant elements. If the vertical member FC is 
connected to the continuous member BCD by a rigid joint as shown at (6) 
in Fig. 9.2 instead of by a pin, an extra redundancy is introduced. Later 
examples will indicate which “ members ” are most conveniently taken as 
redundancies for the purposes of analysis. 

Frames of this type are very common in engineering construction, the 
framed building being perhaps the best example of the use of stiff joints to 
replace diagonal bracing members, but rigid jointed portals occur in many 
other structures. Methods of analysis are therefore important and the 
treatment of this type of structure by the three methods of strain energy, 
slope deflexion and moment distribution will be described. 

9.2. Strain energy analysis of stiff-jointed frames. —The general theory of 
this method has already been developed in earlier chapters and examples of 
its application to special problems will now be given. In the first place 
consider the portal shown in Fig. 9.3 which consists of a frame ACDB having 
rigid joints at C and D and pinned to fixed points at A and B. The dimen¬ 
sions are shown on the figure and a single load W is carried in the position 
indicated. All members of the frame are supposed to be of the same section. 
As already shown in the previous paragraph this frame has one redundancy. 
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If the joint B, instead of being pinned, rested on a frictionless support, 
ACDB would be simply a cranked beam and the bending moment diagram 
could be plotted without difficulty. Since B is fixed in position however, 
a horizontal reactive force Hb will be exerted by the pin and it is convenient 
to take this force as the redundant element. 

Then, by the second theorem of Castigliano 


dU 

dHB 


= 0 , 


where U is the total strain energy of the frame. 



This strain energy is the sum of that due to bending in all members of 
the frame and that due to axial compression and shear. The last two 
components are generally negligible compared with the first, and will be 
ignored in the present example. 


Then 


dU 1 r dM^ 


dx=0y 


where is the bending moment at any point and the integration extends 
round the whole frame. 

The conditions for static equilibrium of the frame are : 


which give 


Va + Vb=W 
Ha =Hb 
YbI 


XT Wl, 

VB=-y-^ and Va= -p. 


If 


Ha=Hb=H, 


then for the member BD, measuring x from B, we have 


and 



BD 


dMj. 

1 fi- 

=-J 


HL* 

ill' 
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For the section DE of the top beam, measuring x from D, we have 
M^=HL-VBa:=HL-^ 




I 


Similarly for AC and CE, measuring x from A and C respectively we have 

r^1 _HL» 

UhJac^seT 


r-1 

UhJ, 

r-1 

UhJ( 


Adding the components we obtain for the whole frame, since El is the same 
throughout, 

and so H=—r. 

2L(2L-1-31) 

If, for example, L=20 feet, Zj=6 feet and ^2=4 feet, we find 

18W 



Fig. 9.4. 


and the bending moment diagram for the portal is shown in Fig. 9.4 which is 
plotted from the equations for used in the analysis. 
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If the structure and load system are symmetrical it is only necessary to 
consider one half of the structure, and as the next example we shall consider 
the portal shown in Fig. 9.5 which has a uniformly distributed load on the 
top member. The feet of the vertical members are now assumed to be 
rigidly fixed instead of pinned as in the first example. 

If the vertical member CD were cut through at D the frame would be 
statically determinate, consisting simply of a double cranked cantilever built 
in at A and free at D. In order to restore the conditions existing before the 
cut was made it is necessary to impose at D a bending moment Mg, a vertical 
reaction Vg and a horizontal reaction Hg. These resultant actions must be 
of such magnitude as to prevent the section at D from any movement either 


B w C C 



pQOOC>XOOCXDOOOOC 



fXXXMOQQ 

L 

-- 1 -- 





1 JD 

(a) 

— V 

ib) 

Vo 

(c> 


Fig. 9.5. 


of translation or rotation and the conditions for this are, by the first theorem 
of Castigliano, 

9U 

movement of D in a vertical direction = =0, 

dVg 

5U 

movement of D in a horizontal direction —^^—0, 

C/ilg 


rotation of D 


au 

"aM, 


-0. 


The solution of these equations determines the values of the resultant actions 
at D in the original state of the frame. 

This would be the method adopted in the general case of the problem now 
under consideration, e.g. if the load were not symmetrically placed on the 
structure or if the second moments of area of the vertical members were not 
equal. In the present instance, however, we are assuming symmetry both 
of structure and of loading and the solution may be simplified. Suppose 
the top member to be cut at E on the axis of symmetry of the frame as 
shown at (c) in the figure and the resultant actions there to be replaced by 
an external moment Mg and a horizontal force Hg. From symmetry there 
can be no shearing force at E and the number of unknowns is reduced by one. 
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Then, since the section at E neither rotates nor moves laterally, M, and 
Hg must satisfy the conditions 

3u au 

As in the previous example we shall neglect all energy exeept that due to 
bending and then 


and 


au _^ f. 

0 MJ 


au 

aH 


aM^ 

9M^ 
dHo 


For the section EC, when x is measured from E we have 


SO 


Hence 


M^= 

aMo= 


"^0 + 


wx^ 


1 ^ n 

—1 and =0. 

diln 


LaMoJuc El Jo 2 

EIL~2~” 48j‘ 


dx 


Ell 

For the section CD, measuring x from C, we have 

SM, aM, 

— — 1 and 


aMn 


aH, 


and 


rail" 

1 

■L 

/ 

ldMo_ 

cn~El. 

o' 

r au" 

=i 1 


IdUo. 

Cl) ElJ 

0 ' 




M, 


wP 

wP 

'Y 


+Hoa:Jda;-=^j^MoL- 

1 r 

rZx=— 

EIL 


7vPL HoL2“ 


+H o.r 1 xdx 


8 ' 2 
1 rMoL2 ivPL^- HoL3 


K) 


+“ 




Hence, adding the appropriate terms for the half-frame, we obtain 
, l\ wPf^ l\ HoL2 


M„L wPL HoL2 
2 ICj 3 


The solution of these equations is 


H«= 


wP 


4L(L+2ij’ 

wlV3L-t-21\ 

^*~24 ( L+2i ) 

and from symmetry the vertical reaction at D is 


wl 

~2' 
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The bending moment diagram for one half of this frame is shown in Fig, 
9.6 when L=1 -Sh 

A final example of structures of this type is shown in Fig. 9.7 in which 
the pinned supports of the vertical members are not at the same level. As 
in the first example the redundant element will be taken to be Ha. 



Fig. 9.6. Fig. 9.7. 


The conditions for static equilibrium are 

Hd-Ha+2 

Va+Vd=10 

10Vd--5W+5Hd— 50w^=0, by moments about A. 
Substituting the specified values for W and w we obtain 

Va-5+0-5Ha, 

Hd=2+Ha, 

Vb=-5-0-5Ha. 

To determine Ha we have 

dU 1 r,, ^ 


For AE, measuring x from A, 






125Ha 


For EB, measuring x from A, we have 

M^-HAX+2(a;-5), 

, 1 o o 1 r875HA 6251 

L^Jeb==mJ, (HA**+2x2-10xyix=^[-^ +— J. 

For BC, measuring x from B, we have 

M,=10Ha+10-Va*+|* 
and substituting for Va in terms of Ha this gives 


M*=HA(10-0-5a;)+10-6x+ - 
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This is an important point : Va is a function of Ha and it is essential to 
substitute its value before differentiating the expression or a wrong value of 

will be found. 

CfilA 

Thus ^=10-0-5x 

dHA 

r n 1 r 

and 3 = 5 ^- = 7 TFl ^ Ha( 10—0*5a:)^+(100—5a:)-~5^(10—0*5a;) 

LailA JBC 0 L 

+^(10-0-5x)jdx 

[ *'’{Ha( 10 -0 • 6x)H 100 -55x+7 ■ 5x^-0- 25x*}dx 


-Ha+ 125 


eiL”T 


For CD it is convenient to measure x from D, 
then M_j=HD^=(HA+2)*r, 


rdVl 1 1 


Adding the components we have 


(2875Ha + 1250)=0 


from which we determine 

Ha = — 0-4 tons 
Va= 4-8 „ 

Hd= 1-6 „ • 

Vd= 5-2 „ 

The bending moment diagram is shown in Fig. 9.8. 


b 



Fio. 9.8. 
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The strain energy method of analysis illustrated in the foregoing examples 
is very useful for simple portals but is complicated for more elaborate 
structures. If, for example, the structure shown at (6) in Fig. 9.2 were 
rigidly fixed at A, F and E it would have six redundant elements as shown 
by an application of the method described for determining the number of 
redundancies in such a frame as is also obvious if we imagine the verticals 
to be cut at F and E. The remaining structure is a doubly cranked cantilever 
ABDE held at A with a free arm CF attached. By making these cuts we 
have removed a moment, a vertical force and a horizontal force at both F 
and E and these six resultant actions may be taken as the redundant 
elements in an analysis. For a solution of this problem therefore we must 
form and solve the six simultaneous equations 

% “avF "“aHi. ~aME -avE ”aHE 

This is a laborious task and if the number of bays is increased beyond two 
the work involved may be prohibitive. Approximate methods are therefore 
necessary and will be discussed in Chapters 10 and 18. 

9.8. Slope deflexion analysis of rigidly jointed frames. —Another method 
of determining the stresses in the members of a framework with stiff joints 
makes use of the slope deflexion expressions already set out in paragraph 3.13. 

Equations are derived in much the same way as were the three moment 
equations for a continuous beam. In general each member of a framework 
is subjected, in addition to the external loads, to restraining moments at its 
ends transmitted through the stiff joints. These moments can be expressed 
in terms of the unknown slopes and deflexions at the ends of the members. 
By considering the equilibrium of each joint in the frame and of the frame 
as a whole, a sufficient number of equations can be obtained to enable all 
the slopes and deflexions to be evaluated. The restraining moments and 
the stresses at any point in the frame can then be found without difficulty. 



Though the method is capable of dealing with any type of frame, com¬ 
plication wiU be avoided here by confining attention to members of uniform 
cross-section carrying uniformly distributed or point loads. The usual 
assumption will be made that deformations due to shear and to direct stress, 
and also the effect of the direct thrust on the flexure of a member, are 
negligible. 

When an initially straight horizontal member AB of uniform cross-section 
and length I is subjected to a uniformly distributed load of intensity w and 
to clockwise end couples Mab and Mba as shown in Fig. 9.9, where all the 
loads and reactions applied to the member and all changes of slope and 
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deflexion suffered by it are shown in positive directions, and <j>-R the 
changes of slope at A and B, are given by 

.... (9.1) 

and (^B=—g^j^MAB—2 Mba+-^ J +^. . . • (9.2) 

The solution of these gives 

MAn=-®^[2<^A+<^B-y]-^*.(9.3) 

. 2Eir, sni wP 

and Mba^-j-I <^a+2<^b—^J’^ y 2 . 

By taking moments about A and B the reactions are found to be 

V..—.(9.5) 

, id GEir, , 2^1 

and Vba==+’ 2 “ +1 ^a+</>b—^ J.(G.6) 

The use of these equations can be illustrated by considering a symmetrical 
portal of the type illustrated in Fig. 9.5. When the uniformly distributed 
load is applied to the beam it bends, changing its slope at the ends. Since 



the joints of the portal are perfectly rigid the tops of the stanchions must 
suffer the same changes of slope as the ends of the beam to which they are 
attached, as shown in Fig. 9.10. It follows from a consideration of symmetry 
that <^c ——<54 b and that B and C have neither horizontal nor, since deforma¬ 
tion due to direct stresses are negligible, vertical movement. It is now possible 
to write down relations between the changes of slope and the restraining 
moments applied to the ends of the members by the joints shown. Fig. 9.10, 
in their positive (clockwise) directions. From equation (9.3) 


2EI . wP 

Mbc— 


(9.7) 


also, since ^a= 0, the foot of the stanchion being rigidly fixed, 

AT 2EJ 

Mba = “j^[2(;^b] .... 


(9.8) 
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where J and L are the second moment of area and height of the stanchion 
respectively. 

From the equilibrium of the joint B, neglecting the widths of the members, 
it follows that 

Mba+Mbc—0.(9.9) 


so that 






Substituting in equations (9.7) and (9.8) we obtain 

J 

.. .. L wl^ 

Mba Mbc P2J n 6 


r2j i"i 

[E+d 


and from equation (9.3) 


^EJ 

Mab =— |M B A • 


All the end moments are now known and the bending moment diagram for 
the frame may be drawn. It will be seen that for the frame of Fig. 9.5 in 
which the second moment of area was the same throughout, 


Mbc= — 


I wP 
L+21 6 


so that the bending moment at the centre of the beam is 


tvP I ivP wP/^l.+2l\ 

8 L+2r G ‘“24 \ h+2l )' 


If a comparison is made with paragraph 9.2 it will be seen that for this 
particular portal the slope deflexion method is more direct than the strain 
energy analysis since, due to symmetry and the fact that the feet of the 
stanchions are rigidly fixed, one change of slope is sufficient to define the 
shape of the loaded frame completely while two reactions have to be found 
by strain energy. If the portal were unsymmetrically loaded both slopes 
at the ends of the beam and the horizontal movement of the beam would 
have to be found by slope deflexion methods. This would necessitate the 
derivation and solution of three equations, the same number as required in 
the strain energy analysis so that there would be little to choose between 
the two methods. When the foot of a stanchion is hinged, strain energy 
usually has the advantage as it means one less redundancy, the fixing 
moment, but one more slope. For a single bay, single storey frame therefore, 
one or other of the methods may have the advantage but as the number of 
bays and storeys increases it will be found that the slope deflexion method 
soon becomes the more economical. This will be appreciated if the two-bay 
frame shown in Fig. 9.11 is examined. When the load is unsymmetrically 
placed, six redundant reactions would have to be found by strain energy 
whereas only four slopes and deflexions need to be evaluated to give the shape 
of the loaded frame, and therefore the reactions, completely. 




STIFF-JOINTED FRAMES 


176 


Suppose both beams of the frame have the same span I and the same 
second moment of area I, and all the stanchions have a second moment of 
area J and a height h. A load of intensity w is applied to PR. At P, from 
equation (9.3), 

.(9.10) 

also .(9.11) 

where the horizontal movement of P relative to Q, is the sway which 
will take place due to the lack of symmetry in the frame. 

P w R T 



From a consideration of the equilibrium of joint P 

Mi>R+MpQ=0 


or 


2EKb[2^p+<^k]+2EKs[^2,^p-^J = 
where Kp and Ks are written for ^ and ^ respectively. 


wl^ 

12 ' 


(9.12) 


Similarly, at R, expressions for Mrp and Mpp can be obtained and 

. 

since, owing to the assumption that deformations due to direct stress are 
negligible, the horizontal movement of R with respect to S must be the same 
as 8 in equation (9.11). 

From a consideration of the equilibrium of joint R which gives 

Mrp +Mks +MitT =0 

it follows that 


2EKB[^ip+2^B]+y~+2EKB[2<^R+^T]+2EKs[2^E-^]=0 ; (9.14) 
also from the joint T 

2EKB[9iii+2^T]+2EKs[^2^T-yJ=0. . . . (9.16) 


An additional equation is needed before the unknowns (^p, <^r, and S 
can be evaluated and this is obtained from a consideration of the equilibrium 
of the frame as a whole. 
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In Fig. 9.11 the reactions imposed on the ends of the members by the 
foundations are shown and the frame is in equilibrium under these reactions 
and the external applied load on PR. 

Taking moments about U, the foot of the right-hand stanchion, we have 

31 

VQp21+VsiiZ-f-MQp+MsR+MuT—• • • (9.16) 

As the feet of the stanchions are at the same level the horizontal reactions 
do not appear in this equation. The reactions Vqp and Vsr are the same 
as those imposed on the beams at P and R and can be evaluated from 
equations (9.5) and (9.6). They are 
wl 6EI 

V QP=y — [0p +0 r] 

, wl 6Er , , , 6EL, 

and Vsr=H— p- f^p f <^r]- [(f) r+ 

Substituting these expressions and those for the moments in equation 
(9.16) we have 

—6EKb[<^p+2^r4-^t]+2EKs j^(;6p+<^R+^T~^J —0. . (9.17) 

The unknown slopes and deflexions can be found from equations (9.12), 
(9.14), (9.15) and (9.17). All the end moments then follow from equations 
(9.3) and (9.4) and the bending moment diagram can be drawn. 

Had the feet of the stanchions not been at the same level (see Fig. 9.7) 
the horizontal reactions Hqp, etc., would have appeared in equation (9.16). 
These reactions can be expressed in terms of the slope^s and deflexions from 
equations (9.5) and (9.6) so that the form of equation (9.17) would not have 
been altered. 

It is now possible to set out general equations for the rigidly jointed frame 
which carries the loads in a framed building. The structure considered is 
two dimensional and consists of a line of vertical stanchions, rigidly fixed 
at the base, connected by horizontal beams as shown in Fig. 9.12. The 
assumptions and sign conventions already given will be used. The notation 
is as shown in Fig. 9.12 and as follows :— 

By is the joint where stanchion B is crossed by the rth floor. 

hf. is the rth storey height, that is the height between the neutral axis 
of the (r—l)th and the rth floors. 

l 2 r—the length of the beam in the second bay of the rth floor. 

dBy=the distance of the faces of the stanchion from the neutral axis at 

By. 

/By=the distance of the upper and lower surfaces of the beam from the 
neutral axis at By. 

I 2 y=the second moment of area of the beam in the second bay of the 
rth floor. 

Ibt— the second moment of area of stanchion B in the rth storey, that 
is between B(y_i) and By. 

6Br=the slope of the stanchion at By. 

<^=the slope at the end of a beam. 

Sy=the deflexion of a stanchion in the rth storey height, that is the 
horizontal deflexion of the rth relative to the (r~l)th joint in a 
stanchion. 
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M'’Bc=the bending moment at the end B of the beam BC in the rth floor. 
M®r(r+i)=the bending moment at the end B, of the length of stanchion 

V=a vertical reaction. 

H =a horizontal reaction. 

TT —^1*' . TT 
^ir — j > ^Br — "r"* 
hr 

^l? 2 r—load per unit length on the beam in the second bay of the rth floor. 

It will be evident from the two-bay portal example, which has been 
treated in detail above, that there will be as many unknowns as there are 



Fia. 9.12. 

joints and storeys in the structure. When any load is applied, each joint 
will rotate and each line of beams at a floor level will suffer horizontal 
displacement in the plane of the frame. The equations needed for the 
evaluation of these slopes and displacements are derived from a considera¬ 
tion of the equihbrium of each joint and each storey in the frame. 

Fig. 9.13 shows a typical joint with the reactions apphed to it by the 
members. It will be assumed that the shaded portion enclosed by the beams 
and stanchions suffers no distortion. This is quite well justified in any 
practical frame. In fact the error produced by neglecting the widths of the 
members is usually small when the joints are rigid but it is considered worth 
while to include them here as they do not comphcate the analysis seriously. 
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From the equilibrium of this joint it follows that 

M»'BA+MBKr-l)+M^BC+MV+i)+d(V-BA+V-Bc) 

+/(HB,(,+ i)+HBKr-i))=0 . . . (9.18) 

and expressing these moments and reactions in terras of the slopes and 
deflexions, equations (9.3) to (9.6), we have 

^ir ^ 1 j ^Ar +KBf ^ 1 ^ 0B(r- 1 ) 

+ [^1' ( 2+^) +K2r ( 2) +Ki„ ( 2+1) +KB,r+1, ( 2) ] Ob, 
+KB(r4-l) ^ 1 ) ®B(r+l)+K2r ^ 1 j 6cr 



Fio. 9.13. 


A similar equation can be written down for each joint in the frame. The 
other type of general equation can be derived by considering the equilibrium 
of all the stanchions in a storey but it will probably be clearer if approached 
in the following way. 

Fig. 9.14 represents the rbh storey in the frame. Imagine it cut first at 
XX just below the rth floor. The reactions shown at XX are those applied 
by the upper ends of the stanchions in the rth storey to the joints in the rth 
floor. That part of the frame above XX is therefore in equilibrium under 
these reactions and the external loads. Taking moments about the cut 
section in stanchion Q we obtain 

VaXZ-(“Vb2Z+ . . . —. . . (9.20) 

12 A f 1 

where L is the horizontal distance from the centre of a beam to stanchion Q. 
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Now imagine the cuts at XX repaired and others made at YY just above 
the (r—l)th floor'(Fig. 9.14). The reactions shown there are those applied 
to the lower ends of the stanchions by the joints in the (r—l)th floor. The 
whole of the frame above YY is therefore in equilibrium under these reactions 



and the external loads. Taking moments about the cut section in stanchion 
Q we have 

VAh + YBi^l+ . . . . . . (9.21) 

12 A r 1 

Subtracting equation (9.20) from (9.21) gives 

.(9.22) 

A 

or from equations (9.3) and (9.4) 

2EKA,(0Ar +0A(r- 1 ) -2R,) =0. 

A 

A similar equation can be obtained for each storey in the frame so that 
with those of type (9.19) there are sufficient for the evaluation of all the 
unknown slopes and deflexions from which the bending moments anywhere 
can be calculated. 

Equations (9.19) and (9.22) have been derived for vertical floor loads only 
but it is not difficult to deduce from them the corresponding equations for 
the equally important problems involving horizontal wind loads. 

If horizontal loads W^, Wg . . . alone act from left to right at the levels 
of the first, second, etc., floors so that each produces a clockwise overturning 
moment on the structure, equation (9.19) will be unchanged except that the 
terms in Q^nd ?^ 2 r will disappear since these loads no longer act on the 
structure. Equation (9.22) is replaced by 

i:6EKAr(0Ar+9A(r-i)-2Rr)+^iw=O. . . . (9.23) 

A r 

If the feet of the stanchions are not at the same level and if, in addition 
to the horizontal loads W at the beam levels, transverse loads act on the 
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bottom stanchion lengths as in Fig. 9.16, consideration of the equilibrium 
of the bottom storey gives in place of equation (9.23) the following : 

sl(M,UM„*)+fw+SP;=0.(9.24) 

A'^a 1 a 

p 

where a). 

It has so far been assumed in this analysis that the effect of the direct 
thrust on the flexure of a member is negligible. While, as will be shown in 
Chapter 18, this is justifiable for the purposes of design of steel frames and, 
in all probability, of reinforced concrete structures it is useful to derive 
expressions which enable an estimate of the effect to be made. 



Fig. 9.15. 


In a symmetrical single bay frame supporting uniformly distributed floor 
loads it is not difficult to examine the effect of the flexure of the stanchions 
since the reactions at the ends of the beams are independent of the end 
moments. 

If it is assumed that the stanchions are initially straight it will be seen 
from equations (7.42) and (7.43) that the moments at the ends of a stanchion 
length AfA^_i may be expressed as 

M,Vi)=6EKA.(2Y,eAr+X,eA(,-i)) 
and i),-6EKAr(X,0A,+2Y,0A(r-i)) 

where and Y^ are coefficients depending on the axial load in the stanchion 
length, having the values 

X, and Y =—^_ 

^ ' 4^*(a)-/2(a)- 

/(a) and <^(a) are the Berry functions referred to in paragraph 8.4, and 
tabulated in the Appendix, the axial compressive load in the member to be 


used in 


evaluating them being P—2 


Wrl 

T' 


For a single bay frame when rigid joints are assumed and if the widths 
of the members are neglected, we have from the equilibrium of joint 


(r-l) +Mf (r+1) +M''a b =0, 
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or 


where 


3JyXy0A(r-i) + (1 +6JrY^+6LrY(y^.i))6Af 

4-3LyX(y4.l)0A(r+i)=Wy, . 

RA(f-n) 


(9.25) 


t_Ka. 


ir 


Kr 


' and W,= 


2iEi^ 


From this and the similar equations derived from a consideration of the 
other joints in the frame the complete solution can be obtained. By com¬ 
paring the results with those found when the effect of flexure is neglected 
an estimate of the errors involved may be made. 


9.4. Slope deflexion analysis of frames with semi-rigid joints. —In many 
framed structures, particularly those of steel in which bolts or rivets are used 
in fabrication, the joints are far from rigid. A detailed examination of the 
behaviour of certain riveted beam-to-stanchion connexions is made in 
paragraph 18.5. It is shown there that when a moment is transmitted 
through such connexions an appreciable relative rotation occurs between the 



members joined. The relation between the moment transmitted and the 
relative rotation is often far from linear but as stated in Chapter 18 the only 
practicable method of stress analysis, for all but the simplest frames, is to 
assume that a linear relation does hold and to substitute for the curve 
connecting moment and relative rotation an arrangement of its chords. It 
will be well, therefore, to expand the slope deflexion equations derived in the 
previous paragraph to cover the condition of semi-rigidity of beam-to- 
stanchion connexions . 

Part of a loaded frame, the beam-to-stanchion connexions of which are 
semi-rigid, is shown in Fig. 9.16. 

A^i is the tangent to the stanchion at A and 6a is its change of slope under 
load. 

Axi is the tangent to the beam AB at A and ^a is its change of slope under 
load. 

B 2/2 is the tangent to the stanchion at B and 0b is its change of slope under 
load. 

Ba :2 is the tangent to the beam AB at B and is its change of slope under 
load. 


7 
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Since a linear relation is assunaed between the relative rotation of the 
members at a connexion and the moment transmitted through the connexion 
we may write 


6 a—^a^ylMab.(9.26) 

and 6b—^b=YiiMba, .(9.27) 

where yl and yr are constants depending on the connexions at A and B. 

From equations (9.3) and (9.4), the moments Mab and Mba niay be 
expressed in terms of ^a and <^b and the external load applied to AB, thus 
enabling equations (9.26) and (9.27) to be solved for <^a and ^b- 


Writing a and p for 


2 EIyl 2 EIyk 


I 


I 


respectively we obtain 


1 r wP “I 

'^'^""(3aP+2a+2p + l)L J ’ 

1 r zvi^ ”1 


The moments and reactions at the ends of the beam may be written in 
the form 


2EI 1 r wP n 

MAB==-r (3ap+ 2 a+ 2 ^ + 1 ) ^^J ’ 

2EI 1 r wP 1 

{^^2^^+^-1) (3*+2)0b+( 3a +1) 24 E 1 J - 

6EI 1 n 

(3aj3-I 2a+2p^+f) 1_^ 

wP “1 

+ (a+l) 0 B—( 6 aP+ 3 a+ 5 p+ 2 ) 2 ^ J, 

wP “1 

d-(a + l)6B + (6aP+5a+3p+2)-^^^~ J. 


(9.30) 

(9.31) 

(9.32) 

(9.33) 


It is most usual in steel-framed buildings for the stanchion to be a con¬ 
tinuous member the beams being connected to it as shown in Fig. 9.17. 
From a consideration of the equilibrium of this joint, neglecting the depth 
of the beam, we have 


M^BA +M''bc + + V^^BA^Br + V^^BC^Br —0, . . (9.34) 

or substituting the values given in expressions (9.30) to (9.33) we have 


2 EK,. 


(3a,A,+2a,H-2Pir+l)L^^ I 


, 3dBr 


1 +T~ ((iir+l)]eAr-f2EKB,eB(._ 


t(r-i) 


r 2 eKi, r 3 dBr 

L(3ai,pi,+2ai,+2l3i,+l){(3“ir+2)+7^^ (^ir+l) 


2EK, 


(3a2rP2r+2a2r+2P2r +1) 
d-4EKBr+4EKB(r+i) J 6 Br 


(3p2r+2) + 


X 


-(Pisr+l)} 
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+ 2 EKB(r+i) 6 B(r+i)- 


2EK,- 


—^7a2r + l)j0Cf 
—GEKfirRr—6EKB(r 4- i)R(f +1) 


(Sajj^Pgr+ 2 a 2 r + 2 ^ 2 #- + 1 ) 

■(^~+2^^2pi, + l) ^ ^^ +4^''(6«irPir+5ai,+3pi,+2) J 

T3^2r+2aJ+2p2,+l)[i2^^^^+^^ 


+|j^(6a2rp2r + 3a2r+5|32r+2)Jw2r=0. . . . 


(9.35) 


This is exactly the same form as equation (9.19), and will be found to 
reduce to it when the connexions are made rigid, i.e. when d^r—^n^n 

and when the width of the beam is neglected, i.e. when /=0. An equation 
similar to (9.35) may be written down for each joint in the frame. The 



other set of equations needed for the evaluation of the unknown slopes comes, 
as before, from a consideration of the equilibrium of the stanchions in each 
storey. The general equations are identical with those already found for 
the rigid frame, that is to say for the rth storey 

SKAr(0Ar+OA(r-i)-2R,)==O.(9.36) 

A 

There are as many equations of type (9.35) as there are joints and of 
type (9.36) as there are storeys in the frame. A sufficient number of 
equations are thus provided for the evaluation of the unknown slopes 0 ai 
. . . 0Q;i and the deflexions Rj . . . R^. When these are known, the moments 
and reactions can be found from equations (9.3) to (9.6), and (9.30) to (9.33) 
and the stresses in the frame follow. 

When horizontal wind loads alone act the same procedure is followed. 
This results in the equation found from a consideration of the equilibrium 
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of a joint being identical with equation (9.35) except that the last two terms 
disappear while equation (9.23) appears in place of equation (9.36). 

9.6. Rigidly jointed frame with inclined members. —The slope deflexion 
method is convenient for the analysis of forms of structure other than the 
rectangular frames dealt with in the preceding paragraphs. A rigidly 
jointed frame with sloping posts is an interesting example. 

The structure of Fig. 9.18 is of the same uniform cross-section and material 
throughout and is rigidly fixed at A and D. When a uniformly distributed 


^ ton per ft, 



load of 5 tons is applied to the horizontal member BC the joints B and C 
will rotate and, owing to the lack of symmetr}^ sway of the whole frame will 
take place ; not only will B and C, the tops of the inclined posts, deflect 
relative to the feet A and D, but C will deflect relative to B. The relation 
between these end deflexions is the same as that which would exist if all 
joints were pinned since, as set out in paragraph 9.3, it can be assumed that 



deformation of a member due to direct stress is negligible and all bending 
displacements are small. The end B of AB can, therefore, only be displaced, 
by an amount 8 say, along a line BB' perpendicular to AB, Fig. 9.19 ; 
similarly C can only be displaced. S' say, along a line CC' perpendicular to 
CD. The horizontal displacement of B will be S sin a and of C, S' sin p. 
Since the length of BC is unaffected by bending, these horizontal displace¬ 
ments must be the same, ^.e. S sin a=S' sin p, 

sin ag_ V5 ^ 

sin p 2 V2 


or 


(9.37) 
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The vertical displacements of B and C are — S cos a and —S' cos p 
respectively so that the transverse deflexion of C relative to B is ~(S cos a+S' 
cos P) 


or 


sin (g+P) ^^_ 

sin p 2\/2 


. (9.38) 


A somewhat neater approach to these expressions is to consider the mem¬ 
bers as a four-bar chain in which BC suffers a small body rotation about the 
instantaneous centre I which lies on the intersection of AB and DC produced 
(Fig. 9.19). 

The moments at the ends of the members of the rigidly jointed frame can 
now be set out in terms of S and the slopes <^b and <;6c, using expressions 
(9.3) and (9.4). These three unknowns can then be evaluated in the usual 
way from a consideration of the equilibrium of the joints B and C and of the 
frame as a whole. It is convenient to obtain the latter in terms of end 
moments. Suppose H is the horizontal and V the vertical reaction at A. 


Taking moments about B, C and D in turn gives 

Mab +Mba +5V -5H =0, .(9.39) 

Mab+Mcb+15V-5H-25=::0, .... (9.40) 

Mab +Mbo +20V+5H -50 =0.(9.41) 

On eliminating V and H from these three equations and remembering that 
Mcb —“Men we obtain the equilibrium equation 

4Mab |-7Mba+5Mcd t-2Mi)c=--25 . . . (9.42) 

which, expressed in terms of the slopes and deflexion, is 

(I>b\ 0-422^c-0-311S--4-91/EI. . . . (9.43) 

Consideration of the equilibrium of joints B and C yields the equations 
(/)b+0-207(^c-0*058S=4-3/EI .... (9.44) 

and ^Bf3 *790(^0+0-129^ =-20-S/EI. . . . (9.45) 

The solution of these equations is 

(/»B=:7-80/Er, (^c=--8-59/EI and S=29-4/EI. 


Substituting these values in expressions (9.3) and (9.4) the moments in the 
frame arc found to be 


Mab — —1*32, Mba— 0*88, M(;£)——4*17 and Moc—— 2*64tonS"ft. 

Multi-storey structures can be analysed in the same way, but it must be 
remembered that when the posts are inclined the sway of a storey not only 
produces a relative deflexion of the ends of the beam in that storey but in all 
storeys above. 


9.6. Secondary stresses. —In paragraph 1.7 primary stresses were defined 
as the axial forces in the bars of a framework, assumed to have perfectly free 
pin joints, under loads applied to the nodes. The extra stresses induced by 
the stiffness of the joints, where they are not in fact perfect hinges, are known 
as secondary stresses. Other stresses, additional to the primary system, 
found in actual structures due to such causes as the weight of the members 
themselves, eccentricity in the joints and, in certain aeronautical structures, 
to the true distribution of external load differing from the distribution 
assumed in the calculation of the primary stresses, may have a claim to be 
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included in the term secondary stresses, but it is with those arising from the 
stiffness of joints that we shall be concerned in this chapter. 

When a pin-jointed framework is loaded at the nodes the internal forces 
induced in the bars are simple tensions or compressions under the action of 
which the bars elongate or shorten so that the geometry of the framework 
is altered, the angles between the bars increasing or decreasing. If, as is 
most usual in practice, the joints are not pinned but are made stiff, e,g. in 
a steelwork truss where the bars are riveted to a gusset plate, the angles 
between the bars cannot change. The result is that, as external loads are 
applied and the geometry of the framework is altered, restraining moments 
are induced at the ends of the members and give rise to secondary bending 
stresses. 

It would be impracticable to determine all the stresses, secondary as well 
as primary, in such a stiff jointed truss as that shown in Fig. 10.16 (a) 
by strain energy analysis. A complete solution might be obtained using the 
method referred to on page 96 (Baker and Ockleston, 1935), but only after 
much labour. 



Fortunately, in most braced frameworks where an examination of the 
secondary stresses has to be made, the effect of the stiffness of the joints, 
while giving rise to appreciable local secondary bending stresses, is not 
sufficient to modify the axial forces in the members seriously. The 2 )ositions 
of the nodes of the actual stiff-jointed framework, therefore, are very nearly 
the same as those which would have been observed had the joints been 
pinned. This being so the secondary stresses can be considered as due to 
the bending of the members which takes place when the nodes of the stiff- 
jointed framework are forced into the positions which the nodes of the pin- 
jointed framework would have taken up under the external load system. 
In moving into these positions the stiff joints would, of course, rotate and 
the magnitudes of these rotations must be found before tlie bending stresses 
can be evaluated. 

It is not difficult, with the help of the slope deflexion expressions, to write 
down equations in terms of the unknown rotations. Fig. 9.20 shows a 
section of a rigid-join ted frame in which the secondary stresses due to a given 
arrangement of external loads at the nodes are to be determined. The 
deflexions Scb, ^eb, etc., of the neighbouring joints, C, E, etc., relative to 
B are shown. These deflexions, according to our assumption, are the same 
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as those which would have been observed had the given arrangement of 
external loads been applied to the nodes of the framework having pinned 
instead of rigid joints. They can be found without difficulty by means of 
the Williot-Mohr deflexion diagram (paragraph 5.8). Suppose the joints of 
the framework, Fig. 9.20, rotate through angles 0a, 6b, 0c, etc<, when they 
are forced into their deflected positions. It follows from equation (9.3) that 
the bending moments developed at the end B of the bar BC and at the end B 
of the bar BE are respectively 


and 


Mbc" 


Mbe^ 


2EIbc| 

^BC 

2EIbe 


26 b +0C 


BE 


[ 


BSbc I 

^BC J 


20B+0E 


^BC 

3^BE n 

^BE 


J 


(9.46) 


Similar expressions may be written down for the moments at the ends of the 
other bars and since the joint B is in equilibrium we have, neglecting the 
dimensions of the gusset plate, 

.... 

the summation extending over all the bars meeting at B. 

An equation similar to (9.47) can be obtained from a consideration of 
the equilibrium of each joint in the framework so that as many equations 
arc forthcoming as there are joints in the frame and therefore, as many as 
there are unknowns 0a, 6b, Oc, ^tc. The slopes can then, in theory, be 
evaluated and the end bending moments and the secondary bending stresses 
calculated. In most practical trusses the number of equations makes an 
exact solution impracticable and it is usual to advocate the use of an 
approximate method for the solution of the equations. It will be found, 
however, that much tedious computation is still involved and it is not 
proposed to explore this method further since the moment distribution 
method to be described in Chapter 10 is ideally suited for the determination 
of secondary stresses. 


Reference 

Baker, J. F. and Ockleston, A, J. 1935. Aer. Res. Ctlee. R. & M. 1667, H.M.S.O. 



CHAPTER 10 


MOMENT DISTRIBUTION METHOD 

10.1. Introduction. —^The slope deflexion method, in common with strain 
energy analysis, suffers from the drawback that a large number of simul¬ 
taneous equations have to be solved before the stresses in a highly redundant 
structure such as a multi-storey, multi-bay frame can be evaluated. Though 
the slope deflexion method is often of great value in giving general expres¬ 
sions for slopes and moments from which tabular data may be prepared, as 
shown in Chapter 18, the stresses in a particular frame can frequently be 
found much more easily by the moment distribution method (Cross, 1930a). 
This step-by-step method was immediately recognised as an epoch-making 
contribution to elastic analysis which, though applied in the first place to the 
determination of moments in rigidly jointed building frames, could clearly 
be extended to cover any form of structure (see paragraph 6.6). 

Though the original paper was a model of brevity it gave rise to a long 
and instructive discussion in the American Society of Civil Engineers 
between September, 1930, and April, 1932, in the course of which Professor 
H. E. Wessman gave the following description. 

“ Other methods usually begin by making the structure simple ; in 
other words, by theoretically cutting restrained ends or inserting temporary 
hinges. End moments are then obtained by solving simultaneous equa¬ 
tions which are functions of the angles through which the cut or pinned ends 
must be rotated to make the structure continuous again. The Cross 
method, on the other hand, starts by making the structure rigidly fixed at 
every joint or support and then finding fixed-end moments for any loading 
conditions under consideration. One joint at a time is then released and 
the fixed-end moments are modified to secure equilibrium at the released 
joint. This joint is temporarily fixed again until all other joints have been 
released and fixed in their new positions. Then the procedure is repeated 
again and again until the desired degree of accuracy is obtained.'’ 

10.2. Application to continuous beams. —The moment distribution method 
is most easily explained by considering its application to the determination 
of the moments in continuous beams. 

In the three-moment method (paragraph 8.3) it was imagined that a 
continuous beam consisted of a number of simply supported beams to which 
the external load system and unknown end couples were applied ; the 
magnitudes of these end couples were then found from the equations for 
continuity of slope at the supports. In the moment distribution method 
the beam, before external loads are applied, is assumed to be clamped at each 
support so that it cannot change its slope at those points. When the loads 
are applied the continuous beam behaves as if it were a number of single¬ 
span encastr^ beams. The clamps are subjected to moments equal and 
opposite to the fixing moments on the beams and in general an external 
moment has to be applied at each support by the clamps. At one support 
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this external moment is removed, that is to say, the beam is freed. It 
moves into a new position of equilibrium and in so doing modifies the end 
moments. The beam is clamped again in its new equilibrium position and 
is freed at another support. This procedure is repeated in cyclical manner 
until the resulting modifications in the end moments are small enough to be 
ignored. 

Before illustrating the method by a worked example it is useful to develop 
in general terms certain expressions which are required in the analysis. As 
in paragraph 8.3 we will confine our attention to beams having a uniform 
cross-section between supports though the method can be applied more 
generally. 

As the ends of each span are clamped before the load is applied, the fixed 
end moment which the clamp exerts on the beam is the same as the restrain¬ 
ing moment at the end of a similarly loaded encastre beam. Expressions 
for this have been given in equations (3.30) and (3.31). 

When the external moment at a support is removed the loaded beam 
behaves exactly as the same beam would do if subjected to no other action 
than a moment at the support equal and opposite to the external moment. 
This behaviour is easily followed with the help of the slope deflexion equa¬ 
tions. As it is necessary to adopt here the sign convention in which all end 
moments acting on a beam are positive when clockwise it will be well to 
restate the slope deflexion equations. 

If 0Aii and 0ba are the changes of slope at the ends of a member of uniform 
cross-section due to the application of positive (clockwise) end moments 
Mab and Mba then if there is no relative deflexion of the ends we have from 
equations (9.1) and (9.2), 


and 


I 

0BA j( “Mab+2Mba) 

0AB—^^j(2Mab—Mba). 


( 10 . 1 ) 

( 10 . 2 ) 


Solving these we obtain 


Mab="|- (20ab+0ba) 


. (10.3) 


and 


Mba-= 


2EI 

~r 


(0ab+2Oba). 


(10.4) 


A beam subjected to a moment at the support is shown in Fig. 10.1, 
It is encastre at A and C and freely supported at B. A moment M is applied 
at B and under its action the beam moves into a new position of equilibrium 
rotating through an angle Ob at B. 

In moving, moments Mba and Mbo 
as shown are induced at the ends of 
BA and BC. It is often convenient 
in using the moment distribution 
method to think of the members as 
being joined, not directly to one another but each to a “ joint ” which 
m this instance would be the small length of beam containing the sup¬ 
port B. Thus the moment M is applied to this “ joint ” and Mba and Mbo 
are the moments applied by the “ joint ” to the ends of the members. From 
a consideration of the equilibrium of the “ joint'' 

Mba+Mbc=M .(10.5) 

7 * 



A c 



It I ® 1 


1 


1 

1 

r w 1 h 1 

1 


Fia. 10.1, 
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From equation (10.4) since the end A of AB is encastrd and the end B turns 
through an angle 0b we have 


Mba=-^'0b.(10.6) 

Similarly Mbc = -^^6b.(10.7) 


so that 


and from (10.6) and (10.7) 


and 


Mba = 


Li 

M 


Ilk 


Mbc= 


M. 


Ilk 


( 10 . 8 ) 


The moments induced at the ends B of AB and BC are thus proportional 
to the stiffness of AB and BC, the stiffness of a member being defined as its 
second moment of area divided by its length. 

When the beam moves into its new position of equilibrium, moments are, 
of course, induced at the encastre ends A and C also. They can most con¬ 
veniently be evaluated from equations (10.3) and (10.4). Since, in the span 
AB, the end A is fixed and B turns through an angle 0b, 

2ET 4EL 

Mab=—Ob and Mba=^ 0b 

so that Mab=JMba1 

similarly Mcb = IMbc J 

Thus the restraining moment induced at the 
one-half the moment applied at the other end. 


.(10.9) 

encastre end of a beam is 


. /2 tons pen ft. 




y/>A 

r- JO'- 


w 


- 70 - 


Fio. 10.2. 



By means of the expressions (10.8) and (10.9) together with those for the 
fixed-end moments at the ends of an encastre beam, equations (3.30) and 
(3.31), the bending moments in continuous beams can be readily found. 

Consider the beam ABC of uniform cross-section in Fig. 10.2 which is to 
carry a uniformly distributed load of 12 tons per foot on AB. The ends A 
and C are encastre and B, the mid-point of AC, is simply supported. In 
this and in all other examples it will be assumed, unless otherwise stated, 
that there is no sinking of the supports. 

Before the load is applied, clamj) the beam at B so that it cannot change 
its slope there. Apply the load. AB will then behave as an encastre beam 
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and restraining moments will act upon it, the magnitudes of these being 
—100 tons-feet ( j at A and +100 tons-feet at B. The latter is sup¬ 
plied by the clamp and no bending moment exists anywhere in BC. Now 
free B by removing the clamp ; the beam at B will be no longer in equilibrium 
since the external clockwise moment of 100 tons-feet has been removed, and 
will immediately accommodate itself to the new conditions, changing its 
slope at B until it is once more in equilibrium. This change of slope is that 
experienced by the beam ABC on the removal of the external moment+ 100 
tons-feet, and is, therefore, the same as that produced by the application 
of an external moment of —100 tons-feet. The moments induc^ in the 
beam at B by this change of slope can be found by substituting M ——100 
tons-feet in (10.8). Since, in this particular instance, 

Mba —Mbc = —50 tons-feet. 

The moments, —25 tons-feet, induced at A and C are found from (10.9). 
The modifications in all the end moments are therefore known. Since A 
and C are encastre and cannot be released the beam has, by this one move¬ 
ment, reached its final deflected form and the exact values of the bending 
moments are obtained. The end moment at A was in the first, or fixed end, 
stage —100 tons-feet, then due to the movement of B, on the removal of 
the clamp, an additional moment —25 tons-feet was induced at A so that 
Mab ——-100—25 = —125 tons-feet. 

At the end B of BA the fixed-end moment was +100 tons-feet, then on the 
release of the clam]) the moment induced was —50 tons-feet so that 

M liA —100 —50 — +50 tons-feet. 

In the same way Mih:— 0—50 - —50 tons-feet. 

and Mcji— 0—25 ——25 tons-feet. 

The end moments being known, the bending moment diagram for ABC can 
be drawn. 



Fio. 10.3. 

The process will perhaps be more easily followed from another example 
in which the end moments are tabulated. Fig. 10.3 shows a three-span 
beam ABCD of uniform cross-section throughout which is encastre at A and 
D and supported at B and C. A load of 1*1 tons per foot is distributed 
over AB and 0*0 ton per foot over Bl). Each span is 160 feet long. 

Clamp the beam at B and C and apply all the loads : the fixed end 
moments induced at the ends of the spans will be as entered in line a, Table 
10.1. Release B ; the out-of-balance moment acting on the joint at B is 
—(2,346*6 — 1,280) or —1,066*6 tons-feet at the instant of release. The 
balancing moments induced at the ends B of AB and BC as B rotates into 
its new equilibrium position will therefore from (10.8) be -533*3 tons-feet. 
The moments carried over to the ends A and C will from (10.9) be —266*6 
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Table 10 . 1 . 

End Moments (tons-feet). 


A 


B 


C 


D 



- 2 , 346-6 
— 266•6 

+ 2 , 346-6 
- 633-3 


1 , 280-0 

633-3 

+ 1 , 280-0 
- 260-6 

- 

1 , 280-0 

0-0 

+ 1 , 280-0 

0-0 


0-0 

0-0 

+ 

66-6 

+ 133-3 

+ 

133-3 


66-6 


- 16-6 

- 33-3 

- 

33-3 

- 16-6 


0-0 


0-0 


0-0 

0-0 

+ 

4-2 

+ 8-3 

+ 

8-3 

+ 

4-2 


- 1-0 

- 2-1 

— 

2-1 

- Uo~ 


0-0 


0-0 

Totals 

- 2 , 630-8 

+ 1 , 777-9 

- 

1 , 777-9 

+ 1 , 137-4 

- 

1 , 138-4 

+ 1 , 350-8 


a 

b 

c 

d 

e 

f 


tons-feet. These end moments, induced by the movement of B, are entered 
in line b. The entries in columns 5 and 6 are zero because, C remaining 
clamped, no moments can be induced at the ends of the span Cl) by the 
movement of B. B is now clamped in its new equilibrium position and C 
is released. The out-of-balance moment on the joint at C is —(1,280-0 
—1,280-0—266-6) or +266-6 tons-feet. The balancing moments at C will 
then be +133-3 tons-feet and the carry-over moments at B and D +66-6 
tons-feet. These are entered in line c. Table 10.1. C is now clamped in its 
new equilibrium position and B is once more released. The balance of B 
has been upset by the moment carried over as a result of C’s movement, 
so that at the instant of release the out-of-balance moment on joint B is 
—66-6 tons-feet. As B moves once more into a new equilibrium position 
the balancing moments induced are —33*3 tons-feet and the carry-over 
moments —16-6 tons-feet ; these are entered in line d. B is clamped again 
and so the process is continued until the modifications in the end moments 
brought about by further releases are small enough to be neglected. Two 
further releases have been made in Table 10.1. The total values of the end 
moments are obtained by adding the entries in each column and we find 

Mab--2,630-8, Mba-+1,777-9, Mbc--1,777-9, 

Mcb = + 1,137-4, Men ——1,138-4, Mnc = + lj350-8. 

In both these examples the ends of the continuous beam were built in or 
encastre. Considerably more work is entailed if the ends are simply 
supported. 

Suppose the beam of Fig. 10.2 is simply supported at A and C. The 
procedure is exactly as before. All joints are clamped and the load is 
applied, the fixed-end moments being as shown in line a. Table 10.2. The 
joints have now to be released. The lay-out of Table 10.2 is slightly different 
from that of Table 10.1. Instead of releasing each joint separately and 
inserting in one line of the table the balancing and carry-over moments 
induced by that release, all joints are released at the same instant and the 
balancing moments at all the joints are entered in one line of the table while 
in the line below are put the carry-over moments induced by all these 
releases. Thus in Table 10.2, line 6, the entries are the balancing moments 
+100, —50, —50 and 0. A line is drawn below these entries to show that 
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Table 10.2. 

End Moments (tons-feet). 


A 

I 

1 

C 


-100 

+ 100 

0 

0 

a 

+ 100 

- 60 

-50 

0 

b 

- 26 

1 

+ 60 

0 

-25 

c 

+ 26 

- 26 

-26 

+ 25 

d 

- 12-6 

+ 12-6 

+ 12-5 

- 12*5 

t 

+ 12-6 

- 12-5 

- 12-5 

+ 12-5 


- G -26 

+ 6-26 

+ 6-25 

- 6-25 i 



the joints are balanced. In line c are the carry-over moments —25, +50, 
0 and —25 tons-feet induced by the balancing moments. These carry-over 
moments upset the balance at the joints so that when they are once again 
released the balancing moments of line d come into operation and as a result 
the carry-over moments of line e. It can be seen from Table 10.2 that the 
total end moments wdll be 0, +75, —75 and 0 respectively. The physical 
significance of the steps shown in Table 10.2 may not be seen immediately 
but if the calculations are set out in the same way as those in Table 10.1, 
each joint in turn being released, there will be no difficulty in realising that 
the steps are justified. By releasing all joints together a more concise table 
can be formed. 

When the continuous beam has a simply supported end A it is worth while 
to calculate a special set of distribution factors to be used in finding the 



Fig. 10.4. 


balancing moments when the support next to A is released. This can be 
done by considering the beam ABC in Fig. 10.4 which is simply supported 
at A and B and is encastre at C. If, when an external moment M is applied 
at B the changes of slope at A and B are 0 a and 0 b respectively then, since 
the end A is simply supported and C is encastre, it follows from equations 
(10.3) and (10.4) that 

2EI, 

O^-_«(2Oa+0b), 

h 

2EI 

Mba = -y~^(0A+20 b) 
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From a consideration of the equilibrium of the joint B 
Mba+Mbc--M 

3Ii 

Mba = 


so that 


and 


^1 


Mbc^ 


41^ 

1. \ 

h 

31, 41 

-f -j~ 


■M 


-M 


( 10 . 10 ) 


The convenience of these expressions can be judged from Table 10.3, 
which gives the calculation of the end moments in the continuous beam shown 
in Fig. 10.5 resting on the supports A, B, C and I). 

tons pen ft. 



‘^A 

-— 

H— m '—H 

k- 760 - 


Fig . 10 . 5 . 


To avoid the calculation of special fixed-end moments for the end spans 
the beam is considered to be clamped initially at all the supports. When 


Table 10 . 3 . 

End Moments (tons-feet). 


A 



B 





C 




D 



- 2 , 346 ‘ 

6 

+ 2,340 

■6 


1 , 280 ' 

0 

+ 1 

,280 

•0 


1,280 

•0 

o 

QC 

•0 

a 

-f 2,346 

•6 

0 

•0 


0 

0 


0 

•0 


0 

■0 

- 1,280 

•0 

b 

0 

■0 

+ 1,173 

•3 


0 

•0 


0 

•0 

— 

640 

•0 

0 

•0 

c 

0 

•0 

- 960 

•0 

— 

1,280 

•0 

+ 

36 () 

•0 

+ 

274 

>0 

0 

■0 

d 

0 - 

0 

0 

■0 

+ 

183 

•0 

_ 

640 

•0 


0 

•0 

0 

•0 

e 

0 - 

0 

- 78 ' 

0 

— 

105 

•0 

+ 

366 

•0 

+ 

274 ' 

■0 

0 

0 


0 « 

0 

0 

■0 

+ 

183 

0 

_ 

,52 

•5 


0 

0 

O ' 

■0 


0 - 

0 

- 78 ' 

•0 

— 

105 

•0 

+ 

30 

•0 

+ 

22 ' 

•5 

0 

•0 


0 - 

0 

O ' 

0 

+ 

15 ' 

0 

_ 

,52 

•5 


0 

•0 

0 

•0 


0 - 

0 

- 6 ' 

4 

— 

8 ' 

6 

+ 

30 

•0 

+ 

22 

■5 

0 

>0 


O ' 

•0 

0 

■0 

+ 

15 

•0 

_ 

4 

•3 


0 

•0 

0 

•0 


0 

■0 

- 6 

'4 


8 ' 

>6 

+ 

2 

•6 

+ 

1 

•7 

0 

•0 



the load is applied the fixed-end moments produced are those shown in line a, 
Table 10.3. When the ends A and D are released, the resulting balancing 
and carry-over moments are those shown in lines b and c respectively. A 
and D are not clamped again but are kept free for the remainder of the pro¬ 
cess. The distribution factors by which an out-of-balance moment at B or 
C is to be multiplied to give the balancing moments in the beam must 
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therefore be calculated from (10.10). Since the spans are of equal stiffnesses 
these factors are 3/7 and 4/7. That is to say, if the out-of-balance moment 
on joint B is M, when the beam moves into its equilibrium position the 
moments induced in it will be 

3— 4— 

Mba=;^M and Mbc^i^M. 

When B is released the out-of-balance moment is —(2,346*6—1,280-0 
+ 1,173*3) or —2,239*9 tons-feet so that the balancing moments are —960 
and —1,280 tons-feet approximately. These are entered in line d together 
with those resulting from the release of C. The carry-over moments are 
entered in line e. The entries in columns 1 and 2, line e, are zero since A 
is a free support and therefore no moment is developed there when B is 
released, and as no balancing moment was applied at A, line d, there is no 
corresponding carry-over moment to be entered at B. The process is con¬ 
tinued as shown in the Table. The total moments after five balances are 
Mab-0; Mba=2,39M = -Mbc ; Mcb-1,325*3--Mcd and Mdc=0. 

Though somewhat awkward for dealing with a beam on elastic supports, 
the moment distribution method can be used with advantage if the supports 
sink known distances under load. It is most convenient to assume that the 
deflexions of the supports take place when the load is first applied, while the 
beam is still clamped, that is to say so restrained as to remain horizontal at 
the supports. The fixed-end moments are calculated from equations (3.30) 
and (3.31) in which a term appears giving the modification in the moments 
due to the relative deflexion of the ends. The beam is then released and the 
balancing and carry-over moments are found as before, the initial sinking 
of the supports having no effect on these processes. 

As an example, consider a uniform beam whose relevant second moment of 
area is 90 (ins.)'*, carried on supports A, B, C and D. When three con¬ 
centrated loads as shown in Fig. 

10.6 are applied to the beam the 
support 13 sinks a distance of -jV 
inch. To find the resulting bend¬ 
ing moments imagine the beam 
clanqied at the su])ports so that 
when the loads are applied the 
support B sinks inch l)ut the bt'am there and at A, C and D remains 
horizontal. The fixed-end moments induced under these conditions are 
found from equations (3.30) and (3.31), taking E = 13,000 tons per square 
inch, to be 

Mab=-~— 14*65 tons-feet. Mba^^— 1*64 tons-feet. Mbc™2*40 tons-feet. 
Mcb— 12*69 tons-feet. Men = =^—3*84 tons-feet. Mdc— 5*76 tons-feet. 

These moments are entered in the first line of Table 10.4. The beam is 
now released at the supports, the procedure being exactly as that described 
for Table 10.3 and the calculation of the end moments is completed. 

10.3. Application to stiff-jointed frames. —When the moments in a frame 
with perfectly rigid joints arc to be determined the procedure is much the 
same as that described in the last paragraph. 

Fig. 10.7 shows a simple symmetrical portal with rigid joints and encastre 
feet, the bending moments in which, due to a central concentrated load of 


7 tons 6 tons 6 tons 



Fig. 10.6. 
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Table 10.4. 

End Moments (tons-feet). 


A B CD 


-14 

•65 

-1 

•54 

+ 2-40 

+ 

12 

■69 

-3 

•84 

+ 5 

•76 

+ 14 

•65 

0 

•00 

000 


0 

•00 

0 

•00 

-5 

•76 

0 

•00 

+ 7 

•33 

0-00 


0 

•00 

- 2 

•88 

0 

•00 

0 

•00 

-3 

• 25 

- 4-94 

— 

2 ' 

91 

-3 

•06 

0 

•00 

0 

•00 

0 - 

■00 

- 1-45 

_ 

2 - 

47 

0 

•00 

0 

•00 

0 

•00 

+ 0 - 

■57 

+ 0-88 

+ 

1 - 

20 

+ 1 ' 

•27 

0 

•00 

0 

•00 

O ' 

■00 

+ 0-60 

+ 

0 - 

44 

0 

•00 

0 

•00 

0 

•00 

- 0 - 

24 

- 0*36 


0 - 

21 

- O ' 

23 

0 

■00 

0 - 

00 

0 * 

00 

- 0-10 

_ 

0 - 

18 

0 - 

00 

0 - 

00 

0 - 

00 

+ 0 - 

04 

+ 0-06 

+ 

0 - 

09 

+ 0 - 

09 

0 - 

00 


80 lb., are required. The members are all of the same length (100 inches) 
and of the same uniform cross-section and material. If all the joints are 
held so that they can neither rotate nor have any lateral movement then, 

- 0-5 
+ 7'0 

- Z'O 
+ 3-9 
~ 7’8 
+ 16-6 

- 

+ 62 'S 



Fig. 10 . 7 . 


on the application of the load, the bending moments at the ends of the beam 
BC will be the same as those for a similar beam with encastre ends, and there 
will be no bending moments at the ends of the stanchions. These fixed-end 
moments are i 1,000 lb.-in. at the ends of the beams shown at a in Fig. 10.7, 
and zero at the ends of the stanchions, shown at b.. The joint B is now 
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released so that it is free to rotate ; before rotation the unbalanced moment 
on the joint was 1,000 lb.-in., on release the joint will rotate to an equilibrium 
position in which there will be no unbalanced moment on the joint. The 
next step is, therefore, the distribution of the unbalanced moment between 
the members meeting at the joint in the ratio of the stiffnesses (Ijl) of the 
members, equation (10.8). This step is shown at c ; since the stiffnesses 
of the members are equal, the balancing moment applied to each member 
at the joint is +500 lb.-in. The same process is carried out at joint C 
(step d). Since the feet, A and D, of the stanchions are encastre they are 
not released and so no balancing moments are applied there (step e). When 
a joint such as B is released and takes up its new equilibrium position, 
moments are induced at the other ends of the members meeting at B ; these 
moments must next be inserted. For a straight member of uniform cross- 
section the carry-over factor is that is to say, the moment induced at one 
end of the member when a moment M is applied at the other is as shown 
in equation (10.9). Thus the moment carried over to the end C of the 
member BC due to the balancing moment +500 lb.-in. applied at B is 
+250 Ib.-in. ; this is shown as step /, Fig. 10.7. Similarly, a moment of 
--250 lb.-in. is carried over from C to B (step g). In the stanchions, moments 

250 lb.-in. arc carried over from B and C to A and D (steps h and k), but 
since no balancing moments were applied at the encastre feet the carry-over 
moments from A and D to B and C are zero (steps I and m). 

The first full cycle of the process has been described. It will be seen that 
at the end of it there is no longer balance at the joints ; for instance at B 
the out-of-balance moment is 250 lb.-in. The same steps are therefore 
repeated again and again until the moments for distribution are small 
enough to be neglected. In Fig. 10.7 four cycles are shown and the total 
values of the end moments, found by adding the figures in each column, are 
at B and C, 666*5 lb.-in. and at A and D, 333*0 lb.-in. The corresponding 
values calculated from the slope deflexion equations are 666*6 and 333*3 
lb.-in. 

This example has been worked out and presented in the way suggested by 
Cross. The column of figures giving the moment in a member has been 
written at right angles to the member concerned and therefore each time a 
figure relating to a stanchion is entered the diagram has to be turned through 
a right angle. Though this may appear to be a small matter it leads to 
considerable confusion when a complicated frame is being stressed and before 
the method can be used for analysing complicated frames a more convenient 
arrangement is essential. 

In Fig. 10.8 is shown a double portal with rigid joints and encastre feet 
carrying a concentrated load of 80 lb. at the centre of the beam PR. As in 
the previous example the members are assumed to be of the same length 
(100 ins.) and of the same uniform cross-section and material. The calcula¬ 
tions of the moments in the members are given in Table 10.5 ; the upper 
part of the first column contains the figures relating to the end P of stanchion 
PQ, the lower part of this column containing the figures relating to the end 
Q ; columns 2 and 3 deal with the ends P and R of the beam PR and so on. 

In the first step, a, the fixed-end moments +1,000 lb.-in. are entered in 
the second and third columns ; at the ends of all other members the fixed- 
end moments are zero. In step h the joints are released and balanced ; it 
has been found convenient, as shown in Table 10.5, to draw a line across the 
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columns at each balance. There should be no difficulty in seeing that the 

balancing moment at the end of each member meeting at R is — lb.-in. 

Extending equations (10.5)-(10.8) to the case of any number of members 
connected rigidly together at one joint, their far ends being encastre, we can 
write down the balancing moments in any one of the members having a 

I 

stiffness l/l due to the application of a moment M to the joint as the 

z? 

“ distribution factor,” multiplied by M ; is, of course, the sum of the 

stiffnesses of all the members meeting at the joint. 

Next, step c, the moment resulting from the balance is carried over to the 
opposite end of each member, thus, in column 3 the carry-over moment is 

eolbs. 



+250 lb.-in. resulting from the balancing moment of +500 lb.-in. applied 
at P (column 2, step b). With the calculations arranged in this way the 
out-of-balance moment at a joint can be seen at a glance and the risk of 
omitting any part of a step is reduced to a minimum. After the first carry¬ 
over, step c, the moment to be balanced at joint R is +250 lb.-in., made up 
of +250 lb.-in. in column 3 and zero moments in columns 4 and 5 ; after 
the second, step e, it is +84 lb.-in. made up of +42 lb.-in. in column 3, zero 
in column 4 and +42 lb.-in. in column 5 ; since the stiffnesses of the members 
are equal this last joint is balanced, step /, by applying the moments of 
—28 lb.-in. shown in columns 3, 4 and 5. 

The process is continued until the necessary accuracy is obtained. In 
this particular example six balances were made before, at step g, the balancing 
moment dropped to 1 lb.-in. The total moments at the ends of the members, 
given in column 2 of Table 10.6, may be obtained by adding up each column 
of figures in Table 10.5. 

It will be seen that while the balance at the joints is satisfactory the frame 
as a whole is not in equilibrium ; this is due to the fact that, though each 
joint was allowed to rotate until its equilibrium position was reached, 
complete freedom was not given to the structure as a whole and it was thus 
prevented from swaying. 

Since vertical load only is applied to the frame under consideration the 
sum of the moments at the top and bottom of all the stanchions must, in 
the final state, be zero from equation (9.22). It will be seen from Table 



199 


MOMENT DISTRIBUTION METHOD 

Table 10.6. 



1 


Calculation of End Moments (lb.-in.) 

Double Portal. Rigid Joints. Vertical Load. 

2 3 4 6 6 


7 

(Step) 

p 


P 

R 

R 


R 


T 

T 



0 

— 

1000 

+ 1000 


0 


0 


0 


0 

a 

+ 

500 

4- 

500 

- 334 

- 

333 

- 

333 


0 


0 

b 


0 

_ 

1G7 

+ 250 


0 


0 

— 

107 


0 

c 


83 

4- 

84 

- 84 

- 

83 

- 

83 

4 

84 

4 

83 

d 


0 

— 

42 

+ 42 


0 

4 

42 

— 

42 


0 

e 


21 

4 

21 

- 28 

- 

28 

__ 

28 

4 

21 

4 

21 

f 


0 

— 

14 

+ 11 


0 

4 

11 

— 

14 


0 


+ 

7 

4 

7 

- 7 


7 

- 

7 

4 

7 

4 

7 
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_ 

4 

+ 4 


0 

4 

4 
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__ 
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0 

i 
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0 
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0 

— 

23 
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4 

4 
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4 
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10.6, column 2, that, at the stage represented by step g. Table 10.6, a residual 
moment of +410 lb.-in. exists. This means that, in preventing sway, an 
external horizontal force of 4* 10 lb., acting from right to left at the level of 
the beam has been imposed on the frame. The next step is the removal of 
this force so as to allow the frame to deflect horizontally. 

Table 10.6. 

Bending Moments (lb.in.) in Members of Double Portal Frame. 

Rigid Joints. 


(Vertical load). 


1 

2 

3 

4 

5 

6 

Moment 

Cross 

method 

(sway 

neglected) 

Cross 

method 

(complete 

solution) 

Slope 

deflexion 

equations 

Percentage 

difference 

between 

4 and 3 

Percentage 

difference 

between 

4 and 2 

QP 

+ 308 

+ 235 

+ 234-4 

0-3 

31-4 

PQ 

+ 614 

+ 563 

+ 562-5 

0-1 

9-2 

SR 

-229 

-313 

-312-5 

0-2 

26-7 

RS 

— 455 

-531 

-531*2 

0-0 

14-3 

ITT 

+ 58 

— 15 

- 15-6 

3-9 

471-0 

TU 

+ 114 

+ 63 

+ 62-5 

0-8 

82-5 

PR 

-614 

-563 

-562-5 

0-1 

9-2 

RP 

+ 851 

+ 889 

+ 890-6 

0-2 

4-4 

RT 

-397 

-359 

- 359 - 3 

0-1 

10-5 

TR 

-114 

- 63 

- 62-5 

0-8 

82-5 


The moments induced at the ends of the members when the frame is 
allowed to deflect horizontally can be calculated most easily if the ends of 
the members are prevented from rotating while the sway takes place. It 
will be convenient at this stage to obtain general expressions for these 
moments. 

Consider the behaviour of the rth storey in a frame in which all rotation 
of joints is prevented. Suppose a horizontal shear P acts from left to right 
at the level of the rth floor causing a horizontal deflexion 8 of that floor 
relative to the (r—l)th. Then, from equations (9.3) and (9.4), the end 
moments induced in any stanchion length of height h and second moment 
of area J will be 

AT AT 

while from equation (9.23) 

12ES2p-=P. 

the summation extending over all the stanchions in the storey. 

It follows, therefore, that the magnitudes of the moments at the ends of 
a stanchion length are 


J 
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Table 10 . 7 . 

Calculation of End Moments (lb.-in.) 
Double Portal. Rigid Joints. Horizontal Load. 


1 2 3 4 6 6 7 
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In the example under consideration the moments induced when the 
restraining force is removed will be the same as those arising from the 
application to the otherwise unloaded frame of a force +4 • 10 lb. at the level 
of the beams acting from left to right. Since all the stanchions are identical 
the moments at their ends are of the same magnitude, viz. —410/6 lb.-in. 
These values are inserted in their respective columns, step h, in Table 10.5 ; 
the entries in the beam columns 2, 3, 5 and 6 being zero as no rotations of 
the joints were allowed. The joints must now be released and allowed to 
rotate ; the balancing moments are entered at step k and the carry-over 
moments at step 1. It will be found at this point that the sum of the 
moments at the ends of the stanchions again shows a residual moment, now 
reduced to +137 lb.-in. This is dealt with as before, a correcting moment of 
—23 lb.-in. being entered at the ends of the stanchions (step m). These 
last three steps, the balancing of the joints, the insertion of the carry-over 
moments and the correction of the residual moments, are then repeated 
until the necessary accuracy is obtained. The final total moments at the 
ends of the members found by adding up each column of figures from step a 
to step n, are tabulated in column 3, Table 10.6. In column 4 of this Table 
the moments calculated from the usual slope deflexion equations are given ; 
the excellent agreement between these values and those calculated by the 
Cross method, taking sway into account, will be seen from column 5. 
Column 6 shows that the neglect of the sway corrections leads to very 
appreciable inaccuracies. 

The stressing of a frame subjected to a horizontal wind load is carried out 
in the way described above from step h to step n. The moments in the 
members of the same double portal Fig. 10.8 due to a horizontal load of 
300 lb. acting from left to right at the joint P are determined in Table 10.7. 
Here, a horizontal shear is applied to the frame. In the first step, therefore, 
the joints are held so that they cannot rotate but the whole frame is allowed 
to sway. The moments induced at the ends of each stanchion length by this 
movement are found from equation (10.11) to be 

Mio-Moi- -I X 300 X 100/3--5,000 Ib.-in. 

These are entered in the first line of the table. The joints are then released 
and the calculation continued as before. In Table 10.7 seven balances have 
been carried out, giving the values of the end moments collected in Table 
10.8, column 3. In practice only half this work would be necessary since, 
as a comparison of columns 2 and 3, Table 10.8 shows, sufficient accuracy is 
obtained after only four balances. 

The same method can be applied when the feet of the stanchions are at 
different levels. Fig. 9.15. Equation (9.24) is used in making the sway 
correction as were equations (9.22) and (9.23) in the examples already given. 

Fig. 10.9 shows a double portal frame with rigid joints and encastre feet, 
not at the same level, subjected to a concentrated horizontal load of 80 lb. 
half-way up the centre stanchion. The members of the frame are of the 
same uniform cross-section and material. The calculations of the moments 
in the members are given in Table 10.9. By step {a) all joints have been 
released and balanced but no sway of the frame has been allowed. At this 
stage it will be found by substituting the moments at the ends of the 
stanchions (see Table 10.10) in the left-hand side of equation (9.24), that, 
in preventing sway, an external horizontal force of 38 -9 lb. acting from right 
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Table 10.8. 

Bending Moments (lb.-in.) in Members of Double Portal Frame. 
(Horizontal load). 


1 

2 

3 

Momont 

Cro8.s method 

Cross method 

(after 4 balances) 

(after 7 balances) 

QP 

-5,324 

-5,314 

PQ 

-3,750 

-3,750 

SR 

-6,204 

-6,250 

RS 

-5,588 

-5,626 

UT 

-5,324 

-5,314 

TU 

-3,750 

-3,750 

PR 

+ 3,7.50 

+ 3,750 

RP 

+ 2,793 

+ 2,811 

RT 

+ 2,793 

+ 2,811 

TR 

+ 3,750 

+ 3,750 


to left at the level of the beam has been imposed on the frame. The next 
step is the removal of this force so as to allow sway to take place but, as in 
the earlier examples, without allowing the joints to rotate. The moments 
induced at the ends of the stanchions by this movement are calculated from 
equation (10.11), and arc entered in Table 10.9 as step (6). The joints must 


r 

50" 

1 . 


m"- 


R 
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WO 


60lb 


50 " 


7 777///Z 


T 


/ 50 " 


Fig. 10.9. 


U 
vttZttz 


now be released and allowed to rotate, further sway being prevented. When 
the joints are once more balanced, step (c), it will be found, by substituting 
in equation (9.24), that the horizontal force preventing sway is 17-2 lb. 
This must be removed, as before, and sway allowed. The whole process 
between steps (6) and (c) need not be repeated since we already know the 
moments induced at the ends of the members by the removal of the horizontal 
force 38-9 lb. and the subsequent balance of the joints which introduced 
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Table 10.9. 


Calculation of End Moments. 

Double Portal. Feet not at same Level. Rigid Joints. Horizontal Load. 



again a restraining force of 17*2 lb. If, therefore, these moments, Column 

17*2 

(4), Table 10.10, are multiphed by ~— - - ■ the additional moments to 
produce final balance result. These are entered in Table 10.10 as step (d). 
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Table 10 . 10 , 
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Bending Moments (lb.-in.) in Members of Portal, shown in Fig. 10 . 9 , 
AT Various Stages in the Calculation. 


1 

2 

3 

4 

5 

6 

Moment 

At step 
(«) 

At step 

(c) 

Induced 
between 
steps (a) 
and (c) 
[Col. (3) - 
Col. (2)] 

Added at 
step (d) 

Total 

[Col. (3) 4- 
Col. (5)] 

QP 

4- 60 

- 499 

-559 

-443 

- 942 

PQ 

4- 120 

— 164 

-284 

-225 

- 389 

PR 

- 120 

4- 164 

4-284 

4-225 

4- 389 

RP 

- 331 

- 179 

4-152 

4-120 

- 59 

RS 

4- 639 

4- 445 

-194 

-1.54 

4- 291 

SR 

-1180 

-1379 

-199 

-158 

-1537 

RT 

- 307 

- 266 

4- 41 

4- 33 

- 233 

TR 

- 72 

- 12 

4- 60 

4- 48 

4- 36 

TU 

4- 72 

4- 12 

- 60 

- 48 

- 36 

UT 

4“ 36 

- 41 

- 77 

- 61 

- 102 


10.4. Frames with semi-rigid joints. —There is no difficulty in extending 
the moment distribution method to include frames with semi-rigid beam-to- 
stanchion connexions. Fig. 10.10 represents part of such a frame. It will 



be found most convenient to consider the parts of the stanchions at the levels 
of the beams, shown cross-hatched at Bj, etc., as the joints which are in turn 
fixed and released. The assumption will be made in the first place that the 
widths of the members may be neglected without giving rise to serious errors. 
The fixed-end moments, distribution and carry-over factors can then be 
deduced directly from the general expressions given in paragraph 9.4. 
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When a uniformly distributed load w per unit length is applied to a beam 
of uniform cross-section, such as A^Bi, Fig. 10.10, the fixed-end moments are 


and 


Mab- 


12(3ap+2a+2p + l) 


Mba = 


(3a+1^2 

12(3ap+2a+2p + l) 


I Fixed-end 
I moments. 


where a and p are the constants for the connexions at the ends A and B, and 
I is the length of the beam. These expressions are derived from equations 
(9.30) and (9.31) by making 6a—Ob=0. 

The carry-over factors can be found quite simply. Suppose a moment 
Mab is applied to the end A of a beam AB, the other end B being attached 
by a semi-rigid connexion to a stanchion which is clamped so that it cannot 
rotate. 

From equation (9.4) we have 

2FT 

MBA=-y-[<^A+2^B].(10.12) 


Since the stanchion does not rotate we obtain, from equation (9.27) 

<^b--2|-jMba. (10.13) 

and from (10.12) and (10.13) 

2FT 

-p.^A = (l+2p)MBA. (10.14) 

But, from equation (9.3) 

2FT 

Mab=—^”[2^a (/>b] 

or, from (10.13) and (10.14) 


Mab=(2+3P)Mba, 

so that if a moment Mab is apphed to one end A of a beam the moment 
induced at the other end B is Mab/( 2 +3P). It can be shown in the same way 
that if a moment Mba is a})plied to the end B the moment induced at the 
other end A attached to a rigid support by a semi-rigid connexion is 
MBA/(2+3a). 

We may say, therefore, that from the end A to the end B 


the carry-over factor is 


1 

W+W) 


and from the end B to the end A 


Carry-over 
f factors. 


the carry-over factor is 


1 

(■^oc) ^ 


where a and p are the constants for the connexions at the ends A and B of 
the beam. 

For all stanchion lengths the carry-over factor will be L before. 

The distribution factors may be obtained from a consideration of Fig. 10.10. 
If the joint Bj is rotated through an angle 6 while the neighbouring joints 
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Aj, Bj, Cl and are kept fixed the total moment acting on the joint Bj 
will be, when the widths of the members are neglected, 
M1 ba+MBii+M1bc+MBio 

r 2EIi(3ai+2) |4EJ2 2EIa(3pi +2) _ ^EJiX 

~L^i(3«iPi+2ai+2Pi+l)'^ *2 ■'■4T3a2P2+2a2+2P2+l) ^i J 

—2EY0 (say). See equation (9.35). 


The distribution factors by which an unbalanced moment at must be 
multiplied to give the balancing moments at the ends of the members meeting 
at the joint are therefore, 

f T, A (3ai+2) _ ■ 

lorrSiAi .. ;;Y(3aiPi+2ai+2Pi+l) 


for B1B2 
for BiCi 


2 ^ 

h,Y 

h _(3 p2+2 )_ 

I2Y (3a2P2"h^<^2“l“2p2“i"^) 


I Distribution 
I factors. 


for BjBq 


2Ji 

^lY 


The various factors for any particular frame with semi-rigid beam con¬ 
nexions may be evaluated from these general expressions. Once they are 



1 AH members 6x4^x JSlb. 5,J- 


± 


Fig. 10 . 11 . 
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Table 10.11. 


0 


0 

0 


0 

+0-00623 


0 

-0 00038 


0 

-0-00189 


-0 00396 

+0-00042 


+ 0-00064 

-0 00030 


0 

-0-00025 


-0-00051 

+ 0-00033 


+ 0-00011 

-0-00012 


0 

-0-00010 


-0-00022 

+ 0-00007 


+ 0-00005 

-0-00005 


0 

-0-00002 


-0-00005 

0 

0 

-0-04549 

+0-01245 

+ 0-01245 

+ 0-02059 

0 

0 

-0-00228 

-0-00038 

-0-00038 

0 

+0-00083 

+ 0-00083 

+ 0-00138 

-0-00095 

-0-00078 

-0-00010 

-0-00030 

-0-00024 

0 

+0-00065 

+ 0-00065 

+ 0-00107 

-0-00013 

-0-00006 

-0-00010 

-0-00012 

-0-00012 

0 

+0-00014 

+ 0-00014 

+ 0-00024 

-0-00005 

-0-00003 

-0-00001 

-0-00005 

-0-00000 

0 

+ 0-00005 

+ 0-00005 

+ 0-00010 


I 


iitEE'S torey, Single-Bay ! 

Vertical Load. 

1 

0 

0 


0 

0 


0 

-0-00572 


0 

-0-00038 


+ 0-00375 

+ 0-00235 


-0-00051 

-0-00025 


0 

-0-00030 


+ 0-00065 

+ 0-00041 


-0-00007 

-0-00025 


0 

-0-00012 


+ 0-00027 

+ 0-00017 


-0-00003 

-0-00004 


0 

-0-00005 


+ 0-00007 

+ 0 00005 


+ 0-03969 

0 

0 

-0-01081 

-0-01144 

-0-01144 

+ 0-00248 

0 

0 

0 

-0-00038 

-0-00038 

-0-00072 

- 0 00050 

-0-00050 

+ 0-00017 

't 0-00118 

+0-00094 

0 

-0-00030 

-0-00024 

-0-00074 

-0-00050 

-0-00050 

+ 0-00013 

+ 0-00021 

+ 0-00014 

0 

-0-()0()]2 

-0-00012 

-0-00010 

-0-00007 

-0-00007 

+ 0-00003 

+ 0-00009 

+ 0-00007 

0 

-0-00005 

-0-00006 

-0-00003 

-0-00002 

-0-00002 


0 

0 

0 

0 

0 

0 

0 

+ 0-00623 

0 

0 

-0-00038 

0 

-0-00156 

-0-00156 

-0-00272 

0 

+ 0-00042 

+ 0-00035 

-0-00012 

-0-00024 

0 

-0-00011 

-0-00011 

-0-00019 

0 

+ 0-00033 

+ 0-00005 

-0-00006 

-0-00012 

0 

-0-00005 

-0-00005 

-0-00009 

0 

+ 0-00007 

+ 0-00003 

-0-00003 

-0-00006 

0 

0 

0 

0 


0 

0 

0 

0 

0 

0 

0 

0 

-0-00572 

0 

0 

-0-00038 

+ 0-00234 

+ 0-00188 

+ 0-00188 

-0-00028 

0 

-0-00025 

0 

-0-00012 

-0-00024 

+ 0-00034 

+ 0-00027 

+ 0-00027 

-0-00002 

0 

-0-00025 

0 

- 0-00006 

-0-00012 

+ 0-00017 

+ 0-00014 

+ 0-00014 

-0-00001 

0 

-0-00004 

0 

- 0-00003 

-0-00006 

+ 0-00005 

+ 0-00004 

+ 0-00004 


0 


0 

0 


0 

0 


0 

0 

0 

[All entries to be multiplied by Wl where W is the 
concentrated load and 1 is the length of the beam .] 

0 

0 

-0-00078 

+ 0-00094 

-0-00012 


-0-00012 

0 


0 

-0-00006 


+0-00014 

-0-00006 


-0-00006 

0 


0 

-0-00003 


+ 0-00007 

-0-00008 


-0-00003 

0 


0 
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obtained, exactly the same procedure is adopted as that already described 
for the rigid frames. 

Table 10.11 gives the detailed calculations of the bending moments in a 
three-storey, single-bay frame carrying a central concentrated load W on the 
middle beam. The dimensions of the frame and the values of the constants 
of the beam connexions are given in Fig. 10.11 where will also be found 
the distribution factors grouped around each joint and the carry-over factors 
placed above each beam. 

The only difference between the procedure adopted in Table 10.11 and 
that given for the rigid frame in Table 10.5 is that in the former the sway 
correction is not made separately at the end of the calculation but is included 
in each cycle as for the wind load of Table 10.7. Thus, each time the joints 
are balanced and the carry-over moments inserted, the residual moment in 
the stanchions is determined and the necessary correction made. 

The total moments from Table 10.11 and those calculated by the slope 
deflexion equations are given in Table 10.12. 


Table 10.12. 

Bending Moments in Members of Three-Storey Frame. 
Semi-Rigid Connexions. Vertical Load. 


Moment 

Cross 

Slope deflexion 

Percentage 

difference 

D„D. 

~ 0•00094 WZ 

-0*00092 WZ 

2*2 

DiD. 

-0*00212 W/ 

-0*00209 WZ 

1*4 

D,D, 

-f 0* 00473 

-f 0* 00478 WZ 

1*0 


-f0*01218WZ 

-f 0*01222 WZ 

0*3 

D,D 3 

-|-0-01190Wi 

-f 0*01191 WZ 

0*1 

D 3 D, 

^-0•00413W^ 

-+ 0*00417 WZ 

1*0 

EqEi 

-fO-OOlOSWZ 

+ 0*00109 WZ 

1*0 

EiEo 

-f0 00193Wi 

+0*00192 WZ 

0*5 

E 1 E 3 

-0*00453 Wl 

-0*00453 WZ 

0*0 

EjEj 

-0*01245 WZ 

-0*01243 WZ 

0*2 

E,E3 

-0*01214 W/ 

-0*01213 WZ 

0*1 

EsEa 

-0*00394 Wl 

-0*00393 WZ 

0*3 


In certain cases frequently found in practice to-day, where the beams are 
attached to the flanges of the stanchions by connexions which are far from 
rigid, appreciable errors arise when the members are assumed for purposes 
of calculation to be represented by their neutral axes. The moment 
distribution method can, however, be expanded to take into account the 
widths of the stanchions and so give accurate results without adding any 
serious complication to the work. 

A new set of distribution factors must first be obtained. If the joint Bj, 
Fig. 10.10, is rotated through an angle 0 while the neighbouring joints are 
fixed, the total moment acting on the joint will be, when the widths of 
the stanchions are not neglected, 
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where d and e are the distances of the left- and right-hand faces of the 
stanchion from the neutral axis at Bj, or 


r2Eii 

(3a,+2) 

4EJ, 

L ^1 (3aiPi+2ai+2pi + l) 


,2EI, 

(3p2+2) 

4EJi 

Z2 (3a2p2“i‘2a2+2p2+l) 


, 6EIi<i 

(ai + 1) 


' (3a,pi+2ai+2Pi+l) 


6ELe 

(P2+1) 



/ 2 
l'2 


(3a2P2+2a2+2P2+l). 
=2EZ0 (say). See equation (9.35). 


The distribution factors by which an unbalanced moment at must be 
multiplied to give the balancing moments and reactions at the ends of the 
members meeting at the joint are therefore 


for moment on B^Ai, 
for moment on B^B^, 
for moment on B^Ci, 
for moment on BiBq. 
for reaction on B^Ai, 
for reaction on BjCi, 


_ (3ai+2) _ 

ZjZ (3aiPi+2aiH-2Pj-f-l) 
^2 

I 2 _ (3 ^2+2) _ 

igZ (3a2P2 4“2a2+2p2+l j 
2^ 
h^Z 

K+i) _ 

^i^Z (3aiPi-j'2ai+2p^ + l) 

3 I 2 _(P2+i)_ 

(3a2P2+2a2+2P2 + U 


Distribution 

Factors. 


It should be noted that the last two of these factors give the reactions at 
the ends of the beams, while the first four give moments. 

For all stanchion lengths the carry-over factor will be as usual. 

The fixed-end moments 


and 


Mab 


12(3o^2or+^+l) 


Mba 


(3(x-\-l)ivP 

12(3ap+2a+2^+r) 


I Fixed-end 
1 Moments. 


are unchanged. 

In addition, fixed-end reactions must now be set down. They are 


and 


-(6ap+3a+5p+2)w;Z 
4(3ap+2a+2p + l) 

(6aP+6a+3p+2)w;Z 

®^"~4(3ap+2a+2p-fl) 


I Fixed-end 
I Reactions. 


derived from equations (9.32) and (9.33) by making 0 a=0b=O. 
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Since the reactions as well as the moments at the ends of the beams are 
to be calculated, there is now no necessity to derive general expressions for 
carry-over factors. If a balancing moment +M and a balancing reaction 
-fV are applied to one end of a beam of length Z, then a moment —(M—VZ) 
and a reaction +V must be carried over to the other end. 

A simple example will make the process clear. A single-storey two-bay 
semi-rigid frame with stanchions 10 in. wide is shown in Fig. 10.12. The 
distribution factors are entered around each joint. It will be seen from 
Table 10.13, where the detailed calculations are given, that four more 
columns are used than in the similar case worked out in Table 10.5. These 
columns, 3, 4, 8 and 9, contain the reactions at the ends of the beams. 

The usual procedure is adopted. All joints are, in the first place, held 
fixed. The central load of 80 lb. applied to beam AC then gives rise to 
fixed-end moments of ^450 lb.-in. and fixed-end reactions of lb. at 
A and C, entered in columns 2, 5, 3 and 4, step (a). 

The joints are next released and allowed to take up new equilibrium 
positions. The out-of-balance moment acting at joint A, on release, is made 



up of the moment —450 lb.-in., column 2, at the end of the beam and the 
moment —40x 5 lb.-in. due to the eccentric beam reaction, column 3. The 
total out-of-balance moment is, therefore, 650 lb.-in. and it is distributed 
in step (Z>), on the joint taking up its new equilibrium position, into three 
balancing moments, +474-3 lb.-in. (column 1) on AB, +164-7 lb.-in. 
(column 2) on AC and +11-0 lb.-in. arising from the balancing reaction 
+2*196 lb. (column 3). These values inserted in step (b) are found directly 
by multiplying the appropriate distribution factors by 650. In the same 
way, balancing moments and reactions are found for joint C and entered in 
columns 4 to 8. 

The carry-over moments and reactions are next inserted, step (c). The 
reaction and moment at the end A of AC arising from the balancing reaction 
—I -729 lb. and the balancing moment —129-7 lb.-in. applied at the end C 
are -1-729 lb. and -(-129-7+90x1*729) Ib.-in. or -25*9 Ib.-in. 
respectively ; these will be found in columns 3 and 2, step (c). Similarly, 
the reaction and moment carried over to the end C of AC are +2-196 lb. 
and —(164-7—90x2-196) Ib.-in. or +33-0 Ib.-in. When the sway correc¬ 
tion, step (cZ), has been applied as described in earlier cases, the tot cycle 
of operations is complete. 






Table 10.13. 

Calculation of End Moments and Beam Reactions. Double Portal. Semi-Rigid Connexions. Vertical Load. 
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The moments at the ends of the members resulting from the five cycles 
shown in Table 10.13 are collected in Table 10.14, together with the values 
calculated from the slope deflexion equations and those found when the 
widths of the stanchions are neglected and all members are represented by 
their neutral axes. 


Table 10.14. 


Bending Moments (lb.-in.) in Stanchions of Two-Bay Semi-Rigid 
Frame with Stanchions of Finite Width. 


Moment 

Stanchions of finite width 

Members 
represented by 
neutral axes 

Cross 

Slope 

deflexion 

Cross 

BA 

-t-212-3 

4-211-4 

4-170*0 

AB 

-h484-l 

4-483*1 

4-384*0 

DC 

-244*3 

-245*9 

-193*0 

CD 

-429*9 

-431*6 

-342*5 

FE 

- 24*9 

- 25*7 

- 20*5 

EF 

4- 9*8 

1 

4- 8*8 

4- 2*8 


A comparison of the second and fourth columns shows the appreciable 
errors, of the order of 20 per cent, in the larger moments, arising from 
neglect of the true widths of the stanchions. 

This is rather an extreme instance since the stanchions have considerable 
width and the connexions are far from rigid but it shows that the assumptions 
must be chosen with care if accurate results are to be obtained. It is, 
unfortunately, impossible to give a complete guide but it can be said that 
in general when joints are rigid the width of the members can be safely 
neglected in the collection of design data. For instance, in single bay frames 
of one, two, three and four storeys made up of 8 in.xfi in. I stanchions, 
storey height 8 feet with 12 in. X 5 in. I beams, 15 feet 3 inches long framing 
into the stanchion flanges, the errors in the bending moments produced by 
assuming the members were represented by their neutral axes were found to 
vary between 2*27 and 3*45 per cent. 

In all building frames of practical proportions with rigid or semi-rigid 
connexions the deformations due to axial force and shear can be neglected, 
though the existence of these reactions must never be forgotten. The effect 
of the deformations on frames built up of 8 in. x6 in. I stanchions and 
12 in. X 5 in. I beams was found to be less than 1 per cent. The effect of the 
direct thrust in the member on the flexure may be slightly more pronounced 
but as far as design data are concerned it can be dealt with as shown in 
Chapter 18. 

10.5. The Hybrid Method .—The great merit of the moment distribution 
method is that the stresses in any structure, no matter how complicated, 
can be determined by simple arithmetical computation without introducing 
the simultaneous equations which limited the usefulness of strain energy 
and slope deflexion analysis. However, it is sometimes possible to simplify 
moment distribution calculations, particularly where the sway correction is 

8 
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concerned, by making use of what may be termed the hybrid method, which 
introduces simultaneous equations. The engineer should always be quick 
to adjust his methods in this way to suit the particular problem in hand. 
It can be done very easily where moment distribution is used because the 
actual behaviour of the structure is revealed at every step. 

The principle of the hybrid method is to keep the distribution of the 
moments due to sway separate from that of the moments due to the applica¬ 
tion of the external loads to the structure prevented from swaying, and then 
to use the equilibrium equations for the structure to evaluate the magnitudes 
of the sway moments. It can be illustrated by analysing the two-bay frame 
shown in Fig. 10.8. The first step is to introduce a stop at the level of the 
beam to prevent side sway, then to apply the concentrated load of 80 lb. 
and allow the joints to rotate. The end moments under these conditions 
have already been calculated in Table 10.5, steps (a) to {g), collected in 
column (2), Table 10.6 and repeated in column (2), Table 10.15. Now take 
the unloaded structure, subject it to an arbitrary side sway 8 and calculate 
the moments developed. Since in this example all the stanchions are of the 
same height and stiffness the moments induced at the ends of the stanchions 

before the joints are allowed to rotate all have the same value —8. Since 

8 is arbitrary these moments can more conveniently be represented by some 
such expression as 100a: in the first line of Table 10.16 where a: is a function 
EJ 

of 8 and Table 10.16 shows the distribution as the joints are allowed 

to rotate. The total sway moments from this calculation are collected in 
column 3, Table 10.15. 

Table 10.15. 


Bending Moments (lb.-in.) in Members of Double Portal Frame. 
Rigid Joints. Hybrid Method. 


1 

2 

3 

4 

Moment 

Sway 

Prevented 

Sway 

Complete 
Solution 
(2) + (3) 

QP 

+ 308 

+ 77x 

+ 235 

PQ 

+ 614 

+ 54a; 

+ 663 

SR 

-229 

+ 91a; 

-315 

RS 

-456 

+ S2x 

-632 

UT 

+ 58 

-\-nx 

- 16 

TU 

+ 114 

+ 54a; 

+ 63 

PR 

-614 

— 64a; 

-563 

RP 

+ 861 

-41a; 

+ 890 

RT 

-397 

— 41a; 

-358 

TR 

-114 

— 64a; 

- 63 


The total end moments in the free loaded portal, that is in the condition 
shown in Fig. 10.8, can be represented by the sum of columns (2) and (3), 
Table 10.15. The value of x must be such that the frame is in equilibrium 
under these moments. Since there is no horizontal shear across the portal 
the equilibrium equation is the same as equation (9.22), that is to say the 
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sum of all the stanchion end moments must be zero. Substitution of the 
values of the total end moments from columns (2) and (3), Table 10.15 in 
equation (9.22) gives 

410+435X-0, ..(10.15) 

so that x~ —0*942. 

Substituting this value of x in the moments of column (3), Table 10.15 
and adding to the moments of column (2) gives the complete solution, 
column (4), which should be compared with column (3), Table 10.6. 

Table 10.16. 

Calculation of End Moments (lb.-in.) due to Sway. Double Portal. 
Rigid Joints. Hybrid Method. 


1 2 3 4 5 6 7 


p 

P R 

R 

R T 

T 

100a; 

— 50a; 

CO 

1 

oS 

1 1 

100a; 

- 3.3a; 

0 0 
— 33a; — 50a; 

100a; 
— 60a; 

0 

+ 8a; 

— 16a; — 25a; 

4- 8a; 4- IGa; 

0 

4- 16a; 

— 25x — 16a; 

4- 1 Ga; 4- 8x 

0 

4- 8a; 

1 

o 

4- 8a; 4- 4a; 

— 4a; — 2a; 

0 

- 2a; 

4- 4x 4- 8a; 

— 2a; — 4a; 

0 

— 4a; 

o o 

- a; - 2a; 

0 -fa; 

0 

4- a; 

— 2a; — X 

4- a; 0 

0 

0 

1 1 






Q 


S 


U 

100a; 


100a; 


100a; 

0 


0 


0 

- 25a; 


— 16a; 


- 26a; 

0 


0 


0 

4- 4a; 


00 

+ 


-f 4a; 

0 


0 


0 

- 2a; 


— X 


— 2a; 

0 


0 


0 







The same steps are taken when analysing a two-storey frame such as that 
of Fig. 10.13 [a) in which the second moment of area of the right-hand 
stanchion DEF is twice that of the other members. The distribution factors 
at all joints are collected in Table 10.17 ; as before, we first introduce stops 
at D and E to prevent all sway and then ajiply the external loads consisting 
of one ton uniformly distributed on the top beam CD and a one ton eccentric 
concentrated load on BE. The joints are now allowed to rotate under these 
loads and the full moment distribution, without sway, is carried through ; 
the resulting stanchion end bending moments are collected in column 2, 
Table 10.18. The top storey of the unloaded frame is then given an 
arbitrary side sway relative to the bottom storey which is prevented from 
swaying. Fig. 10.13 (6), the fixed-end moments before joint rotation being 
100a; at the ends of BC and 200a; at the ends of DE, a member which is twice 
as stiff as BC ; the fixed-end moments on all other members are zero. All 
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Table 10.17. 
Distribution Factors. 


Two-S torey Unsymmetrical Frame. 


Member 

m 

Distribution 

factor 

Joint 

AB 

1/15 

O-385'l 


BE 

1/25 

0*230 1 

B 

BC 

1/15 

0*385 J 


CB 

1/15 

0*6251 

C 

CD 

1/25 

0-375J 


DC 

1/25 

0*2301 

D 

DE 

21/15 

0-770J 


ED 

21/15 

O-626'i 


EB 

1/25 

0*158 1 

E 

EF 

21/25 

0*316j j 

1 1 






Fig. 10.13. 
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joints are now allowed to rotate and the full moment distribution is carried 
through, the resulting stanchion end bending moments being those of 
column 3, Table 10.18. Finally, sway is introduced into the bottom storey, 
all joints moving through the same arbitrary horizontal distance. Fig. 10.13 
(c). It is convenient to give the fixed-end moments on AB the value lOOy, 
then because of the differences in stiffness and length of EF the fixed-end 
moments on it will be 72y. All joints are now allowed to rotate, the resulting 
end bending moments being collected in column 4, Table 10.18. 

The total end moment at a particular section of the structure loaded as in 
Fig. 10.13 (a) is the sum of columns (2) to (4), Table 10.18, the values of x and 
y being such that the structure is in equilibrium. Two equations of 
equilibrium can be written down for this two-storey frame and it is obviously 
convenient to have them expressed in terms of end moments only ; this 
can be done easily by considering the state of horizontal shear across each 
storey as in equation (9-24) which gives for the top storey, 

Mcb+Mbc+Mde+Med=0.(10.16) 

and for the bottom storey 

25(Mab+Mba)+15(Mef-1-Mfe)-0. . . . (10.17) 

Substituting the values of the total moments from Table 10.18 these equations 
become 

216a:--77y+3-8=0 
and 26a: ~69y—6*2=0, 

so that a: =—0*057 

and y=—0*111. 

The final values of the total end moments in the structure can then be 
written down as in column 5, Table 10.18. 


Table 10.18. 

Bending Moments (tons-in.) in Membeks of Two-Storey Unsymmetrical Frame. 
Rigid Joints. Hybrid Method. 


1 

2 

3 

4 

6 

I 

Moment 

Sway 

prevented 

Sway of 
top storey 

vSway of 
bottom storey 

Complete 
solution 
(2) + (3) + (4) 

AB 

-f 6-9 

-13x 

4-812/ 

- 1-4 

BA 

4-13-7 

-20a: 1 

4-612/ 

-f 8-4 

BC 

4-20-3 

4-54a: 

-33t/ 

4-20*9 

CB 

4-20-1 

4-43a: 

- 8y 

4-18*6 

DE 

-22-7 

-f 47a: 

— 02/ 

-24*7 

ED 

-13-9 

4-72a: 

-SOt/ 

-14-7 

EF 

- 2-2 

-42x 

4-612/ 

- 5*6 

FE 

- 1-1 

-21x 

4-612/ 

- 6-7 


It will be seen from these examples that there are as many sway distribu¬ 
tions and independent equations of equilibrium as the structure has degrees 
of freedom. In the frame with a setback, Fig. 10.14 (a) for instance, there 
will be three, one for the horizontal sway of each storey as in the last example 
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and a third due to the vertical movement of DE relative to the other stan¬ 
chions, Fig. 10.14 (b). From this last diagram the fixed-end moments which 
will appear in the third sway distribution should be clear. Convenient 
equations of equilibrium will be found by considering the shear across each 
storey, equation (9.24), and also the equilibrium of the part EFG. From 
this last, resolving vertically, the vertical reaction at G must be equal to the 
shear in EF. The former can be found in terms of end moments by con¬ 
sidering the equilibrium of the whole frame, Fig. 10.14 (a), taking moments 
about A, and the latter by considering the equilibrium of the member EF. 
The required equation is then ^ 

(^i+W[Mef+Mfe]— yMAB+MGF]=WZ2(A<i+/t2)+F/2^ • * (10.18) 



Fia. 10.14. 


The frame with inclined members shown in Fig. 9.18, is quite easily 
analysed by the hybrid method. Table 10.19 gives the moment distribution 
under the external load of 5 tons on BC when sway is j)revented. The 
distribution factors are given in line (a) and the total end moments in line (6). 
The unloaded frame is now made to sway but no rotations of the joints B 
and C are allowed. Fig. 9.19. The relations existing between the relative 
deflexions of the ends of the members have been given in (9.37) and (9.38) 
so the ratios of the fixed-end moments, which are proportional to the de¬ 
flexions and inversely to the squares of the lengths of the members, can 
be calculated ; they are 1 : —0*530 : 0*316 on AB, BC and CD respec¬ 
tively. Table 10.20 gives the details of the sway moment distribution in 
which arbitrary fixed-end moments of + 1000a:, —530a; and +316a; are 
distributed. The equilibrium equation (9.42) for the frame has already been 
conveniently derived in terms of end moments ; it must be satisfied by the 
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sums of the end moments from Tables 10.19 and 10.20, giving 0*00349. 
The final end moments are then found to be Mab=—1*30, Mba==+0*89, 
Mcd=—4*17 and Mdc=---2*65 tons-ft. 


Table 10.19. 

Calculation of Moments (tons-ft.) due to External Load. 
Frame with Inclined Members. Rigid Joints, 


1 2 


0-586 0-414' 


B 

B 

0 

-4-17 

+ 2-44 

+ 1-73 

0 

-1-10 

+ 0-64 

+ 0-46 

0 

-0-23 

+ 0-13 

+ 0-10 


-0-06 

+ 0-03 

+ 0-03 

0 

-0-02 

+ 0-01 

+ 0-01 

+ 3-25 

-3-25 


A 


0 

0 

-f 1 - 22 
0 

+ 0-32 
0 


+ 0-07 
0 

+ 0 - 02 ' 

_0 

-fT-63~ 


3 4 


0-528 0-472 a 


C 

c 

+ 4-17 

0 

- 2-20 

- 1-97 

+ 0-87 

0 

- 0-46 

- 0-41 

+ 0*23 

0 

- 0-12 

- 0-11 

+ 0-05 

0 

- 0-03 

- 0-02 

+ 0-02 

0 

- 0-01 

- 0-01 

+ 2-52 

-2-52 


D 



0 


0 

-0 

99 


0 

-0 

21 


0 

_o- 

06 


0 


01 


0 

-1- 

^7” 


Another interesting example is provided by the pitched roof portal 
subjected to any external load system, Fig. 10.15 (a). This structure has 
two degrees of freedom since B will not suffer the same horizontal movement 
as D. The first step in the calculation is to restrain the portal by means 
of stops at B and D so that horizontal movement at these joints is prevented ; 
apply the external loads, allow the joints to rotate and carry out the moment 
distribution. It is then possible to calculate the horizontal forces Pb and 
Pd, Fig. 10.15 (6), applied by the stops to the portal. This is a salutary 
exercise because it reminds the engineer that, while it is usually permissible 
in elementary analysis to neglect the strains due to the axial forces in 
members, the axial forces themselves do exist. Now take the unloaded 
portal and force the joints B and D through the same horizontal arbitrary 
distance 3^ to the right and maintain them there by stops ; allow the joints 
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Table 10.20. 

Calculation of Sway Moments. 

Frame with Inclined Members. Rigid Joints. 


1 2 
0*686 0*414 


B 

B 

+ 1000a; 

-530a; 

- 215x 

-195a; 

0 

-f- 57a; 

— 33a; 

- 24a; 

0 

-f 26a; 

- 15a; 

- 11a; 

0 

+ 3a; 

— 2a; 

— X 

0 

+ 2a; 

— X 

— X 

-f- 674a; 

-674a; 


A 


-f 1000a; 
0 

- 138'x 

0 

17a; 

0 

8 ^' 

0 

— X 

_ 0 _ 

+~836a;^ 


3 

4 

0*528 

0*472 

C 

C 

— 630a; 
-l-113a; 

+ 316a; 

+ 101a; 

— 98a; 

-f- 52a; 

0 

+ 46a; 

— 12a; 

+ 6a; 

0 

+ 6a; 

— 6a; 

-f 3a; 

0 

-}- 3a; 

4- 1 

0 

0 

-472a; 

-f472a; 


D 


+ 316a; 

0 


+ 51a; 

0 


-}- 23a; 

0 


-f 3a; 

0 


+ 2x 
0 


+ 395a; 


to rotate and from the moments, which will appear as functions of cal¬ 
culate the forces and Fig. 10.15 (c), developed at the stops. 
Repeat this whole process but move B and D towards one another by a 
distance § 2 , Fig. 10.15 (tZ), and again calculate the forces 74^2 ^ 2^2 

applied by the stops. When the external loads are applied to the un¬ 
restrained portal, Fig. 10.15 (a), movements such as Sj and 82 will take place 
but no restraining forces will be developed at B and D. Combining Figs. 
10.15 [b) to (d), therefore, it will be seen that 


and 




(10.19) 


From these two equations and 82 can be found and the final end moments 
follow as in earlier examples. 


10.6. Secondary stresses. —In his original paper Cross suggested the 
application of the moment distribution method to the determination of 
secondary stresses and the first worked example appears to be due to 
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Thompson and Cutler (1932). We cannot do better than set out their 
calculations. The truss considered is that shown in Fig. 10.16 (a), which 
has been treated by the orthodox methods in “ Modern Framed Structures/’ 
Part II, Johnson, Bryan and Tumeaure, where an exhaustive discussioi^i of 





secondary stresses is given. As in the method already outlined in paragraph 
9.6 the deflexions of the nodes of the pin-jointed frame must first be found. 
The Williot diagram, giving these deflexions, is shown in Fig. 10.16 (6) in 
which D is the displacement 8 multiplied by E, the Young’s modulus of the 
material of the truss. The figures in brackets on the line diagram of the 

8 * 
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truss are the axial deformations of the members multiplied by E while the 
other figures are the axial forces in the members in pounds. 

The nodes of the actual rigid-jointed frame are first moved into the 
deflected positions given by the Williot diagram but are not allowed to rotate. 
Fixed-end moments will, therefore, be developed in the members. These 
can be calculated from equations (9.46) by putting 0B=6c=fl sub¬ 
stituting for I, I and D, the values which are collected in Table 10.21. The 
sign convention is the usual one originally defined in paragraph 9.3 and the 



Member 

Cross 

Sectional 

AreaCsq.in) 

1-2 

29-44 

7-3 

56-49 

2-3 

76 -00 

2-4 

29 -44 

3-4 

29-42 

3-5 

52-35 

4-5 

26-48 

4-7 

45-46 

5-7 

20-58 

5-6 

52-35 

6-7 

14-70 



© @ 
ib) 


Fig. 10.10. 


arrangement of the calculations. Table 10.22, should be clear from earlier 
examples. 

Consider the member 5-6. It will be seen from the Williot diagram that 
this member rotates in a clockwise direction and that D=27,650 so that 
from equation (9.46) the fixed-end moment Mge has the value 

M56=-^=-6x^,x27,650 = - 6.440 1b.-in. 

This is entered in the first line of the appropriate column (a). In the same 
way all the other fixed-end moments are calculated and entered. The joints 
of the truss will not be in equilibrium under these fixed-end moments ; it 
will be seen for instance that the out-of-balance moment acting on joint (5) 
is +15,986. When a joint is released, therefore, it will rotate until it 
reaches a position of equilibrium and balancing moments, proportional to 
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their stifiFnesses, will be developed at the ends of the members. As in earlier 
examples all the joints are released together and the balancing moments are 
entered in the second line of each column, Table 10.22. The carry-over 
moments, entered in the third line, throw the joints once more out of balance ; 
they must therefore be released and balanced again. Five cycles have 
been carried out in Table 10.22, and the end moments, found by summing 
each column, are entered in column 6, Table 10.21, where a comparison is 


Table 10.21. 


1 

2 

3 

4 

6 

6 

7 

Member 

1 

(inches) 

I ! 

(inches)"* 

D 

End moments (lb.-in.) 

More 

exact 

method 

Cross method 

Five 

cycles 

Percentage 
difference 
between 
column 6 
and 

column 6 

1-2 

320-0 

1,218 

32,130 

+ 230 

+ 240 

4 

2-1 

— 

— 

— 

-1 135 

+ 161 

12 

1-3 

490-7 

4,490 

42,630 

- 230 

- 240 

4 

3-1 

— 

— 

— 

- 527 

- 607 

4 

2-3 

372-0 

95 ' 

23,900 

- 53 

- 54 

2 

3-2 

— 

— 

— 

- 55 

- 56 

2 

2-4 

320-0 

1,218 

31,100 

- 80 

- 97 

21 

4-2 

— 

— 

— 

- 141 

- 133 

6 

3-4 

490-7 

805 

38,470 

- 307 

- 295 

4 

4-3 

— 

— 

— 

- 320 

- 301 

6 

3-5 

320-0 

3,978 

38,100 

+ 900 

+ 858 

6 

5-3 

— 

— 

— 

+ 495 1 

+ 523 

6 

4-5 

372-0 

750 

13,870 

- 875 

- 880 

0-6 

5-4 

— 

— 

— 

- 924 

- 927 

0 

4-7 

320-0 

1,907 

34,600 

+ 1,.342 

+ 1,314 

2 

7-4 

— 

— 

— 

+ 2,602 

+ 2,625 

1 

6-7 

490-7 

368 

24,040 

- 130 

- 133 

2 

7-5 

— 

— 

j — 

1 + 42 

+ 45 

7 

5-0 

320-0 

3,978 

27,650 

+ 562 

+ 537 

4 

6-5 

— 

— 

—• 

+ 3,544 

+ 3,563 

0-5 

6-7 

372-0 

288 

0 

0 

0 

0 


made (column 7) with the moments calculated by a more exact method 
(column 5). It will be seen that the moments at the ends of members 2-1 
and 2-4 show errors of 12 and 21 per cent, respectively. If greater accuracy 
is required further cycles of the moment distribution process can be carried 
out. Had only one more been completed these particular errors would have 
dropped to 3 and 6 per cent, respectively. From the end moments the end 
bending stresses, which are the secondary stresses required, are calculated. 
Thus in member 3-4, which is made up of two 15-inch channels back to back, 
having a total relevant second moment of area of 805 (in.)^, the maximum 
bending stress in the member, due to the end moment —301 lb.-in.. Table 
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10.21, column 6, is of magnitude ——=2*81 lb. per square inch. The 

primary stress in this member due to the particular arrangement of external 
load considered is 22-43 lb. per square inch so that the secondary stress is 
12-6 per cent, of the primary. 

Though it is an effect that can usually be neglected, the end moments do 
modify the axial forces in the members. If great accuracy is required in 
the calculation allowance can be made for the modification by the moment 
distribution method. The change in the position of the nodes due to the 
alterations in the axial forces brought about by the end moments is deter¬ 
mined and the process of moving the rigid joints into the new positions, 
determining the fixed-end moments, releasing the joints and balancing is 
again carried out. 

The moment distribution method also enables the other secondary effects 
mentioned at the beginning of paragraph 9.6 to be evaluated without 
difficulty. If the weights of the members are to be taken into account the 
bars are considered as beams carrying a distributed load equal to their own 
weight. The fixed-end moments are then found from the expressions 

6ID wl^ 

Mbc j2 


and 


6ID wl^ 

^2 ''i" > 


where w is the intensity of the transverse load representing the weight of the 
member. These moments are entered in the first lines of the table of 
calculations and the releasing and balancing of the joints is carried out as 
before. 

When there is eccentricity in a joint due to the axes of the members not 
intersecting at one point the stresses arising can be determined by introducing 



Fig. 10.17. 


into the analysis an external moment at the joint equal to the moment 
produced by the axial primary forces in the bars meeting there. An example 
of this type of eccentricity is commonly found at one end of light roof trusses 
and is shown diagrammatically in Fig. 10.17. The axes of the members 
meet at the point B which is a distance d from the support A. The theoretical 
joint where the axes meet is therefore subjected to an external moment of 
magnitude — c? .Ra and this must be included in the first balance of the joint. 
Suppose the truss illustrated in Fig. 10.16 (a) was supported, not at the inter¬ 
section of the members 1-3 and 1-2 but at a point 6 inches nearer to joint 2. 
As far as the development of stresses is concerned this is equivalent to the 
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provision of a support at the point of intersection of the members together 
with an anti-clockwise moment of magnitude 3,000 lb.-in. acting on the 
joint. It will be seen from the first two columns of Table 10.22 that the 
fixed-end moments applied by joint (1) to the members meeting at it are 
—4,768 and —2,290. The total out-of-balance moment on the joint at the 
instant when it is released is therefore +4,058 lb.-in. made up of —3,000 
arising from the eccentricity of the support together with +4,768 and 
+2,290 lb.-in., the moments applied by the members. As the joint moves 
into its equilibrium position this out-of-balance moment is divided between 
the members in proportion to their stiffnesses so that the first two lines of 
the appropriate columns of Table 10.22 will appear as in Table 10.23. The 


Table 10.23. 



-4,768 -2,290 


-f 2,863 1 +1,196 

entries in the first two lines of the other columns are unchanged and the 
subsequent procedure is the same as before. 

When, as frequently happens, one end of a truss is firmly fixed to its 
support so that it cannot rotate, the procedure in the calculations is the same 
as that used in the case of a continuous beam having one end encastre. If 
the joint (1) of the truss which has been considered above is firmly bolted 
to its abutment then the fixed end moments will be as before. Table 10.22, 
but since the joint cannot rotate no balancing moments appear'in the second 
line of Table 10.24. The subsequent procedure is the same as before except 
that joint (1) is never released. 


Table 10.24. 



-4,768 -2,290 


I 0 i 0 

Little more remains to be said about the determination of secondary 
stresses. The moment distribution method provides the most efficient tool 
for the work and the principles underlying the method have been described 
so fully that the reader should be in a position to attack any particular case 
of secondary stress determination without the help of further illustrative 
examples. The assumptions used have been set out clearly. They are 
adequate for most practical problems but, as has been emphasised more than 
once already, it is impossible to define the limits beyond which they need 
amplification. Experience alone can do this. One assumption made so far 
in this chapter is that the effect of the axial force on the flexure of a member 
is negligible. Manderla, to whom is due the first satisfactory treatment of 
secondary stresses, gave in 1880 equations which take into account the effect 
of the axial force. These equations are derived just as equation (9.47) and 
state the fact that the sum of the end moments in' the members meeting at a 
joint is zero. The expressions for the end moments to be substituted in these 
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equations are, however, not the simple slope deflexion expressions but the 
more elaborate equations of which those for a member, initially curved, 
carrying a compressive force have been given in equations (7.42) 
and (7.43). Those for a member carrying a tensile force can be derived 
from the expressions of paragraph 8.4. The labour of solving these equations 
makes the method impracticable for most real trusses and use must again 
be made of distribution methods which, though exceedingly laborious in this 
case, are possible. 

10.7. Column analogy. —Hardy Cross made another important contribu¬ 
tion in the field of stress analysis with his column analogy (1930 (b) ). 
This is a more limited method than moment distribution since it applies 
only to singly connected forms such as rings, single storey, single bay portals 
or beams, but it is powerful in that members of variable cross-section present 
little difficulty. 

The first step in applying the method is to produce a statically determinate 
structure, by cutting a section or otherwise, and to find the free moments 
due to the external load system. Thus in the eccentrically loaded fixed-base 



Fig. 10.18. 


portal. Fig. 10.18, which is of uniform flexural rigidity El throughout, the 
foot A, for instance, would be freed completely and the bending moment, 
M^, determined at any point due to the 250 lb. load. The resulting bending 
moment diagram is shown by the dotted lines in Fig. 10.18. As in some of 
the earlier methods of analysis it is now necessary to apply at A reactions 
Ma, Ha and Va, to bring the foot back to its original encastre condition. 

The total bending moment at any point on the portal will then be 

M=M,-Mi.(10.20) 

fwhere the statically indeterminate moment is 

Mi=MAH-VA^4-HAy.(10.21) 

It should be noted that varies linearly across the frame. 

rM2 

The total bending strain energy in the portal is U = 
encastre conditions at A, 

au au au 

aMA“aHA“avA“^’ 
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Then, from equation (10.20) 



( 10 . 22 ) 


Now imagine a stocky column, Fig. 10.19, with a cross-section in the shape 
of the centre line of the portal and a width varying inversely as its El ; 



Fig. 10.10. 


suppose the top face to carry a vertical load of intensity as in Fig. 10.19. 
At a cross-section remote from the top face a longitudinal stress p will be 
developed which like equation (10.21), varies linearly across the section. 
The vertical load syste?n and the stresses p are in equilibrium so that 



(10.23) 


A comparison of expressions (10.22) and (10.23) shows the analogy and it 
is clear that the value of the restraining moment at any point can be 
calculated as simply as the longitudinal stress j) in the analogous column. 

For the portal of Fig.|^l0.18 the analogous column has a three-sided cross- 
section because the base to which the feet of the portal are attached is 


assumed, as usual, to have infinite stiffness and therefore its — is zero. The 

Fi 

20 

centroid of the cross-section lies on the axis of symmetry Oy at a distance — 

o 


feet from BC. The area of cross-section and second moments of area are 


A 


- ^ 


1 . 


8000 ^ ^ 


14000 
' 3EI 
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The total load, P, on the top surface is —28,125/EI on BC and —TSjOOO/EI 
on CD, adopting the sign convention that a sagging moment, or one causing 
tension on the inside surface of a member, is positive. These loads give 
moments 




62,600 

El 


and 


890,625 

El 


The total stress at any point in the cross-section is 
_ P , My.a; 

f=A+—+Tr' ■ ■ 

from which 

Pa = -1718-312+1908=:-122 
PB--1718 + 156+1908 =+346 
pc=- =-3472 


(10.24) 


=—3940 lb.-ft. 

These are analogous to the statically indeterminate moments so that 
the final moments are, from equation (10.20), 


Ma=0-(-122) =+122 


Mb=0-(+346) =-346 


Me = -3750 -(-3472) = -278 
Mr) = -3750-(-3940) = + 190 Ib.-ft. 


For a portal with hinged feet, Fig. 10.20, the only redundant reaction is 
the thrust H but the steps taken in the analysis are unchanged. First make 


2S0J}>. 



the portal statically determinate by imagining that the hinge at A is 
mounted on rollers, thus removing H. The distribution of sagging bending 
moment Mg due to the external load of 250 lb. is then as shown by the 
dotted lines in Fig. 10.20. The cross-section of the analogous column is 
produced as before, Fig. 10.21 ; it should be noted, Fig. 10.20, that in the 
particular example chosen the portal is not of the same section throughout. 
Due to the presence in the portal of hinged feet which have no stiffness, the 
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column cross-section at A and D has, for a short distance, infinite width. 
This means that the centroid 0 of the column section must be mid-way 



P^iG. 10.21. 


between A and D and that the stresses, other than those due to bending 
about the a:-axis are negligible. The second moment of area about AD is 

'•=(r 24 >'®»“>+S + (an 


ix 5 |,iX 80 <IO+Hxl<IO 


4000x17 

9375x20 93750 
2EI El 

The stress at any point is, from equation (10.24), 


so that jr)A“PD=0 

and from equation (10.20) 

Mb-Mc- 0-(248)-:-248 Ib.-ft. 

Lack of symmetry of the geometrical form of the structure to be analysed 
involves the calculation of product second moments of area of the cross- 
section of the analogous column. The unsymmetrical frame of Fig. 10.22, 
of uniform section throughout, is encastre at the feet and is subjected to a 
central concentrated load on BC. It is first made statically determinate by 
hinging the feet and mounting one on rollers ; the free bending moment 
diagram is shown by the dotted lines. 
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The cross-section of the analogous column has its centroid at O, Fig. 10.22, 
and geometrical properties 


A-SO/EI, 


1750 10400 

4- 


and 


20 


20 


X 5 X -2+~ X 8 X 


1000 

El ■ 


For the statically determinate condition assumed, 


P- 


1 0,000 




50,000 

~W 


and 


20,000 

El ‘ 


The stress at any point of an unsymmetrical column is 

which gives 


aO.25) 


Pa —+13, pb = +316, pc = +385*2 and pd = —221 lb.-ft. 

so that 

Ma-=-13, Mb = -310, Me = -385-2 and Mb = +221 Ib.-ft. 

These examples give all the information required for the calculation of 
bending moments in any singly-connected structure. 


2001b. 



Column analogy is also of great help when the moment distribution 
method is being applied to structures with members of varying cross-section 
whose stiffnesses must be calculated. As will be seen from equations (10.6), 
(10.7) and (10.8), for the purpose of determining distribution factors the 
stiffness of a member could have been defined as the moment induced at one 
end of an encastre member when that end is rotated through a unit angle. 
This can be calculated by determining the stresses in the analogous column 
when a unit load is apphed to the appropriate end. Thus for the member 

BC, Fig. 10.1, the analogous column would have a length and a width 

when it is loaded with a unit load at the end B the stress there is 


PB = 


(Ixkl2)(l,l2) EIo 3El2 4El2 




1 

12 *^ 


h 


h 


h 
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4EI 

so that the result given by equation (10.7) for unit rotation, 

that is when 0b = 1. When similar calculations have been made for all the 
other members meeting at a joint the distribution factors follow. 
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EXERCISES 

{These exercises should be solved by the various methods described in Chapters 9 and 10.) 

(1) Plot the bending moment diagram for the bent shown in Diagram 10a. A and D 
are pinned joints, B and C are rigid. 

The flexural rigidity is constant tliroughout the bent. 

(2) The frame A BCD sho\vn at 106 has rigid corners at B and C and is pinned to 
supports at A and D. It carries a load W in the position sliown. If the cross-section 
of the members is the same throughout, plot the bonding moment diagram for the whole 
structure. 



(a) ib) 
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(3) The frame shown at 10c is built in at A and F ; the joints at B and E are rigid and 
at C and D are pinned. 

A uniform load of intensity w is carried on BE. 

Calculate the deflexion of the mid-point of BE below its original position. The 
flexural rigidity of the frame varies as shown in the diagram. 

/ 20SwL^ \ 
\4,608El) 

(4) The stiff-jointed trestle of constant flexural rigidity shown at lOd is encastrc^ at 
both supports. Plot the bending moment diagram when a concentrated load is placed 
at the centre of the horizontal member. 

(6) A stiff-join ted portal ABCD of constant flexural rigidity is encastr^ at A and D 
and carries a uniform load of intensity w on BC. The length AB = CD —L and BC — 2L. 

Find the fixing moments at A and D. 

(^■) 

(6) Diagram 10c represents a stiff-jointed frame of constant flexural rigidity pinned 
at A and D. A load is distributed along AB which varies as shown from an intensity 
ic at A to nothing at B. 

Calculate the thrust on the support pin D. 

/104wL\ 
V 345 ) 

(7) A horizontal force of 10 lb. is applied at the level of the top beam of a three-storey 
single-bay frame similar to that shown in Fig. 10.11, but having semi-rigid beam-to- 
stanchion connections defined by the constants 


ai-2-20 

P, = l-78 

a,--=l-4G 

P, = l-77 

1-82 

|3,= l-49. 


Show that the magnitudes of the bending moments at tlie feet of the stanchions are 
295 and 305 lb.-in. 
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Fig. 11.1. 


11.1. Simple composite members. —A structural member may be made of 
more than one material, the parts being so rigidly connected that when the 
member is loaded there is no relative movement between them. This is 
termed a composite member and in modern engineering practice the use of 
such a method of construction is confined almost entirely to reinforced 
concrete. It is of interest, however, as an approach to this branch of the 

theory of structures to consider some 

h- L -^ simpler cases, although at the present 

day these may be of little importance. 
The most elementary example of a 
iT composite member is a tension member 

made of two different metals. Suppose, 
for example, that a tube of one metal 
is shrunk on to a bar of another as 
shown in Fig. 11.1, so that there is a firm connexion between the two and 
that this composite member carries an axial tensile load W. 

Let Aj be the cross-sectional area of the tube, 

A 2 , the cross-sectional area of the rod, 

L, the length of the composite member, 

/i, the stress in the tube, 

/ 2 , the stress in the rod, 

Ej, the value of Young’s modulus for the tube 

and E 2 , the value of Young’s modulus for the rod. 

Since the two components are rigidly connected the elastic strains in the 
tube and rod will be equal, i.e,}- 

fi _ A 

Also the total load carried by the tube and rod is W, so 

/iAa+M2-W. 


From these equations 


or 


and 


WEi 


fi- 

f2~ 


I^iAi+E2A2 

WE 2 

EjAj+E2A2 


i.e. 


The extension of the bar under load , 

El Ea’ 

WL 

EiAi+E,A,- 
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extension = 
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Another simple composite member is the flitched beam as shown in cross- 
section in Fig. 11.2, which consists of a piece of steel plate 
bolted firmly between two cheeks of wood. This type of 
beam was in common use before the introduction of rolled 
steel joists but is now obsolete. 

Suppose such a beam, simply supported over a span L, 
to be bent under the action of a central load W. The 
strains in the wood and the steel at any point are equal and 
so at the centre we have 

radius of curvature of wood=radius of curvature of steel 
M», ^ M, 

where is the bending moment resisted by the wood. 

Mg is the bending moment resisted by the steel, 

E^, Eg are the values of Young’s modulus for wood and steel 
respectively, 

Ig are the second moments of area of the wood and steel sections 
respectively 

and d is the depth of the beam. 



Fig. 11.2. 


Also 




WL 

T"* 


From these equations 
and 


E I 

— Y j 

EJ„,+EJA WL 

E.i; J 4 ’ 


which give the values of the bending moments carried by the two components. 
The greatest stresses in the steel and wood are then 

r _MgC^ _ 


11.2. General principles of reinforced concrete. —Concrete consists of a 
mixture of cement, sand and graded stone or aggregate, which sets after the 
addition of water into a solid mass which has considerable compressive 
strength but fittle resistance to tension. It is very useful for such purposes 
as foundations, where the loads to be carried are wholly compressive, but 
it is useless for members subjected to bending since failure would occur at 
very low loads in regions where tension is developed. This limitation of the 
material can, however, be overcome and the necessary resistance to tensile 
stresses can be provided by the insertion of steel rods at appropriate places ; 
this composite structure is known as reinforced concrete. Such a combina¬ 
tion is made practicable by two fortunate circumstances. Steel and concrete 
have almost identical coefficients of expansion, so that no serious internal 
stresses are set up by temperature changes, and when concrete sets in air it 
contracts so that if a steel bar is embedded in a mass of wet concrete it is 
found to be firmly gripped after set has occurred. The bond between the 
steel and the concrete is so good that the loads are shared between the two 
materials in the ideal manner we have assumed in earlier paragraphs for 
other composite members. In order that calculation of strength can be 
made it is necessary to know the physical properties of the component 
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materials, the concrete and the steel. For the present it will be assumed 
that the necessary information is available and the general theory will be 
developed ; in later paragraphs the values of the constants to be taken for 
design purposes will be discussed. The following general assumptions are 
made in all calculations on reinforced concrete :— 

(1) Both the concrete and the steel reinforcement are assumed to behave 

elastically and to follow a linear stress-strain law. As a corollary 
there is a constant ratio between the moduli of elasticity of the two 
materials which is known as the modular ratio. 

(2) The concrete is assumed to be incapable of resisting tensile stress. 

(3) Sections of the members which are plane before straining actions are 

applied are assumed to remain plane under such actions. 

(4) When steel is embedded in concrete the strains produced at any point 

by forces acting on the combination are the same in both materials. 

These assumptions are open to criticism and may be considered as simpli¬ 
fications introduced to make possible a practical theory of the behaviour of 
reinforced concrete which can be used for design purposes. The justification 
for accepting them is to be found in the reasonable agreement in most cases 
between the calculated and experimental strengths of members designed by 
their application. 

(5) At any section of a structural member the sum of the forces in the steel 

and concrete in any direction is equal to the resultant action of the 
external forces at that section in the same direction. 

(6) At any section the total moment of the forces in the steel and concrete, 

i,e. the moment of resistance of the section, is equal to the applied 
bending moment at that section. 

The expression of these assumptions and conditions in algebraic form leads 
to very simple formulas. These simple results can, however, be cast into 
various forms which, although more complicated, serve a useful purpose 
when considerable design work has to be done since they form the basis of 
curves which, once plotted, can be used rapidly. The re-casting of the 
fundamental formulas does not, however, contribute anything to the basic 
theory and the subject will be considered here in the simplest terms. 

The British Standards Institution Council for Codes of Practice are now 
revising a Code dcahng with the structural use of normal reinforced concrete 
in buildings, CP 114 (1948), which contains much valuable practical data. 
Specific references to the revised Code will appear throughout this chapter. 

11.3. The rectangular reinforced concrete beam with tension reinforce¬ 
ment. —In the first instance the rectangular beam which is reinforced on the 
tension side only will be considered. This is not a complete system of 
reinforcement, since if a shearing force acts at any section of the beam the 
shearing stresses caused thereby are accompanied by tensile and compressive 
stresses at angles of 45° to the shear and failure is just as hable to occur on 
these tension planes as on any others. 

Further, in modern reinforced concrete practice it is usual to provide not 
only tension steel but reinforcement against compressive stresses. For the 
present, however, both these points will be ignored and the effect of longi¬ 
tudinal tension reinforcement alone considered. Fig. 11.3 represents a 
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rectangular beam of width h and depth d from the top of the concrete to the 
centre of the reinforcing bars. It is subjected to a pure couple. 

Since it is assumed that plane sections in the unstrained beam remain 
plane when the beam is bent, efogh in the figure is a strain diagram, ef 
representing the maximum compressive strain in the concrete, gh the strain 
of the reinforcement and o the position of the neutral axis NA. 

Let NA be a distance n below the top of the beam. 

Also let t be the tensile stress in the steel, 

c, the maximum compressive stress in the concrete. 

Eg, the modulus of elasticity of the steel, 

Ec, the modulus of elasticity of the concrete, 
rriy the modular ratio, Eg/Ec 

and Af, the total cross-sectional area of steel in the reinforcement. 



Then, the maximum strain in the concrete : strain in the steel :: oe ’.oh 

c t 


x.e. 


EcE. 


:: n : d- 


or 



( 11 . 1 ) 


Again, there is no resultant axial load on the beam and so the total com¬ 
pression in the concrete must be equal to the total tension in the steel. 
Since the average compressive stress in the concrete is c/2 we have 



or 


t bn 


( 11 . 2 ) 


The total compressive force in the concrete at any cross-section is 


bnc 


and 


this acts at the centre of compression. Since the strain, and therefore the 
stress distribution, is linear, the centre of compression is 7i/3 from the top of 
the beam. The total tensile force is kji acting at the centre of the reinforce¬ 
ment and these equal and opposite forces acting at a distance apart a=d—n/3 
form a couple which is the moment of resistance of the cross-section. 

Hence 




(11.3) 
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and the applied bending moment must not exceed the value given by this 
expression when either t ot c reaches the prescribed limiting value. 

If tjc is eliminated from equations (11.1) and (11.2) it is seen that the value 
of n for a beam of given dimensions depends only on m and the area of the 
reinforcement. Therefore, if these are specified, the ratio of the stresses 
developed in the steel and concrete is determined by equation (11.2). 
Conversely, if the stress ratio is specified the values of At and n are deter¬ 
mined. 

The value of A^ which causes the stresses in both steel and concrete to 
reach their allowable limits simultaneously is known as the economic area, 
and the ratio lOOAt/bd is called the economic percentage. 

To illustrate these results consider a reinforced concrete beam 12 inches 
wide and 22| inches deep to the centre of the reinforcement in which the 
stresses in the concrete and steel are limited to 600 lb. per square inch and 
16,000 lb. per square inch respectively, and the modular ratio is 15. It is 
required to determine the area of steel needed and what uniformly distributed 
load the beam can carry over a freely supported span of 20 feet. 

The strain in the steel tjEg d—n 
Max. strain in the concrete c/Ec n 
16,000 22 5-n 

600x15“ n ’ 

from which n=8-l inches. 

Also the total compression in the concrete=total tension in the steel, 

bnc 

or —=Att 

bnc 12x8-1x600 . 

^‘^-^=—32:0 00 — 

The moment of resistance =total tension x arm of couple 

=Att{d—nl3) 

= 1 • 822 X 16,000 X 19-8-578,000 in.-lb. 

Let w be the intensity of loading on the beam in lb. per foot so that the 
total load is 20w lb. 

The maximum bending moment is then — ^ inch-lb. 

o 


Equating this to the moment of resistance we have 
600w;-578,000 

r z^;=963-3 lb. per foot. 

This includes the weight of the beam itself which, assuming reinforced 


concrete to weight 150 lb. per cubic foot, is 


12x24x150 


lb. per foot, i.e. 300 


lb. per foot. The extra 1J inches is added to the effective depth to provide 
cover for the steel bars. 

The additional load which the beam can carry is therefore 663 lb. per foot. 

As another example of calculation we will assume that the beam just 
considered has 2-5 square inches of reinforcing steel and we will determine 
the alteration this makes in the strength. 
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From the equation for the proportionality of strain we now obtain 

t 22*5—n 

600 X15 n 

9,000(22-5-71) 

t - • 

n 

From the equation of total compression and tension we have 

12X71X600 ^ ^ 

2 

or < = 1,440/7. 

Equating these two values of t we obtain 

1,440712=9,000(22-5-71) 

or 712+6-2577—140-6=0, 

which gives n =9 -125 inches 

and so ^ = l,440x9-125 = 13,140 lb. per square inch. 

The safe load on this beam is therefore governed by the stress in the 
concrete. 

The moment of resistance==2-5x 13,140x 19-41 

=638,000 inch-lb. 


Equating this to the bending moment as found in the previous example 
we have 


w— 


638,000 

600 


= 1,063-3 lb. per foot. 


Deducting the weight of the beam itself this gives 763 lb. per foot as the 
safe distributed load on the beam. 

The Code quotes simplified formulas which may be used for calculating 
the moment of resistance of a rectangular beam or slab section reinforced 
only against tension. 


It is assumed that the lever arm a=d- 


46c 


where t is the permissible ten¬ 


sile stress in the reinforcement and c is the permissible compressive stress in 
the concrete in bending. Then the lesser of two values calculated respec¬ 
tively on the basis of the strength of tensile reinforcement and that of the 
concrete in compression may be taken. The formulas are 


and 


MR=Aito 1 



(11.4) 


11.4. The reinforced concrete T-beam with tension reinforcement. —In a 

floor made of joists and planks the latter do not contribute to the strength 
of the structure and the whole load must be carried by the joists. In 
reinforced concrete construction, however, the floor consists of a slab which 
is integral with the beams, as shown diagrammatically in Fig. 13.4. It will 
be seen that the beam member is actually of T section, as shown shaded, 
but the great difficulty in dealing with this form of construction is to know 
what width of the floor slab may be safely assumed to act as the compression 
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flange of the beam. In the Code it is laid down that the breadth of slab 
taken into account in calculation shall be not greater than the least of the 
following :— 

(а) One-third of the effective span of the T-beam, 

(б) The distance between the centres of the ribs of the T-beam, L, 

(c) The breadth of the rib plus twelve times the thickness of the slab, D. 



Fig. 11.4. 


Suppose Fig. 11.5 represents such a T-beam and that the dimensions are 
^^ as shown. It will be assumed that the neutral 

-r-,- ^ -1—r axis is below the bottom of the slab. The 

jh - — Tf ,—' principles involved in design are exactly the same 

i- ^ -^- I £qj, rectangular beam, but the formulas 

I are more cumbersome. 

I Thus, as before, 

^ t (d-n\ 

c \ n J 
as in equation (11.1). 

Since the stresses are proportional to the distances from the neutral axis 
the stress at the underside of the slab is 


and over the portion of the rib 


The mean stress over the slab is 


n j 

c /2n—D 


, , , . . . c/n—D\ 

above the neutral axis it is --. 

2\ n / 


Hence the total compressive force on the section is 
BDc/2w-D\ b(n-J))cfn-m 
2 [ n 2 [ n )• 


or ^{BD(2»-D)+6(ri—D)2}. 

This must be equal to the total tensile force in the steel, so that 
^{BD(2M-D)+6(re-D)2}=A(i! 

JiTl 

t BD(2n-D)+6(n-D)2 
c 2nAt 

The remainder of the work closely follows that for a rectangular beam and 
it is unnecessary to derive the equations since any particular case is more 
easily solved arithmetically than by substitution in an algebraic equation. 
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Suppose Fig. 11.6 represents the cross-section of a rectangular beam ; 
the neutral axis, determined in the way already explained, is NA. 


The concrete below NA has been assumed to 
take no stress and so, as long as sufficient is left 
to form adequate cover for the steel the re¬ 
mainder can be removed without affecting the 
strength of the beam, as shown in the figure, 
and the result is a T-beam. It is thus evident 
that any T-beam in which the neutral axis is 
not below the bottom of the slab can be treated 
exactly as a rectangular beam of breadth B and 
effective depth d. Even when the neutral axis 
is below the bottom of the slab the error in¬ 
volved by designing on the assumption of a 
rectangular section is usually very small. In 
Fig. 11.7, for example, (a) is the cross-section of 
a T-beam, the neutral axis for the rectangular 



Fig. 11.6. 


section shown dotted being NA. The stress at any point in the compression 
area is shown in the diagram (b) and if this stress is multiplied by the 


appropriate width over which it acts, a load intensity curve such as that 



Fig. 11.7. 


shown at (c) is obtained. The sudden break is due to the change of width 
from B to 6. The area of the triangle efk represents the total compression in 
the rectangular beam and the area efjhk that in the T-beara. The difference 
between these areas, khj, is a measure of the error involved and if NA is not 
much below the bottom of the slab this error is negligible. This calculation 
of the error is not exact since the real position of the neutral axis for the 
T-section would be displaced slightly from that for the rectangular section 
but it indicates, in view of the approximate nature of the design data which 
are generally available, especially with regard to the value to be assigned to 
B, that for most T-beams the elaborate formulas derived from exact con¬ 
sideration of the geometry are of little importance. 

Simplified formulas given in the Code for calculating the moment of 
resistance of T- or L-beams are 

and MR=Fc 6 d 2 

where F has the values in Table 11.1. 

As for rectangular beams, the lesser value of the two results should be 
taken. 


(11.5) 
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Table 11.1. 


B/6 

Values of F for rf/D 

2 or less 

3 

4 

5 

6 

00 

1 

•25 

•250 

•250 

•250 

•250 

•250 

2 

•25 

•220 

•200 

•185 

•175 

•125 

4 

•25 

•200 

•170 

•160 

•140 

•062 

6 

•25 

•195 

•165 

•140 

•125 

•042 

8 

•25 

•190 

•160 

•135 

•120 

•031 

00 

•25 

•185 

•145 

•120 

•100 

•000 


11.5. Rectangular beam with compression reinforcement. —Since steel is 
much stronger in compression than concrete it is 
usual, especially when it is required to keep the 
overall size of beams as small as possible, to re¬ 
inforce the compression as well as the tension area. 
Fig. 11.8 shows a beam of rectangular section 
which has, in addition to the usual tension rein¬ 
forcement, a total cross-sectional area of steel Ac 
in compression at a distance from the top of the 
beam. Other symbols used will be the same as in 
paragraph 11.3. 

Since the same assumptions as to the planarity of 
sections is made as in the beam with single reinforce¬ 
ment, equation (11.1) is valid. 

Also 



Fio. 11.8. 


the maximum compressive strain . compressive strain 


in the concrete 


in steel 


-d^ 


or 

so that 


me 

7 " 

f 


n 

^d' 

m(n—d')c 


( 11 . 6 ) 


where / is the stress in the compression steel. 

The total area of concrete in compression is bn—Ac and the total com- 
bn 


Acm(n—d')c 


C ... A 

pressive force in it ^ “ 2 —I — ) r • 

The compressive force in the steel is Acf - 

/V 

Hence, equating the total compressive force on the cross-section to the 
total tensile force, we obtain 

bn Ac(m — l)(n—d') 


=Att 


or 


t 1 \bn ^Ac(m — \){n—d') 


AJ 2 


(11.7) 


To calculate the moment of resistance of a beam reinforced in this way 
it is necessary to determine the centre of resistance of the compressive force. 
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The compressive force in the steel can be written as 
Ac{n—d')c Ac(m—\){n—d')c 


The first term is the amount which would be contributed by the area Ac 
if the compression area contained no steel and the second term is the extra 
amount due to the substitution of steel for that area of concrete. 

The moment of resistance of the beam is therefore 
bncl2n\ , Ac{m—l)(n—d^)c 




-{n~d^)+Ait{d —7i), 


i.e. 


Mr=c —+ ^^ \+A,t{d-n), 


The arm of the moment of resistance is 

Alt 


a~ 


( 11 . 8 ) 


(11.9) 


Equations (11.6), (11.7), (11.8) and (11.9) together with equation (11.1) 
are sufficient for the solution of any problem connected with doubly rein¬ 
forced rectangular beams, as will be evident from an example. 

Suppose a rectangular beam 10 inches wide and 20 inches deep to the 
centre of tension reinforcement has 1 square inch of compression steel at a 
distance of 1 inch from the top of the beam. If the maximum stresses in the 
concrete and steel are limited to 600 lb. per square inch and 18,000 lb. per 
square inch respectively, determine the area of tension steel required and 
the moment of resistance of the beam. 

From equation (11.1), taking m = 18, we have 

(20-n), 


30= 


48 


n 


or 


Then from equation (11.6) 

f- 


n=l *5 inches. 


18(7 *5-1) X 600 

= ^7^ , 


30= 


so the stress in the compression steel is 9,360 lb. per square inch. 
From equation (11.7) 

1 /10X7-5 17x6-5\ 

2 + 7*5 / 

and the area of tension steel required is 1-74 square inches. 

The moment of resistance is then, from equation (11.8), 

+1.74X .8,000X 12-5 

or Mr= 661,000 inch-lb. 

The arm of this moment is 

661,000 


:=18 inches. 


1*74x18,000 

Approximate formulas for the moment of resistance of a doubly-reinforced 
beam are given in the Code. For rectangular beams 

4 


Mr— — — \-Acf(d — d') 


( 11 . 10 ) 
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and for T- or L-beams 


Mii=:¥cbd^+Acf(d-d') .( 11 . 11 ) 

It is, of course, important that the moment of resistance calculated on the 
basis of tensile reinforcement should be at least equal to these values. 


11.6. Adhesion and bond. —It was indicated in an earlier paragraph that 
reinforced concrete construction was made possible by the fact that the steel 
was so firmly gripped by the concrete that the strains in the steel were equal 
to those in the concrete immediately in contact with it. The resistance 
which is offered by a rod to withdrawal from a block of concrete in which it is 
embedded is known as adhesion and the stress between the surface of the 
steel and the concrete in contact with it is the bond stress. It is clearly 
vital that the bond stress shall at all points in a structure be kept down to 
safe limits. 

Suppose that in a single reinforced concrete beam the bending moments 
at two sections separated by a small distance Sx are M+SM respectively. 

Let the distance between the centre of action of the compressive force in 
the concrete and the centre of the reinforcement be a—d—njZ. The total 
tensions in the steel at the sections under consideration are 


M , M+m 

— and -. 

a a 


There is consequently an increase in the tension in the distance Sx of 


SM 


This is balanced by the adhesion between the steel and the concrete and if 
rupture is to be avoided it must be within safe limits. 

If the reinforcement consists of n bars each of diameter d the total surface 
of steel in contact with the concrete is nnd^x and if the mean bond stress 
over the short distance is st we have, for equilibrium. 


Sbnnd^x— 


m 


or 


m 1 


Sb = 


^x amid' 


In the limit when 8x is infinitesimally small — is the shearing force S 

at the section considered and if the total perimeter of the bars mzd be denoted 
by 0 the local bond stress at the point is 

S 

Sb=— .( 11 . 12 ) 

ao ^ ' 

The allowable values for Sb are given in Table 11.4 ; they vary from 180 
to 220 lb. per square inch. 

If a bar is embedded in concrete as shown in Fig. 11.9 and subjected to a 
tensile load, it will be pulled out unless I is sufficient to ensure that the 
adhesion is not overcome. Such a case occurs where reinforcing bars are 
not in one length but have to be lapped, e.gr. in a circular water tank. 

The usual criterion, adopted in the Code, is to make I such that the 
average bond stress, calculated on the tensile stress in the bar shall not 
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exceed the safe values, varying from 120 Ib./sq. in. to 150 Ib./sq. in., given in 
Table 11.4. This length I is calculated as follows. 



Fig. 11.9. 


If t is the permissible tensile stress in the steel the safe strength of one bar 
of diameter d is and the safe adhesive force, assuming a uniform 


distribution along Z, is soizdl. 
Equating these we have 


- —sipzdl 


(11.13) 


The Code recommends that in no circumstances should this length be less 
than 12d but allowances may be made for the values of a hook or bent bar. 


11.7. Distribution o! shear stress in a reinforced concrete beam.—The 

distribution of shearing stress across the section of a reinforced concrete 
beam can be approximately determined in the same way as for a homo¬ 
geneous section. 



Fig. 11.10. 


Fig. 11.10 shows a singly reinforced beam in which two sections at a small 
distance Sx apart are subjected to bending moments M and 
respectively. 


9 
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Equating the bending moment at any section to the moment of resistance, 
we have 

abnc 

M=aAt«=-^ 


where t and c are the actual stresses developed in the steel and concrete and 
a is the moment arm d—njS. 

We shall consider first the compressive portion of the beam, i.e. the part 
above the neutral axis. The maximum compressive stresses developed at 
the top of the beam at the two sections considered are respectively 

2M ^ 2(M + SM) 

Cl — z and Co — , ~. 

abn abn 

On any lamina which is y above NA the stresses are yjn times the maximum 

2 My , 2(M + M)?/ 

i.e. ^ and- 

abn^ abn^ 

If the thickness of the lamina is Sy the compressive forces on the area b^y 
at the two sections are respectively 

2Uyhj , 2(M+SM)ySy 
^ and ~ 

an^ an^ 

and the difference in force on the lamina between the two ends of the length 
8x is 

2 SMySy 

an^ 

The total difference of force on a section of the beam between y=t/i and 
y=n is 

2 SMr^ , 8M , 

which is balanced by the shearing force on the horizontal plane of area b8x 
at y^ above NA so that the average shearing stress is 

8M [n^-yl) 

^ 8x abn^ 

In the limit when 8x is infinitesimally small is the shearing force S at 
the section and 

^ abn^ 

S 

This is a parabola having a maximum value of ^ when 2/1 =0, i.e. at the 

neutral axis of the beam, and a zero value when 2/1 =n, i.e. at the top of the 
beam. 

We now consider the portion of the beam below the neutral axis. Since 
it is assumed that the concrete takes no tension there is no difference of load 
between the ends of a lamina in the concrete such as that shown at y' in the 

S 

figure and the shearing stress has the constant value ^ until it is balanced by 

an equal and opposite shearing stress due to the change in tension in the 
steel. The difference in tensile stress in the steel between the two ends of 
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the length 8x is —r and the difiference in tension is therefore-since it is 

in the opposite direction to the difference in compressions. This may be 
assumed to be transmitted uniformly to the concrete and the average 
shearing stress is therefore 

_ ^ ^ 

8x ab ah 

which balances the constant shearing stress transmitted through the con¬ 
crete below the neutral axis. 

The distribution curve of shearing stress is shown in Fig. 11.11. 

In a beam having double reinforcement the distribution of the shearing 
stress is modified. It is convenient to treat the total compression as being 
composed of that upon an area of concrete bn and 
an extra amount due to the replacement of con¬ 
crete by steel over the area Ac. 

The shearing stress distribution over the con¬ 
crete area is parabolic as before, but the stress due 
to the additional term has to be superimposed. 

This is of constant magnitude and only occurs 
between the level of the compression steel and the 
neutral axis ; there is in consequence a discontinuity in the distribution 
curve at the compression steel. 

The additional stress on the area Ac due to the substitution of steel for 
concrete is, as shown in paragraph 11.5, 

{m~l){n—d')c 



n 


and the total compression is 



Ac(7n — l)(n—d') 
n 


=cAo. 


If Cj and Cg are the maximum concrete stresses at the ends of the length 
8x the change in the total compression over this length is (Cg—Ci)Ao. 

But this change is also ^ where a is the moment arm. 



Fig. 11.12. 


Hence, the change in the additional com¬ 
pression on the area Ac over the length 8x is 
Ac(m-l)(n-d') m 
n aAg* 

Assuming this to be uniformly distributed 
over the area, the additional shear stress 
due to steel is 

, Ac(rn -l){n--d') S 

Aq n ab' 

Since the change of total compression over 
the length 8x is ^ the shearing stress at 


the neutral axis is 


m S 
ab8x ab 


and the diagram of distribution is as shown in 


Fig. 11.12. 

The value of a may be calculated from equation (11.9). 
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11.8. Shear reinforcement in beams. —^At any point in a beam there is 
a system of complex stress consisting of the direct tension or compression 
due to the bending of the beam and complementary shearing stresses cal¬ 
culated as described in the last paragraph. The principal planes through the 
point will be subjected to pure tensions and compressions and at the neutral 
axis where there are no bending stresses these principal planes will be at 45° to 
the direction of shearing stresses and the principal stresses will be of the same 
intensity as the shearing stresses. Shearing stress is, therefore, accompanied 
by tension and, in consequence, concrete in shear needs reinforcement. 
Although in calculations for the main reinforcement of the beam it has been 
assumed that tensile stresses must all be taken by steel, concrete is in fact 
capable of resisting some tension and in calculations for shearing resistance it 
is customary to take this into account. If the shearing stress calculated by 
S 

the formula ^ of the last paragraph does not exceed a specified value, 

which varies with the quality of concrete from 130 to 100 lb. per square inch, 
shear reinforcement may be omitted. If it exceeds such a value, however, 
the Code specifies that sufficient reinforcement should be provided to carry 
the whole of the shear, i.e., the assumption that there must be no tension 
in the concrete is again adopted. The Code also lays down that in no case 

S 

should the shearing stress calculated from the formula —^ exceed four times 

the permissible shear stress for plain 
concrete. 

Shear reinforcement is provided in 
one of three ways or by combination 
of these. In regions where the bend¬ 
ing moment is small and the shearing 
force is large, some of the longitudinal 
reinforcing bars are bent to cross the beam diagonally, as shown in Fig. 11.13. 

The ends of these bars are carried well into the compression concrete and 
must be firmly anchored by hooks or otherwise. 

The second method of reinforcing against shear is by means of inclined 
stirrups, as shown in Fig, 11.14. These stirrups are firmly attached to the 


ZZ! 



Fig. 11.13. 



tension reinforcing bars, carried well into the compression concrete and 
anchored. If compression steel is provided they should be connected to it 
to give the necessary anchorage ; if it is not, the ends should be bent. 

In the third type of shear reinforcement the inchned stirrups are replaced 
by vertical stirrups as in Fig. 11.15, the same attention being paid to the 
question of anchorage. 

To understand the action of the inchned rods and stirrups in resisting the 
shearing force it is convenient to imagine a braced girder in which all the 
compression members are concrete and all the tension members are steel. 
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A truss of this type can be constructed in two ways shown in Fig. 11.16. 
Concrete members are shown section-lined and steel members as single lines. 
Fig. 11.16 (a) shows a concrete top boom and steel rod bottom boom con¬ 
nected by vertical concrete struts. The panels thus formed are braced 
diagonally by steel members. A is a point of support and when loads are 



carried on the top boom it is clear that all the steel is in tension and all the 
concrete is in compression. An alternative is shown at (b) in which steel 
vertical members are used and the panels braced by concrete bars across the 
opposite diagonals to those at (a). This structure also fulfils the condition 
that the concrete and steel are in compression and tension respectively. 
Provided the joints are suitable either of these trusses is a sound theoretical 
structure and the spaces between the members may be supposed to be filled 
in with concrete. The result is reinforced concrete beams with inclined and 
vertical stirrups respectively. The stress distribution is, of course, affected 
by the concrete filling, and the analogy of the reinforced concrete beam with 
the trussed girder must not be pushed too far. It does give, however, an 
idea of the way in which stirrups can resist shearing forces and affords a 
basis of design for inclined shear reinforcement. 

The application of this method to determine the adequacy of shear re¬ 
inforcement gives results which are conservative and another approach is 
more generally adopted. 



On the assumption that the concrete takes no tensile stress the shearing 
stress between the neutral axis and the tension reinforcement has been shown 
to be constant. The state of stress is therefore one of pure shear which 
induces a principal tensile stress of the same intensity on planes inclined at 
45° to the axis of the beam. Hence if rods are turned through 45° or inclined 
stirrups are placed at the same angle they will be in the best position to 
resist this tensile stress. In Fig. 11.17 let AD be the level of the centre of 
compression and EB the tension reinforcement, so that the distance BD is a, 
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the arm of the moment of resistance. The shear reinforcement is provided 
by stirrups inclined at 45° and spaced a distance p apart along the line EB. 

Consider a length of the beam EB equal to a and let the shearing force 
transmitted from BD to EA be S. 

Since the tensile stress across AB is of the same intensity as the shearing 


stress on BD, the total pull on AB is Sa/2. 

2a 

The number of stirrups cut by AB is —, 

« S \/2 

so the load taken by each stirrup is 


2a 


aV2 


Let A^ be the cross-sectional area of a stirrup and the permissible tensile 
stress in the material. 

Then the maximum shearing force which can be resisted is given when 


or 


pS 


p 


(11.14) 


If the stirrups are vertical, as in Fig. 11.18, the tensile force on AB which 
is S V2 as before is resisted by a/p stirrups. The vertical component of the 

Sp 

force on AB is S and so the load in each stirrup is —. 



Fig. 11.18. 


Then equating as before to obtain the maximum shearing force which can 
be resisted 


A 

a 


or 


S: 


P 


(11.15) 


This formula is recommended for design purposes in the Code of Practice. 


11.9. Flexural stiffness of reinforced concrete members. —The second 
moment of area or, as it is often but erroneously called, the moment of inertia 
of the cross-section, appears in many calculations for homogeneous members 
and this has led to a confusion of ideas in connexion with reinforced concrete 
structures. The second moment of area is a purely geometrical conception 
and has no reference whatever to the material of which a member is made. 
For example, in calculations of strength for a steel and a wooden beam of 
the same cross-section the same value of I would be used in both cases. It 
is therefore somewhat disconcerting to find methods described for calculating 
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the “ moment of inertia ” which make allowance for the reinforcement. 
The second moment of area I and Young’s modulus E cannot in this con¬ 
nexion be treated as separate parameters ; it is their product El, known as 
the flexural rigidity, which is significant and if this product is treated as a 
single term no discrepancy appears in the calculations such as arises from 
attempts to assess I as a separate term. 

In a beam with single reinforcement as shown in Fig. 11.3 the moment of 
resistance is 

bnc I , n\ . / , 

From the ordinary theory of bending for homogeneous bars, 

/ 

where / is the stress at a distance y from the neutral axis and I is the second 
moment of area. 

Applying this to the reinforced concrete beam we obtain two different 
values for I depending upon whether the calculation is based upon concrete 
or steel stress. Thus 



So, from (11.1) 


Ic bn^ t n 
is~2A(d—n) c/d—n 


Thus, Ic=ml^ showing that the term second moment of area is misleading 
and meaningless in connexion with composite sections. 

Substituting for m, however, we have 




and we see that the Jhxural rigidity is the same whichever basis of calculation 
is adopted. 

Formulas in which I appears as an isolated term should be viewed with 
suspicion ; they are probably of an empirical character and unless the 
meaning is explicitly stated considerable ambiguity may arise. 


11.10. The axially loaded reinforced concrete column. —^The simplest form 
of reinforcement in a column consists of a number of rods running the whole 
length and sharing the compression with the concrete. Such simple re¬ 
inforcement is, however, not sufficient by itself to develop the full strength 
of the combination and it is necessary to tie the longitudinal reinforcement 
transversely. The ties may be either separate link pieces spaced at intervals 
of from 6 to 12 inches throughout the column, or a continuous spiral reinforce¬ 
ment may encircle the main bars. The spirals should be evenly spaced and 
the ends must be properly anchored. The pitch should be not more than 
3 inches or one-sixth of the diameter of the core of concrete included in the 
spiral, whichever is the smaller, and should be not less than one inch or three 
times the diameter of the bar of which the spiral is made, whichever is the 
greater. 
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Columns with spiral reinforcement should have at least six longitudinal 
bars and other types of column one bar near each angle of the cross-section. 

Spiral reinforcement restricts the lateral expansion of the core when the 
column is loaded and allows the concrete to be more highly stressed. This 
extra strength is recognised by an allowance in practical design formulas. 

The theoretical strength of a short axially loaded column is easily obtained 
as follows : 

let A be the area of the concrete in the cross-section, 

Ac the cross-sectional area of steel in longitudinal bars, 
c, the stress developed in the concrete, 
f, the compressive stress developed in the steel 
and m, the modular ratio. 

Then if the steel and concrete are assumed to strain together, we have 
strain in concrete = strain in steel 
or c/Ec=</E 5 

i.e. t=mc. 

Also, if the total axial load which the column can carry is P, 

P=cA+^Ac 

or =c(A+mAc).(11.16) 

Actual tests of columns indicate that this simple theory gives low results 
and the formula specified in the Code is 

P=cA-fCiAc.(11.17) 

where c and are stresses which are permissible in the concrete and steel 
respectively ; they are not related by the expression t~mc derived from the 
equation of strains. 

When spiral reinforcement encircles the longitudinal bars it encloses a core 
of concrete. Let the total volume of spiral reinforcement in a column of 
length I be denoted by V and let the radius of the concrete core be r. 

If we suppose the whole of the spiral reinforcement to be replaced by a 
steel tube enclosing the core, the cross-sectional area of this tube is 

Ab=YIL 

Also let Ajfc=the area of concrete core—Tir^, 
and ^permissible stress in the spiral steel. 

When a compressive load is applied to the column the spiral does more 
than bind the longitudinal reinforcement ; it decreases the lateral expansion 
of the concrete in the core which would accomjDany the shortening of the 
column and enables the concrete to resist greater longitudinal stresses. The 
steel in the spiral, which is thrown into tension, is found to be approximately 
twice as effective in strengthening the column as an equal amount used as 
additional longitudinal reinforcement. The Code formula suggested for 
design purposes is based on this, and the load which the column can carry 
is given as 

P=.cA^+CiAc+27,000Ai, .(11.18) 

the units being pounds and inches. 

The greater of the two values of P obtained from (11.17) and (11.18) may 
be used. 
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If the columns are long the loads calculated from the above formulas 
must be reduced to allow for the effect of buckling and Table 11.2 taken 
from the Code gives suitable correcting coefficients calculated from the 


expression 1*5- 


30d 


where I is the effective length 

and d is the least lateral dimension of the column. 


To obtain the load which the column is capable of carrying, the value of P 
should be multiplied by the appropriate coefficient. 

In spirally reinforced columns dimensions refer to the core of the column. 


Table 11.2. 


Ratio of effective length to least 
lateral dimension of column 

Coefficient 

15 

1-00 

18 

0-90 

21 

0-80 

24 

0*70 

27 

0*60 

30 

0-6() 

33 

0-40 

36 

0-35 

39 

0*30 

42 

0-25 

45 ; 

0-20 

57 

0 


The effective length of a column depends upon the type of end fixing and 
its assessment is largely a matter of judgment ; typical examples are given 
in the Code. 


11.11. Reinforced concrete members subjected to combined bending and 
axial load. —In most cases the beams attached to columns impose a moment 
as well as an axial load and the stress distribution under such conditions must 
now be considered. 

Let the singly reinforced member shown in Fig. 11.19 carry a load P 
acting through the neutral axis and a bending moment M. 

The condition of strain proportionality has to be satisfied as before and 
equation (11.1) is valid. 

There is now, however, a resultant axial thrust on the member and so 


bnc 

~2 


-At=P, 


(11.19) 


In addition the moment of resistance of the cross-section must be equal 
to the applied moment M, so that 

M=(^Xy)+Md-«).(11.20) 

These two equations and (11.1) are sufficient for the calculation of 
the strength of any member of this type. Generally, however, members 
hable to combined thrust and bending have compression as well as tension 
reinforcement and the equations must be correspondingly modified. 


9 
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Equations (11.1), (11.4) and (11.6) are all valid and, using the notation of 
paragraph 11.5 we have in addition, equating forces on the section, 

., 11 . 21 ) 

It will be observed that the only difference between these equations and 
those previously used for beams arises from the introduction of the load P ; 



the total compressive force must now exceed the tensile force by the amount 
P to obtain equilibrium of the section. The calculations are similar to those 
already illustrated but slightly more elaborate. 

11.12. Strength o! materials and allowable stresses. —Concrete is made of 
three components ; cement, aggregates and water. The quality of these 
and the proportions in which they are used will determine the strength of the 
resulting product. It is essential that the water shall be clean and that the 
amount used in mixing shall be sufficient, but only sufficient, to give a dense 
concrete which can be properly placed and compacted. Excess water always 
results in a loss of strength. The qualities desirable both for aggregates and 
for cements are laid down by the British Standards Institution and should be 
complied with wherever possible. B.S.882 is a specification for aggregates 
and B.S.12, B.S.146 and B.S.915 respectively relate to Portland cement, 
Portland blast furnace cement and high alumina cement. 

The proportions of cement, fine aggregate and coarse aggregate in a mix 
are nominally specified as a ratio, e.g. 1:2:4 means that one part by volume 
of cement is mixed with two parts of fine and four parts of coarse aggregate. 
This is not, however, the most convenient method of specifying the mix for 
practical use and the specifications also give the number of cubic feet of 
fi-ggregates to be mixed with one hundredweight of cement. 

The quality of the concrete is controlled by compression tests on 6-in. 
cubes which are broken when 28 days old except high alumina cement 
concrete cubes which are tested at 2 days. An alternative test is on a beam 
16 in.x4 in. x4 in. aged 7 days. This beam is supported on two IJ inch 
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diameter steel rollers spaced 12 inches apart and is loaded by a central weight 
applied through another similar roller. The load should be applied as 
smoothly as possible at such a rate that failure takes place in about five 
minutes. The modulus of rupture, My/I, is used as the criterion of strength. 
For the specified size of test specimen this is 9W/32 lb. per square inch, if 
W is in pounds. The compressive strengths and the moduli of rupture for 
the different mixes are given in Table 11.3. It should be remarked that the 


Table 11.3. 

Compressive Strengths and Moduli op Rupture. 


Cement 

Nominal 

mix 

Cu. ft. of aggregate 
per cwt. cement 

Cube strength 
Ib./sq. in. 

Modulus 

of 

rupture 
Ib./sq. in. 

Fine 

Coarse | 

Prelim. 

Works 

Portland and 

1:1:2 

H 

2i 

0000 

4600 

460 

blast 

1 : li : 3 

ii 

3i 

6000 

3750 

400 

furnace 

1:2:4 


5 

4000 

3000 

360 

High alumina 

1:2-4 


5 

6000 

5000 

600 


moduli of rupture are measures of the tensile strength of the concrete since 
in the absence of reinforcement a beam will fail on the tension side long before 
the compressive stress becomes of importance. The preliminary tests 
referred to in the Table are those made under laboratory conditions to design 
the mix ; the Works tests are those made on the site and are solely for check 
purposes. 

The permissible stresses in the concrete due to shear and bond are given in 
Table 11.4. 


Table 11.4. 

Permissible Stresses in Concrete Due to Shear and Bond. 


Cement 

Nominal mix 

Shear stress 
Ib./sq. in. 

Bond stress 

Ib./sq. in. 

Average 

Local 

Portland and blast 

1:1:2 

130 

150 

220 

furnace 

1 : li : 3 

115 

135 

200 


1:2:4 

100 

120 

180 

High alumina 

1:2:4 

130 

150 

220 


The strength of concrete varies with age and in many instances the full 
load does not come upon the material in the structure for a long time after 
it has been placed and set. Table 11.5 gives the factors by which the 
permissible compressive stresses at 28 days may be increased to allow for 
this effect but these do not apply to concrete made with high alumina cement 
for which no age allowance is permissible. 






256 


ANALYSIS OF STRUCTURES 

Table 11.5. 

Increase of Permissible Strength with Age. 


Age of concrete 
(months) 

Multiplying factor 

1 

1-00 

2 

110 

3 

116 

6 

1-20 

12 

1-24 


The weight of reinforced concrete may be taken as 150 lb. per cubic foot 
unless the reinforcement is more than 2 per cent, in which case special 
allowance must be made. 

The modular ratio may be assumed to be 15 for all mixes. 

The quality of reinforcing bars is controlled by B.S.785 and two types are 
specified, viz., steels with no guaranteed yield stress and those with such 
guarantee. 

For the former the permissible stresses, whether in tension or compression, 
are 20,000 lb./square inch for bars up to | inch diameter, 18,000 lb./square 
inch for those between | inch and 1| inch and 16,000 lb./square inch for 
diameters over 1| inch. 

For steels with a guaranteed yield stress the permissible stress in tension 
is half the guaranteed yield with the proviso that it shall not exceed 30,000 
lb./square inch. For compressive stress the permissible value is half the 
guaranteed yield but with a maximum of 23,000 lb./square inch. 

The guaranteed yield stresses given in the British Standard specifications 
are shown in Table 11.6. 


Table 11.6. 


Diameter of bar 

Guaranteed yield stress : Ib./sq. in. 

Medium tensile steel 

High tensile steel 

Up to and including U 

44,000 

51,500 

Over U up to and including I J' • 

41,500 

49,500 

Over lY „ „ r . 

39,000 

47,000 

,, 2" „ „ 2Y . 

37,000 

45,000 

„ 2Y 3" . 

37,000 

42,500 


EXERCISES 

(1) A fiitched beam is made of two timber joists each 4 indies wide and 12 inches 
deep with a 12 x l*inch steel plate firmly fastened between them. 

If the stress in the timber is limited to 1,000 lb. per square inch and that in the steel 
to 10,000 lb. per square inch, calculate the safe uniformly distributed load which the 
beam can carry when freely supported on a span of 20 feet. 

E for steel = 30 X 10® lb. per square inch. 

E for timber — 1 - 5 X 10® lb. per square inch. 


{7,200 lb.) 
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(2) A reinforced concrete beam is 10 inches wide and 12 inches deep to the centre 
of reinforcement which consists of a total area of 1 square inch of steel. Calculate the 
position of the neutral axis of the beam and the stress in the steel when that in the 
concrete is 600 lb. per square inch, m—15. 

(n=4'68 inches ; t —14,040 lb. per square inch) 

(3) A reinforced concrete floor slab is inches deep to the centre of reinforcement 

and is carried on secondary beams 8 feet apart. If a concrete stress of 600 lb. per square 
inch and a steel stress of 18,000 lb. per square inch are developed simultaneously, 
calculate the area of steel required per foot width of slab and the load per square foot 
the floor can carry. 15. 

{O'30 square inches ; 225 lb. per square foot) 

(4) A reinforced concrete T-beam 40 inches wide and 6 inches deep at the top has 
5 square inches of reinforcement at a depth of 20 inches where the width of the beam 
is 12 inches. 

Calculate the uniformly distributed load it can carry on a freely supported span of 
20 feet, inclusive of its own weight, if the stresses in the concrete and steel are limited 
to 600 and 16,000 lb. per square inch respectively. 

The modular ratio may bo taken as 15. 

{1'05 tons per foot) 

(5) Take the overall sizes of the beam specified in the last question and calculate the 
percentage error involved in the moment of resistance determined by the approximate 
method when the slab thickness is 4 inches. 

{3'6 per cent.) 

(6) A reinforced concrete beam, rectangular in cross-section, is 8 inches wide and 
18 inches effective depth to the centre of the tension reinforcement. It is reinforced 
on both the tension and compression sides by two J-inch diameter rods and subjected 
to a pure bending moment. The compression stool is centred at 1 inch from the top 
of the beam. 

Calculate the position of the neutral axis and the stresses in the steel when the 
maximum concrete stress is 600 lb. per square inch. m=15. 

(5 35 inches ; 7,310 lb. per square inch in com¬ 
pression ; 21,350 lb. per square inch in tension) 

(7) The moment of resistance of an economically designed reinforced concrete beam 
may be expressed by the formula 

where M is tlie moment of resistance, b the breadth of tlie beam and d the depth to the 
reinforcement, R being a constant depending on the allowable concrete and steel stresses 
and the modular ratio. 

If the allowable stresses in tlie concrete and steel are 750 lb. per square inch and 
18,000 lb. per square inch respectively and the value of the modular ratio is 18, determine 
the value of R. Also calculate the economic percentage of steel. 

{137'7 ; O'893 percent.) 

(8) Derive a shear stress distribution curve for a concrete beam of rectangular section 
reinforced on the tension side only. 

A beam of this description is 10 inches wide, 12 inches deep to the centre of reinforce¬ 
ment and 4*8 inches deep to the neutral axis. It is subjected to a maximum shear 
force of 7,500 lb. Calculate the maximum shear stress in the concrete. 

{72 lb. per square inch) 
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ELASTIC ARCHES AND RINGS 

12.1, Action of the arch. —It has been shown that the essential reactive 
forces for the equilibrium of any system of loads acting upon a plane frame 
are provided if the structure is supported on a pin at one point and on a 
frictionless bearing at another ; the reactive forces are then determinate 
from the equations of static equilibrium for the system. Thus, the curved 
beam shown in Fig. 12.1 which is pinned to a support at A and rests on 
rollers at B can carry any system of loads and the reactions will consist of 
vertical forces at A and B and a horizontal force at A. The elastic straining 
of the beam will cause the end B to move slightly in a horizontal direction. 



The resultant actions at a section of the beam, such as X, normal to its 
centre line will be :— 

(a) A thrust equal to the algebraic sum of the forces to the right of X 

resolved in a direction normal to the section. 

(b) A shearing force equal to the algebraic sum of the forces to the right 

of X resolved in a direction parallel to the section. 

(c) A bending moment M=Wc—V b^. 

If the free movement of the end B is restricted by the introduction of a 
horizontal force at B the resultant actions at any section are not modified 
in type but their magnitudes will be altered by amounts dependent upon the 
extent to which the point B is restrained. The most important change will 
be in the magnitude of the bending moment, which may be reduced con¬ 
siderably. The a ction of the horizontal re s training force upon the structu re 
is known as arch action and its effects are very important since it may 
considerably reduce the size of a member required to carry a specified load 
system and so allow spans to be bridged which might otherwise be impossible. 

It is usual to restrict the movement of the end completely and the term 
arch is gener ally applied to a curved structure in which both su pport s are 
fixed in posilioh , although not necessarily in direction . ’ “ 

Arches are constructed of a variety of materials. Steel is commonly used 
for the purpose and the arch may be either a rolled or plated section when it 
is termed an arch rib, or a braced structure such as the Sydney Harbour 
Bridge. Concrete, either plain or reinforced, is also frequently used in 
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similar structures. Both steel and concrete arches are characterised by a 
homogeneity of structure : they may be considered as units made of a single 
material and in this respect differ from arches of brickwork or masonry 
where small units, bricks or voussoirs, are held together by cement or mortar 
joints. From the standpoint of theoretical treatment the distinction is of 
some importance since a homogeneous structure may reasonably be expected 
to behave elastically within the limits set by the material of which it is made, 
whereas the same assumption becomes questionable in the case of a structure 
made of composite material. 

There is, however, good experimental evidence that masonry and brick¬ 
work arches behave elastically and obey Hooke’s Law. This will be dealt 
with in Chapter 16. 

12.2. General types. —The simplest type of arch theoretically is that 
known as the three-pinned arch and shown in Fig. 12.2. It consists of two 



Fig. 12.2. 


sections pinned together at the crown C and to pins at A and B so that its 
ends are fixed in position but not in direction. 

If the central pin is omitted and the member is made continuous between 
supports it becomes a two-pinned arch. In both these types the reactive 
forces consist of vertical and horizontal components at A and B. 

The ends of the arch may be restrained not only in position but also in 
direction in a manner analogous to that of an encastre beam : the arch is 
then of the fixed-end type and the reactions consist of vertical and horizontal 
forces and fixing moments at each support. Arches of any of these types 
may be either ribs or braced structures and the stress analysis of the various 
forms will now be considered. 

iy 

12.3. The three-pinned arch. —Fig. 12.3 represents a three-pinned arch of 
span L, the third pin being midway between A and B. A load having 
vertical and horizontal components Y and X is carried at a horizontal 
distance x from the centre, y being the rise of the arch at this point. 

AC and BC are essentially two bars connecting the point C to the two fixed 
points A and B, and the frame is just stiff; the arch is therefore staticaUy 
determinate. 
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Let the vertical and horizontal forces at A be Va and Ha, and at B, Vb 
and Hb. 

The equation of the vertical and horizontal forces on the structure and 
the equation of moments about A gives 

Va+Vb-Y=0, 

Ha-Hb-X=0, 

Y(|+a:) -X2 /-VbL-0. 

If the arch be separated at the crown pin, as shown in the figure, the 
interna] reactions which it provided must be replaced by external forces 



He and Vc for equilibrium of each half to be restored. The equations of 
equilibrium for the left-hand section are then 

Va-Vc=0, 

Ha-Hc=0, 

Hcd-Vc|'=0. 

These equations, together with the three above, enable the values Ha, Hb, 
He, Va, Vb and Vc to be found in any particular example. 

Suppose, for instance, an arch of 80 feet span and 10 feet rise carries a 
load of 10 tons at the quarter span as shown in Fig. 12.4 and it is desired 
to calculate the reactions. From a consideration of the equilibrium of the 
whole arch the following equations are obtained :— 

Va+Vb-IO-O, 

Ha-Hb=0, 

600-80Vb-0 ; 

which give Vb— 7*5 tons, 

Va= 2*5 tons, 

Ha=Hb. 


and 
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For equilibrium of the left-hand section of the arch the following equations 
must be satisfied :— 

Va-Vc-0, 

Ha-Hc=0, 

10Hc-40Vc=0 ; 

Hc-4Vc=4Va, 

Ha=Hc, 

Va= 2-5 tons, 

Vb= 7-5 tons, 

Ha=Hb= 10 tons. 

In many three-pinned arches the results can be obtained more simply. 
In the example just worked, for instance, it should be noticed that since C 
is a pin-joint there can be no bending moment there and the line of action 
of the resultant of all the forces on the left-hand section must, therefore, 
pass through it. Hence, if AC in Fig. 12.4 be joined, the reaction at A is 
directed along AC. Also, since the reaction at A, the reaction at B and the 


from which 
and so 



external load are in equilibrium their lines of action must meet at a point. 
If AC be produced to meet the load line at D therefore, the resultant of the 
forces at B must act along the line BD. Hence the directions of the reactions 
at A and B are known and their components are readily obtained. Thus, 
Ra is directed along AC, and CE and AE represent the values of Va and Ha 
to the same scale that AC represents Ra. 

Therefore Ha—4Va. 

Similarly Rb is directed along BD and so BF and FD represent to scale the 
values of Hb and Vb- 

Since FD = 15 and FB=20 

Hb-|Vb. 

By taking moments about A, Vb is found to be 7-5 tons and Va to be 2*5 
tons and so 

Ha=Hb= 10 tons as before. 

If both sides of the arch are loaded the solution can be found in a similar 
way. The load system is divided into two, so that the right- and left-hand 
portion respectively is unloaded. These are solved separately and the results 
superposed. 

12.4. Bending moments in a three-pinned arch.— Having found the 
horizontal thrust, the bending moment at any point is readily calculated. 
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In Fig. 12.5 if K is any point on an arch carrying vertical loads only, the 
bending moment there is 

Mk=SWc-Vbx+Hb2/ 

where the summation sign denotes that all loads to the right of the section 
must be included. 

Since Vb is unaffected by horizontal forces acting at A and B its value 
would be unaltered if AB were spanned by a horizontal beam instead of by 
an arch. The terms EWc—V b^ give the bending moment at any point for 
the hypothetical beam AB and the bending moment for this is readily plotted. 
As there are no horizontal loads on the arch Ha=Hb=H say, and the term 
Hy can be represented for all values of x by the line of the arch itself. 
Remembering that there can be no bending moment at the pin C the com¬ 
plete bending moment diagram is readily drawn as follows. The curve of 
the arch is first set out. If the rise is actually represented by a inches on 
the diagram this dimension represents Hd tons-feet, the value of Hy at the 
centre. The bending moments represented by this line are positive and the 
values of the “ beam ” bending moment which are essentially negative must 



be deducted to obtain the true moments. The bending moment diagram 
for the beam in the case shown is a triangle with its apex on the line of action 
of the load. Hence, if the line ACD is drawn to meet the load line at D, 
and D and B are joined, ADB is the beam diagram and the bending moment 
at any point on the arch is the intercept between the two diagrams. 

It will be seen that whatever the shape of the arch, the centre Line will 
always represent the Hy term of the bending moment to an appropriate 
scale and the beam bending moment diagram has then only to be drawn 
to pass through the points A, B and C in order to complete the construction. 
If the arch carries horizontal as well as vertical loads the diagram cannot be 
plotted quite so simply. Ha will not then be equal to Hb and the curve of 
the arch no longer represents Hy. There is, however, no difficulty since the 
reactive forces can be calculated with no more trouble than before. In 
the special case of a three-pinned arch carrying a uniformly distributed load 
of intensity w over its whole span the bending moment diagram for the 
pin-jointed beam of the same span is a parabola. If the centre line of the 
arch is also a parabola the Hy curve and the load curve coincide at all points 
and there is no bending moment anywhere in the rib. 
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12.6, The segmental-arc cantilever.—Fig. 12.6 represents a segmental 
cantilever rib, encastre at A and carrying a single 
vertical load P at 0 from the radius OC. The 
angle AOC is (j> and the rib carries at the free end C 
a moment Mq, a tangential force Hq and a radial 
force Vq acting as shown. These are independent 
actions and the displacements of C can be deter¬ 
mined by strain energy methods. 

At any point X on the rib at an angular distance 
a from OC the bending moment and tangential 
force are 

M=Mo—HoR(l—cos a)—V qR sin a-f-[PR(sin a—sin 0)] 
and T^Hq cos a—V q sin a+[P sin a]. 

The terms in P only occur between a—^ and a=0 ; the others between 
a=<^ and a—0. 

If the effects of radial shearing forces are neglected as being inappreciable, 
the angular displacement, (jLq, and the component displacements, and 
of C are 

au , au ^ au 

where U is the strain energy of the rib due to bending moments and tan¬ 
gential forces. 

Then 

1 , 1 r dT , 

1 r„ 0M , 1 9T , 

*»“ElJ ^ AEJ 

1 f.. 9M , 1 0T , 

and + 




where El is the constant flexural rigidity of the rib and AE is its constant 
extensional rigidity. 

If the values of the derivatives for bending moment and tangential force 
taken from equation (12.1) are substituted in the above they become 


R f 






R r 

M(l—cos a)c?a + -^ T cos ada — 
R2f 

~R[Xo-f- ^ M cos ada + 

R r 

sin jT sin ada. 


-[t 

aeJ 


cos ada, 


( 12 . 2 ) 
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R r „ 1 

cos a)—V^R sin a}da+ ^PR{sin a —sin 6 ) 6 ^aJ, 


which gives 

Ho(<A—sin .^)—Vo(l—cos 


4 -P{cos 6 —cos ^—(^— 0 ) sin 0 } ; . ( 12 . 3 ) 


also 


^rr<^ 


Aq=—R[jLo+^|^ j {Mq—HqR( 1 —cos a)—V qR sin a} cos oidy. 


R r ,1 

"^AE L J a)cos ac?a+ sin a cos aaaj, 


+ j^PR(sin a- -sin 0 ) cos ocfaj 


which gives 
4 AEAo 

-^"=-4AEijLo+P| 


14 M o^in +sin 2 (^ —4 sin <^) — Vo( 1 —cos 2 ^) 


+ 2 P(sin <f>—sm 0 )^ 


+Ho( 2 </> 4 -sin 2 ^)—Vo(l—cos 2 ^)-f P(cos 20 —cos 2 (/>), ( 12 . 4 ) 

where p^R^/A:^ ; k being the radius of gyration of the cross-section of the 
rib about the axis of bending. 

And finally, 

R2rf<^ 

—a)—V qR sin a}sin ydy 

+ j^PR(sin a—sin 0 ) sin adaj 

^AeI^I (Hq cos a— Vq sin a) sin a(ia + |^P sin^ acAaJ, 


which gives 

4 AEi;q r 4 Mq (1 —cos </>) 


R 


-2Hq(1-cos (;t)2-Vo(2^-sin 2^) 


[- 

+P{ 2 (^— 0 )—sin 2 <^—sin 20+4 sin 0 cos <^}J 


+Ho(l—cos 2 (^)—Vo( 2 <^—sin 2 <^)+P( 20 '—sin 2 ^+sin 20 ), ( 12 . 6 ) 

where 0 ' is written for 0 . 
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Fig. 12.7. 


This completes the solution for the cantilever carrying a concentrated 
vertical load P and terminal actions, but the cases 
where the point load is replaced by a distributed 
load need consideration. 

Fig. 12.7 shows a segmental rib as before but it 
now carries a distributed vertical load of intensity 
w which is uniform on a horizontal projection. 

This load covers the arc between and 62 . ^ 

In the first place the values of the bending 
moment and tangential force at any point a due to 
w must be determined. Let ij; be any angle between 
Oj and 02 ; then the vertical load acting on the 
element of length is wK cos The bending moment and tangential 
force at a due to w are 

ra r a ^ 

m= 2 /;R^ cos 4 '(sin a—sin^)d(}> and ^=i(^R cos sin ocd(|^ 

j0i J0i 

for all values of a between and Og, and by the same expressions integrated 
between the limits and 4'—^2 values of a greater than Og. 

These expressions give, when a lies between and 62 , 

m=—^(sin a—sin 61 ) ^ 

and sin a(sin a—sin Gj), 

and when a lies between 63 and cf), 


( 12 . 6 ) 


?/R2 


m- 


(sin 02 —sin 0 i )(2 sin a—sin 02 —sin GJ 


(12.7) 


J 


and t~wK sin a(sin Gg—sin Gj). 

These terms replace those in P in the equation (12.1) and, since those in 
Mq, Hq and Vq are unaltered, attention may be directed solely to the altera¬ 
tions in (jLo, hg and Vq caused by the replacement. 

The load term in the expression for (jiq becomes 

W;R3rr0, ^ "I 

LJ0 (2sina—sin02—sin0i)daj 

and the corresponding terms in the expressions for and Vq are 

^*^"^2^ LJo a—sin0i)2 cos adot 

+ (sin 02 —sin (2 sin a—sin Gg—sin 0^) cos adaJ 

i/;R2r r0a n n 

L J 0 ^ 1 ) ^ ada+(sin 02 —sin 0^)J ^ sin a cos odaJ 

and 

teR^rr02 

—^ (sin a—sm 0i)2 sin ada 

+ (sin Gg—sin ®i)|q (2 sin a—sin Gg—sin 0^) sin adaj 

wR^rC^2 * C<l> 1 

oc—sin Gj) sin* ocda+(sin 02 —sin ®i)Jq a*daj. 
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The results are simplified by putting 01+02=26 and 64 — 6 i= 2 e and when 
the above expressions are integrated and these substitutions made, the 
equations for p, 0 , Aq and Vq are 


EIpo 

R2 


4AEAo 

R 


Ho(^—sin (^)—Vo(l—cos 

+-^{2£(2—COS 2c cos 20)—26' sin 2c sin 20 

—8 sin c cos 6 cos ^+3 sin 2 c cos 26}, 

t 4-]VI sin d) 

———^+H0(2^+sin 2<f>—4: sin 
—Vo(l —cos 2^)4-^R{(3—2 cos 2(f>) sin c cos 0 


—i sin 3c cos 30—2 sin 2c sin 26 sin (/►} J +Ho(2^+8in 2(f>) 

—Vo(l —cos 2^) —2 cos 2(f)) sin c cos 6 

+J sin 3c cos 30}, 

4:AEvr, r4Mo(l-cos<^) 

--2Ho(l-cos (/))2~Vo(2(/>-sin 2(f)) 

4-i4?R{sin 0(3 sin c—4e cos e)—J sin 3e sin 30 

+2(20'—sin 2(f)) sin c cos 6+2 sin 2c sin 20 cos ^} J 

+Ho(l—cos 2<j!>)—Vo(2</>—sin 2(f)) 

+tuR{sin 0(5 sin c—4c cos e)+i sin 3c sin 30 
+2(26'—sin 2(f)) sin c cos 6}. 


( 12 . 8 ) 


In the limit when 2c is very small the vertical load carried is 2^^;Rc cos 0 and 
the above equations then reduce to the corresponding ones for a point load 
of this magnitude. 

If a load P acts horizontally instead of vertically as in Fig. 12.8, the equa¬ 
tions for bending moment and tangential force at any point are 

M—Mq—VqR sin a—HoR(l—cos a)+[PR(cos 0—cos a)] 1 (12.9) 

and T-H 0 cos a — Vq sin a—[P cos a]. J 



Fig. 12.8. 



These expressions, except for the terms in P are the same as before and 
therefore only the last term need be considered. 
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Thus, 


PR«f 




^(cos 0 —cos a)aa, 


r PR®f 

^ n , PRf 



(cos 0 —cos a) cos oaa—— frl 
o' ' AEJ 

COS' 

0 

eo 

^ « , PRf 


-.P=—J 

^(cos 0 —cos a) sin 

cos 

0 


and 

and on reduction these give the following equations for the d.isplacements 
of the end C of the cantilever : 


Hq(<^— sin </>)—Vo(l—cos ^)+P(8in 6—sin ^ 

+0' cos 0). 

^^“=-4AEj.,+p[^^^^^+Ho(2^+sin 2^-4 sin 
—Vo(l—COS 20)—P{20'+sin 20+sin 20 
—4 cos 0 sin 0}J 4-Ho(20-f sin 20)—Vo(l —cos 20) 

—P(20'+sin 20—sin 20), 

.^)*-Vo{2<^-sin 2<j^) 

+2P(cos 0—cos '^)*J +H,(1—cos 2^)—Vo(2^—sin 2<^) 
—P(cos 20—cos 20). 


( 12 . 10 ) 


If the load is distributed over the portion of the rib between 0^ and 02 , as 
shown in Fig. 12.9, the terms in M^, Hq and Vq are the same as before but 
alterations must be made in those for P. 

As in the argument for the distributed vertical loading, an element of the 
rib at 4^ from OC carries a horizontal load sin and the bending 
moment and tangential force due to the distributed load at any section of 
the rib which is a from OC are given by 


and 


fa 

\ sin 4 ^(cos 4 ^ — cos a)d 4 ' 
fa 

I sin 4 ^ cos ad 4 ^ 




when a is between 0 ^ and 02 , and by the same expressions integrated between 
01 and 02 when a is greater than 02 . Thus, when a lies between 0^ and 62 , 

W^R2^ 


-^(cos 0 ^—cos a )2 

and t=~wR cos a(cos 0 i—cos a), 

and when a hes between 02 and 0 , 


and 


m=—^(cos Oj—cos 02 )(co 8 0i+cos 02—2 cos a) 
t = cos a(cos cos Og). 


( 12 . 11 ) 


( 12 . 12 ) 
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These terms replace those in P in equations (12.9) and the contributions of 
w to fXo» ^0 ^0 given by 

w^R^r r^a 

(cos 01-00862)2(ia 

+ (COS 01—008 62)!^ (cos 01+008 02 —2 008 a)t?a J, 

toR^rre. 

^“'~2M|_J0 01—cos a)‘‘ 008 adoL 

+ (OOS 01—008 02)|g (cos 01+008 02 —2 008 a) 008 adaj 

wR^rre. ’ i 

~ A^LJo 01—cos a) 008* a<ia+(oo8 0i—oos 02)cos* adaj, 

LJo Oi~cos a)^ sin aaa 

+ (cos Oj—cos 62) f (cos G^-fcos Og—2 cos a) sin adal 

J O2 J 

wR^rf% 

—TTT (cos 01 —COS a) cos a sin aaa 

AELJei ‘ 

+ (oos 01—008 02) jg COS a sin adaj • 

As for vertical distributed load we put G^-f 62=20 and Gg—Gi=20, and with 
these substituted in the integrated expressions above the displacements of 
C are given by 

,^)-Vo(l-oos 

+^^{20(24-COS 20 cos 2G)+2G' sin 20 sin 2G 

—8 sin 0 sin G sin 3 sin 20 cos 20}, 

4AE(i,o+p[^^^^^+Ho(2^+sin 2^—4 sin <f>) 

—Vo(l—COS 20)4-^^^R{cos G(3 sin 0—40 cos 0) 
sin 30 cos 36—2(20'4-sin 2^) sin 0 sin 0 

4*2 sin 20 sin 20 sin J 4-HQ(2^4-sin 2(f)) ► (12.13) 

—Vo(l—cos 2^)-ft^)R{co8 6(5 sin 0—40 cos 0) 

—J sin 30 cos 30—2(20'4-sin 2<f>) sin 0 sin 0), 

_4 ^o_p[ 4 Mo(^^s^)_ 2 h^( 1 -oos ^)2_Vo(2^-8in 2.^) 

4-t^R{(34-2 cos 2(f)) sin 0 sin G-fi sin 30 sin 30 

—2 sin 20 sin 20 cos </>} J 4-Ho(l ~cos 20) 

—Vo(20—sin 20)4 -i^R{(14-2 cos 20 ) sin 0 sin 0 

—^ sin 30 sin 30}. 

In the limit when 20 is very small the horizontal point load acting at 0 is 
2t4)Re sin 6 and the above equations give the same results as (12.10). 


(12.13) 


4AE?;o p r4 Mq( 1 —cos 0) 

—p 
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12.6. The encastr^ segmental arch rib with a concentrated load. —The 

results of the last paragraph will now be used to determine the resultant 
actions in an encastre arch rib carrying concentrated loads acting in any 
directions at specified positions. All such loads can be resolved into vertical 
and horizontal components and so general solutions for a single vertical apd 
horizontal load respectively enable the complete resultant actions to be 
determined by superposition. 

Further, a single load can be represented, as shown in Fig. 12.10, by a 
pair of syrfmetrically disposed loads superposed on a pair of skew-sym¬ 
metrical loads. Thus the reactions at A and B for the loading shown at (a) 
can be found by superposing the reactions at these points due to the sym¬ 
metrical system (b) and the skew-symmetrical system (c). 



(CL) (h) (c) 


Fig. 12.10. 

Vertical load on arch rib. Considering first the symmetrical system (6) 
of Fig. 12.10, the resultant actions at C consist of a couple Mq and a thrust 
Hq, as shown in Fig. 12.6. From considerations of symmetry, Vq is zero 
and the only displacement of section C is in a vertical direction. Hence, 
the conditions at C arc 

Vq—0 \ |Xq=0 \ ^Q=0. 

Substituting these conditions in equations (12.3) and (12.4), simultaneous 
equations are obtained to determine Hq and Mq. These are 

— Hq((/>— sin ^)+P(cos 6—cos (/>— 0' sin 6)=0, 

^ 4-Ho{P(2^-fsin 2<^—4 sin ^)4-2^+sin 2<j>} 

+P{2p(sin <^—sin0)2-fcos 20—cos 2^}—0, 

and their solution gives 

P{<^(cos 2<j> +COS 20 —2) +4 sin 0(0 sin 0 —cos 0 +cos 0)} 1 


Hq__ —0(cos 20—cos 20) 

2P 2p{202+0sin20—4sm2 0}+20(20-fsin20) ’ >(12.14) 


M 1 

^[Hq( 0—sin 0)—P(cos 0—cos 0—0' sinO)]. 

Under the skew-symmetrical loading of Fig. 12.10 (c) the conditions to be 
satisfied at C are 

Mq=0 ; Hq—0 ; Vq=0 ; 

and so from equation (12.5), 

P[~"Vq( 20—sin 20)+P(20'—sin 20—sin 20+4 sin 0 cos 0)] 

—Vq( 20—sin 20)+P(26'—sin 20+sin 20)==O, 
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which gives 

Vq p{20' —sin 2(f )—sin 20 +4 sin 0 cos (f) +20' —sin 2<f) +sin 20 
2P"" 2(1"+^^-sin 2(f>) ' 


(12.15) 


Since Hq and are zero for skew-symmetrical loading and Vq is zero for 
symmetrical loading, the expressions in (12.14) and (12.15) give the complete 
resultant actions at the centre of the arch rib under the asymmetrical loading 
of Fig. 12.10 (a). 

It will be observed that all actions contain terms which involve p and also 
terms which are independent of it. Since p is always very large it is, in the 
great majority of cases, only necessary to take account of the terms which 
are multiplied by this factor. The terms which are independent of p arise 
from the compressive strains caused by the thrust in the rib and are often 
referred to as the effects of rib-shortening. 

If the rib-shortening is neglected, the results of (12.14) and (12.15) are 
simplified as follows : 


Hp_. (f)(co8 2(^+cos 20—2)+4 sin <^(0 sin 0—cos (^+cos 0) 
2P 2(j)^-\-(f) sin 2 (/)—4 sin^ cf 

M 1 

~=^[Hq((^— sin ^)—P(cos 0—cos 0—0' sin 0)], 

Vq 20' —sin 20 —sin 20 +4 sin 0 cos 0 
2P 2(20—sin 20) 


(12.16) 


The reactions at A and B in the directions shown in Fig. 12.10 (a) are then 


Ma=Mo—H oR(l—cos 0)—VoR sin 0+2PR(sin 0—sin 0), 
Mb=Mo—HqR( 1 —cos 0)+VoR sin 0, 

Ha-Hb=Ho, 

Va-2P-Vo, 

Vb=Vo, 


(12.17) 


and the resultant bending moments at any point in the loaded and unloaded 
segments of the rib are obtainable from the equations 

M=Mo—HoR(l—cos a)—VoRsin a+[2PR(sin a—sin0)] 1 
and M=Mq— HqR(1 —cos a)+VQR sin a. J 


Horizontal load on arch rib. The single horizontal load 2P shown in 
Fig. 12.11(a) can also be split into symmetrical and skew-symmetrical 
systems as shown at (h) and (c) in the same figure. The conditions to be 



satisfied at the centre of the rib are the same as for vertical loading, i.e. 
Vq—0, [JLo= 6 and Uq—O for the symmetrical system and Mq=0, Hq— 0 and 
for the skew-symmetrical system. 
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Substituting these conditions in equations (12.10), 

P[^(20'+8in 2^+sin 20)—4 sin (^(sin sin 0+0 cos 0)] 
Hq __ +0(20' +sin 20—sin 20) 

2P 2p(202+0 sin 20—4 sin^ 0)+20(20+sin 20) 

M 1 

^=^[Hq( 0—sin 0)—P(sin 0—sin 0+0' cos 0)], 

Vq (cos 0—cos 0){P(COS 0—cos 0)—(cos 0+CO8 0)} 

_ = (^p'+l)(20_sm 20) * 

If the rib-shortening is neglected these become 

Hq 0(20' +sin 20+sin 20) —4 sin 0(sin 0 —sin 0 +0 cos 0) 
2P 2(20‘‘^+0 sin 20—4 sin^ 0) 

M 1 

-~=^[Hq( 0—sin 0)—P(sin 0—sin 0+0' cos 0)], 

Vp (cos 0 —cos 0)2 
2P 20—sin 20 


}► (12.19) 


H12.20) 


The reactions at the supports are then 

Ma=^Mq—H oR(l —cos 0 )—VqR sin 0+2PR(cos 0—cos 0), 
Mb--Mo—H oR(l—cos 0)+VoR sin 0, 

Ha==Ho~-2P, 

Hb-Ho, 

_Va-Vb=Vo. 


( 12 . 21 ) 


12.7. The encastr^ segmental arch rib with distributed load. —When the 
arch carries a load distributed over a portion of its span, the same method 
as that used in the last paragraph gives a solution and the two cases of vertical 
and horizontal loading will be adequate for any load combination. 

Uniformly distributed vertical load over part of span. —Fig. 12.12 (a) shows 
the loading to be considered, which can be split into symmetrical and skew- 
symmetrical systems as at (h) and (c). The superposition of the separate 
solutions then provides the complete data for (r/). 


Zw lu w iv 



Fig. 12.12. 


As before, the conditions to be satisfied at the centre of the arch when 
the loading is symmetrical are Vq—[X o==/^o~^ > when the loading is 
skew-symmetrical, Mq—Hq—T hese conditions substituted in equa¬ 
tions (12.8) give the pair of simultaneous equations to determine Mq and Ho 
and the single equation for Vq. Since Mq and Hq only appear in symmetrical 
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and Vq only in skew-symmetrical loading, these are the complete values for 
the asymmetrical loading shown at (a). 

The equations derived thus are 

Ho(^—sin <^)+^^{2e(2—cos 2z cos 26)—20' sin 2z sin 20 

—8 sin £ cos 6 cos <^+3 sin 2z cos 20} =0, 

sin 2^—4 sin <^)+i^?R{(3—2 cos 2<^) sin e cos 6 
—J sin 3 e cos 30—2 sin 2e sin 26 sin (^}J -f Ho(2^+siii 2<^) 

+^^;R{(1 —2 cos 2(f>) sin e cos 0+J sin 3£ cos 30}—0, 
(p + l)Vo(20—sin 2(j>)—w'R^{sin 0(3 sin e—4£ cos z )—J sin 3e sin 30 

+2(26'—sin 2(f)) sin z cos 0+2 sin 2e sin 20 cos (f>} 
—ii;R{sin 0(5 sin £—4£ cos £)+J sin 3£ sin 30+2(20'—sin 2(f>) sin e cos 0}—0. 
The solution of these is 


Hn 


2w^ 

Mo 1 

R 


I"p[sin ^{2£(2—cos 2£ cos 20)+20 sin2£ sin 20 

—8 sin £ cos 0 cos ^+3 sin 2£ cos 20} 
—^{(3—2 cos 2(f)) sin £ cos 0—| sin 3£ cos 36}] 

—(f){{l—2 cos 2(f)) sin £ cos 0+J sin 3£ cos 30} 

2p(2<ji2+^ sin 2^—4 sin^ ^)+2</>(2^+sin 2^) 


r—^[^Ho((/)—sin 0)—^^{2£(2—cos 2£ cos 20)—20' sin 2£ sin 20 

—8 sin £ cos 6 cos ^ +3 sin 2£ cos 20 J, 


( 12 . 22 ) 


2iuK 


(3[sin 6(3 sin £—4£ cos e)—J sin 3£ sin 30 

+2(20'—sin 2(f)) sin £ cos 0+2 sin 2£ sin 26 cos (f)] 
+sin 0(5 sin £—4£ cos e) + 5 sin 3z sin 30 

+2(20'—sin 2(f)) sin £ cos 6. 
2(|3 + 1)(2^—sin 2(f>) 


If rib-shortening is neglected these are 

rsin (f){2z{2—coB 2z cos 26)+20 sin 2£ sin 20 J 

—8 sin £ cos 6 cos (^+3 sin 2£ cos 26} } 
Ho [ —(f){(3—2 cos 2(f)) sin £ cos 6—^ sin 3z cos 36} J 

2wR 2(2^2+^ sin 2 < 5 t—4 sin^ <jt) 


Mo 1 

R 


=i|^Ho(<^—sin (/>)—^^{2£(2—cos 2£ cos 20)—26' sin 2£ sin 20 
—8 sin £ cos 0 cos (f>+3 sin 2z cos 20} J, 


(12.23) 


sin 0(3 sin £—4£ cos e)—J sin 3e sin 30 
Vo _ +2(20'—sin 2<^) sin £ cos 0+2 sin 2z sin 20 cos (f) 

2wR 2(2^—sin 2(f)) 


The results of (12.22) and (12.23) agree with those of (12.14), (12.15) and 
(12.16) if 2e is made very small and 2wRz cos 0 is replaced by P. 
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Uniformly distributed horizontal load over part of span. In Fig. 12.13 the 
loading 2w over the arc between and Gg is split into symmetrical and skew- 
symmetrical systems. The conditions to be satisfied at the centre of the 
rib are the same as before, and when substituted in (12.13) give the three 
following equations to determine Mq, and Vq : 

Ho(<^—sin 0)+^{2e(2+co8 2e cos 20)+20' sin 2e sin 20 

—8 sin £ sin 0 sin 3 sin 2e cos 20} =0, 

p[^——4 sin <^)+i/;R{cos 0(3 sin e—4£ cos e) 

+J sin 3e cos 30—2(20'+sin 2(f)) sin e sin 0+2 sin 2e sin 20 sin <^} J 

+Ho( 29 i+sin 2(^)+w;R{cos 0(5 sin e—4e cos e)—^ sin 3s cos 30 

—2(26'+sin 2(/)) sin e sin 0}=O, 

(P + l)Vo(2(^—sin 2^)—w;Rp{(3+2 cos 2^) sin z sin 0+J sin 3£ sin 30 
—2 sin 2z sin 20 cos ^}—w;R{(l +2 cos 2(j>) sin £ sin 0—J sin 3s sin 30} =0, 



The solution of these is 


2w^ 

M, 


P[sin <^{2£(2+cos 2£ cos 20)—20 sin 2s sin 20 
—8 sin £ sin 0 sin <^—3 sin 2£ cos 20}—0{cos 0(3 sin z 
—4s cos e) + J sin 3£ cos 30—2(20' +sin 20) sin z sin 0}] 
—0{cos 0(5 sin s—4s cos e)—^ sin 3s cos 30 
—2(20' +sin 20) sin s sin 0} 


2p(202+0 sin 20—4 sin^ 0)+20(20+siri 20) 


^^Ho(0—sin 0)— ^^{2£(2+cos 2e cos 20) 

+20' sin 2s sin 20—8 sin s sin 0 sin 0—3 sin 2s cos 20} J ’ 


P[(3+2 cos 20) sin s sin 0+^ sin 3s sin 30 
—2 sin 2s sin 20 cos 0]+(l +2 cos 20) sin e sin 0 

—J sin 3s sin 30^ 


2ivR 


2(P + l)(20-sin 20) 


(12.24) 
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If the rib-shortening is neglected these become 

r sin ^{2£(2 +cos 2 £ cos 26)—20 sin 2£ sin 20 
i —8 sin £ sin 6 sin (f)—3 sin 2£ cos 26}—<^{cos 6(3 sin £ 
Hq [ —4£ cos £)+J 3£ cos 36 —2(20'+sin 2(f)) sin £ sin0} 

2niR 2(2^+<^ sin 2^—4 sin^ 


Me 

R 


—-S Ho((^ —sin (f)) —t-{2£(2 +cos 2 £ cos 20) 

4 

+20' sin 2£ sin 20—8 sin £ sin 6 sin ^—3 sin 2£ cos 20} ’ 


(12.25) 


(3+2 cos 2(f)) sin £ sin 0+J sin 3£ sin 30 
Vo — 2 sin 2£ sin 26 cos (f> 

2wB> 2 ( 2(f^ —sin 2^) 


Segmental arch rib loaded on half span. If the arch carries a uniformly 
distributed load over one-half of the span, 26=2£=(^ and these values must 
be substituted in the results previously obtained. 

If the load acts vertically, equations (12.23) give 


Hq sin (f){2(f)(2 +COS 2(f)) —3 sin 2(f>} j 

2 w;R 12(2</>2+^ sin 2^—4 sin^ <^) ’ I 

|? = i{Ho(<^-sin ■ • • 

Vo _ (2 +COS (/>)(!—cos <;i)2 

2fvll 3(20—sin 2<^) 

If the load acts horizontally, equations (12.25) give 

Ho 1 sin 0{20(2+cos 20)—3 sin 20} 

2 ?/^R 2 12(202+0 sin 20—4 sin^ 0) 

sin (j)) — ^^^(6<j>—S sin ^-f sin 2(^)J , - 

Vo ( 1 —cos 0 )^ 

2 ?^;R 3(20 —sin 20) ’ 


(12.26) 


(12.27) 


12.8. The two-pinned segmental arch rib with a concentrated load. —If the 

arch rib shown in Fig. 12.10, carrying a vertical load 2P at 6 from OC, is 
pinned to supports at A and B there is only one redundant element, which 
may conveniently be taken as the horizontal thrust, Ha, at a pin. The skew- 
symmetrical component of the load system, shown at (c) in the figure, gives 
no thrust and so Ha is found from the strain energy equation for the 
symmetrical arrangement (b) ; i.e. 


dV 

Ml 


where a is measured from OC. 

M=HaR(cos a—cos 0)—PR(sin 0—sin a)+[PR(sin6—sin a)] 
T=Ha cos a+[P sin a]. 


and 
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The term in square brackets in M only occurs when a<0, and that in T only 
when a>0. 

The solution of this equation gives 

P[4 cos </>(cos 0 +0 sin 0 —cos ^ sin +cos 20 
Ha —cos 20]—cos 20+cos 2(^ 

2P 2p[40 —3 sin 20 + 20 cos 20] +2(20 +sin 20) 

If the rib-shortening due to the compression terms is neglected 

Ha 4 cos 0(cos 0 +0 sin 0 —cos 0—0 sin 0) +cos 20 —cos 20 
2P 2(40—3 sin 20+20 cos 20) 


(12.28) 


(12.29) 


The vertical reactions, obtained from the sum of those arising from the 
systems (^) and (c) are 

Va=P(1 +8in 0 cosec 0) ; Vb—P{1— sin 0 cosec 0) . . (12.30) 

If the two-pinned rib carries a horizontal load 2P at 0 from OC as shown 
in Fig. 12.11 the reactions are again found by superposition. From system 
(c) by taking moments about A, 

Vjj —— V^—P(cos 0—cos 0) cosec 0, 
and -Hl-H^-P. 

Under the symmetrical loading of (ft), there are no vertical reactions and 
the thrust H^ is given by the strain energy equation of the vertical load 
case but with 

M==HaR(cos a— cos 0)+[PR(cos a— cos 0)] 
and T —(P+Ha) cos a between 0 and 0, and H^ cos a between 0 and 0. 
This leads to 


Ha_ p[20—sin 20+4 cos 0(0 cos 0—sin 0)]+20+sin 20' 
2P 2p[40—3 sin 20+20 cos 20]+2(20+8in 20) 

or, when rib-shortening is neglected, 

Ha 20 — sin 20+4 cos 0(0 cos 0 — sin 0) 

2P 2[40—3 sin 20+20 cos 20] 


(12.31) 


Then, superposing the results from (ft) and (c), the reactions are 


Ha_ r 1 p[20—sin 20+4 cos 0(0 cos 0—sin 0)]+29+sin 201 

2P 2p[40—3 sin 20+20 cos 20]+2(20+sin 20) J’ 

Hb 1 P[20—sin20+4cos0(0cos0—sinO)]+20+sin20 

2P 2 2p[40—3 sin 20+20 cos 20]+2(20+sin 20) * 

0-cos 0) cosec 0, 

with corresponding results when rib-shortening is neglected. 


12.9. The two-pinned segmental arch rih with distributed load. —When the 
rib carries a uniformly distributed load over part of the span the value of 
Ha may either be found directly from the strain energy equations, as already 
illustrated in the treatment of the encastre rib, or more simply by integrating 
the value of Ha found for a point load in the previous paragraph over the 
range of the distributed load. 



276 


ANALYSIS OF STRUCTURES 


Rib with uniform load acting vertically. —As shown in Fig. 12.12 a load of 
intensity 2w acts over the section of the rib between Oj and 63 on one side 
only and this is split into symmetrical and skew-symmetrical systems. The 
supports A and B in Fig. 12.12 are now considered to be pinned instead of 
encastre. 

At any point 4* from OC, where ^ lies between and Og, the element of 
load acting vertically for cases (b) and (c) is wR cos element 

of thrust, due to (h) only, is cos where represents the 

right-hand side of either equation (12.28) or (12.29) with in place of 0 
throughout. 

r^2 

Then Ha =2wR k^ cos 

and this leads to 


Ha 

2wR 

also 


cos 30 sin 3£—cos 0 sin £(3+6 cos 2^+4(/> sin 2 (/>) 
+COS ^(3 cos 20 sin 2£+20 sin 20 sin 2£—2£ cos 20 cos 2£ 
+4£)]—cos 30 sin 3£+cos 0 sin £(1—cos 2<f))\ 
2p[4^—3 sin 2 ^+ 2 <^ cos 2 (^]+ 2 ( 20 +sin 20 ) 


Va 

Vb 


—2wR cos 0 sin £(1 +sin 0 cos £ cosec 


-A) 


(12.33) 


where, as in previous results, 20 = 02+01 2 £= 02 —Oj. The total load 

on the rib is 4wll cos 0 sin £. In the limit when 2£ is made very small the 
result reduces to that for the point load. 


Rib with uniform load acting horizontally. —This is shown in Fig. 12.13 for 
the encastrt^ rib. The elementary load acting horizontally at from OC 
for load cases (b) and (c) is now 2<;Rsin030 and for load case (^), = 

2 i(;RA ;2 sin 080, where ^2 right-hand side of (12.31) with 0 replaced 

by 

r^2 

Then H^= 2 z^RI ^2 sin 0d0, 

which gives 


2wR 


cos 30 sin 3£+3 cos 0 sin £+40 sin 0 sin £ —4£ cos 0 cos £ 
+COS 0(3 cos 20 sin 2£+20 sin 20 sin 2£—2£ cos 20 cos 2£—4£)] 
+[—i cos 30 sin 3£+5 cos 0 sin £+40 sin 0 sin £ —4£ cos 0 cos £] 


2p[40—3 sin 20+20 cos 20]+2[20+sin 20] 


(12.34) 


There arc no vertical reactions in the symmetrical loading case. For skew- 
symmetrical loading the horizontal reactions at A and B are each equal to 
the total load on one side of the arch, i.e. 2 wR sin 0 sin £. The vertical 
reactions are found by taking moments about A, which gives 

Vb=^R cosec 0 (cos 0 —cos 0 ) sin 0 d 0 , 

J 

i.e. Vb= 2 wR sin 0 sin £(cos 0 cos £—cos 0 ) cosec 0 . 

The complete reactions are thus : 

Ha=Ha— 2t/;R sin 0 sin e, 

Hb=Ha+ 2 ^^^R sin 0 sin e, 

—VA=VB= 2 it;R sin 0 sin £(cos 0 cos e—cos 0 ) cosec 0 . 


(12.35) 
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12.10. The parabolic-arc cantilever. —Fig. 12.14 represents a constant 
section, parabolic-arc cantilever, p 

encastre at A, carrying in the first __^ ^ 

place a concentrated vertical load - j .. ■■ 

P at Z from the free end and actions | !/ ^ 

Mq, Hq and Vq as shown. The span ^ 

AC is L and the rise of C above A is j Vf -<_ i _► 

a. If axes are taken through C, x ^ 

being measured horizontally from C r ^ 

towards A and y vertically downward • 12 . 14 . 

as shown, the shape of the rib is given by 


The bending moment at x from C is 

M=Mo-Ho.v-VoX+[P(x-Z)], 

the term in P being included only when x —Z is positive. The displacements 
of the end C are given as for the segmental-arc cantilever by 

av, EiJ^aVo'^’ 

^ au 1 L,aM 

if the terms due to rib-shortening are neglected. The integration of these 
expressions is cumbersome, but if it is assumed that the second moment of 

85 

area of the rib varies according to the relation 1^=1^ where I is the value at 

C and “ in the limit is the secant of the angle of slope of the rib at any 

point X, the error introduced is very small for ribs of the usual proportion 
of rise to span and the integrations are considerably easier : this assumption 
will be adopted throughout the analysis which follows. Then 

. Hoax* . \ J.. , 7XJ,. 


VqX I dx+P (x—l)dxy 




Mq- — -VoxjxcZx—Pj (x—l)xdxy 

H ax^ \ 

Mq --) x^cZx—PI {x—l)xHx. 


EIi;o=- 


On integration these give 

6EItXo=L(6Mo-2Hoa-3VoL)+3P(L-Z)2, 

-12EIro-L2(6Mo-3Hoa-4VoL)+2P(L-Z)2(2L+Z), 

60EIL2A. 

--®=L»(20Mo-12Hoa-15VoL)+5P(L-i)*(3L* 

“ +2Li+i*)- 


(12.36) 


10 
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If the load is distributed over a section of the cantilever instead of con¬ 
centrated, the terms in Hq and 
Vq in the above are unaltered but 
those in P must be modified. Sup¬ 
pose the cantilever carries a vertical 
load of intensity w uniformly dis¬ 
tributed over the section between 
x—li and x=l 2 i as shown in Fig. 
12.15, then at a distance x from C, 
between and the elementary 
load acting is w8x and the contribu¬ 
tion of this to the expression for 6EI(i.o is 3t4?(L— 

Hence the total contribution of the distributed load is 3w I (L~x)^dx and 

J h 

this replaces the term in P. 

Similarly, the terms in P for the expressions defining v and h in (12.36) 
are replaced respectively by 

2w\ (lA—xY{2'L-\'X)dx and 5w^[ {}u~x)\3\J‘^2'Lx-\~x‘^)dx. 

Jh Jh 



The displacements at the end of the cantilever under the actions of Mq, Hq, 
Vq and the vertical load are then 


6EI(jio=L(6Mo-2Hoa-3VoL)+2i4;d{3(L-g2_|.^2|^ 

-12EIt;o=L2(6Mo-3Hoa-4VoL)+4t^d{(L-^o)'(2L+^o)4^^^^o}» 

6^n^o^L3{20Mo-12Hoa-15VoL)+2w(i{5(L-«o)2(3Li» 


(12.37) 


In these expressions, 2 Z 0 —Z 1 +Z 2 and 2cZ“Z2—Z^, i.e. Iq is the distance of the 
centre of the load from C and 2d is the length over which it acts. 

The concentrated load P shown in Fig. 12.14 will now be supposed to act 
horizontally instead of vertically. The terms in Mq, Hq and Vq in the 
bending moment expression will be the same as before but that in P is 
Pa 

—(a;2—Z2). The expressions for the displacements of C are then 


6EI(jLQ-L(6MQ-2HQa-3VQL) f (L~Z)2(L+2Z), 

3Pa 

-12EI^;Q-L2(6MQ-3HQa~4VQL) + ^ 2 -(L"-^")^ 

^^^^^-” =L^(20Mo-12Ht,g-15VoL)+^“(L-l)g(3L« 


If a horizontal load of intensity w acts in the same direction as P on the 
portion of the rib between x~l^ and x^l^ the elementary load at x from C 
2awx 

is w8y or 8x. The terms to replace those in P in equations (12.38) are 
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therefore 
4a 2 m; 


L" 

6a 2 m? r^' 


[h 

(L —x) 2(L+ 

J/i 


8a 2 m; 


■ — j (L^~x^)^xdx and ~~jjj 
Integrating these and substituting Iq and d as before, 

6EI(jio=L(6Mo-2Hoa-3VoL)+^-{Zo(L-g2(L+2«„) 

-12EIt>o=L2(6Mo-3Hoa-4VoL)+^^^^®{3(L2-Z§)® 

-rf2(6L2-10i|-3rf2)}, 
_^y^o_L3(20Mo-12Hoa-15VoL)+-^®“^''^{io(L-Zo)>=(3L* 

+6LH^+4:Ul +2ll)-d^5h%-l0l* -&ll d^-^d*)}. 
The total load of intensity w is 


2aw [^* 


‘I 

L2 Ji 


xdx~ 


4tawlQd 

""U”' 


(12.39) 


12.11. The encastr^ parabolic arch rib. —The results of the last paragraph 
may be used to obtain the general solutions for an encastre parabohc arch 
rib in the same way as for the segmental arch dealt with in paragraph 12.6. 

Parabolic arch with vertical concentrated load .—When the arch rib of 
Fig. 12.10 is parabolic instead of segmental, the conditions under the 
symmetrical load system {h) are (Xo=0, ^q= 0 and Vq== 0 and the first and 
last of equations (12.36) become 

( 6 Mo- 2 Hoa)L+ 3 P(L- 02 = 0 , 

4(5Mo-3Hoa)L3+5P(L-i!)2(3L2+2LZ+Z2)-0. 

For the skew-symmetrical loading shown at (c) the conditions are Mq=0, 
Hq— 0 and second equation of (12.36) becomes 

4VoL2=2P(L-Z)2(2L+Z). 

The solution of these equations gives the resultant actions at the crown of 
the arch for a vertical load of 2P on the left half at I from the centre ; 


Ho 15(L2~Z2)2 
32aL3 

Mo (L-OW-10U-5Z2) 

4PL^ -’ • • • • <12.40) 

Vo (L-;)“(2L+i) 

2P 4L» 

In the special case of a parabolic rib carrying a central load 2P=W, the span 
being 2L=S, these results become 

Ho_ 15/S\ ^__3 Vo_l 

W 64 Va/ ’ WS 64’ W 2* 


(12.41) 
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Parabolic arch with horizontal concentrated load. —This loading for the 
segmental arch is shown in Fig. 12.11. The conditions at the crown both for 
the symmetrical loading {h) and skew-symmetrical loading (c) are the same 
as for the previous case and substitution of these conditions in (12.38) gives 
the resultant actions at the crown for a horizontal load 2P on the left half 
at I from the centre, 

Ho (L-l)^2U+4:i^H+6hP+3P) 

2P“ ~4L^ 

Mo a(L-/)2(2L+Z)/2 

siJ ’ 

Vo 3a(L2-Z2)2 

8L5 * 


(12.42) 


Parabolic arch with distributed vertical load. —The same conditions, when 
substituted in (12.37), give the resultant actions at the crown for a dis¬ 
tributed load of intensity 2w acting over a distance 2cZ on the left half of 
the arch, 

Ho 15(L2-Z2)2_,/2(i0L2_30Z5-3d2) 

4?7d” 32aL2 ’ 

Mo (L-Zo)2(3L2-10LZo-5Zg)+d2(6L2_10Z5--d2) 

64L4 " , p ( • ) 

Vq _ (L-Zo)2(2L+Zo)+d2Zo 

^wd 4L^ 


In the limit when Zo—Z, cZ=0 and 4rwd=2V these reduce to the values for a 
vertical concentrated load given by equations (12.40). 

If the arch carries a uniform vertical load of intensity re over the whole 
span, Vo is zero and the other resultant actions at the crown are the same 
as if the arch carried a load of intensity 2w over one-half the span. Putting 
2cZ=2Zo=L in the above equations, therefore, we obtain for the uniformly 


loaded parabolic rib 


2wL 


S 

8a 


and Mo^ 


0 which are well known results. 


Parabolic arch with distributed horizontal load. —^Using equations (12.39) 
and the same conditions at the crown as for other loadings, the resultant 
actions for a horizontal load of intensity 2w distributed over a part of the 
rib are 

T 2h 1 n 

lS^=S;L‘['f ■ (12.44) 
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The total horizontal load on the arch due to the distributed load of intensity 
2w is and putting this equal to 2P with Iq=^1 and d=0 these equations 

reduce to those of (12.42). 

12.12. Two-pinned parabolic arch rib. —It is convenient to make Ha, the 
thrust at the left-hand pin, the redundant element instead of the thrust 
at the crown, Hq, as has been done so far. Keeping the notation of the 
previous paragraph, the values of Ha for different load systems are readily 
found from the symmetrical load system by using the strain energy equation, 
and the vertical reactions at the supports from statical considerations. 

Two-pinned arch with concentrated vertical load. —The corresponding case 
is shown in Fig. 12.10 for a segmental encastre arch. The value of Ha is 

obtained from —0 for loading (h) where U is the strain energy of half the 

allA 

rib since the loading is symmetrical, 
crown is 


The bending moment at x from the 




x2)-P(L-.T)+|P(/-a:)], 

The strain energy and 




where the last term only appears when positive, 
static equations give 

Ha Hb_ 5 
2P“2P " 64aL3 
Va_L+^ Vb_L-1 
2l>“ 2I7 ^P" 2I7 

When the load 2P=W is at the centre of the span 2L 

uW ,Ha 25 /S\ 

reactions are each -- and • 

2 W 128\a/ 

Two-pinned arch with concentrated horizontal load. —In this case, shown 
for the encastre segmental arch in Fig. 12.11, if H is the thrust at A or B 
for the symmetrical load system (6) we have 


(12.45) 


=S, the vertical 


M = 


J, 


and the same procedure as for the vertical load gives 
Ha If P 

4 1 


2P 

Hb 

2P" 

Va 


“^1 




-l^) 


1 

2 

Vb 


2P 2P 


P 

a(V^~P) 
2L3 • 


-P) 


(12.46) 


Two-pinned arch with uniform vertical load on part of span .—This is shown 
for the encastre segmental arch in Fig. 12.12. If x is the distance of an 
elementary load w^x from the crown, the value of Ha for the symmetrical 
load system is, from (12.45), 


Ha^ 


^w r^« 


32aL3 


J,: 


(5L2-a;*)(L‘'‘-a-“)d.r. 
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On integration this gives 

. . (12.47) 

Va_L+^o Vb L-Zo 
^wd 2L ’ ^wd 2L * 

In the limit when 4:wd—2F, d=0 and Iq—1 this gives the same value as 
(12.45) for a vertical point load. If the arch carries a load of intensity 2w 

wJj^ 

over one-half the span Zq— 6Z=L/2 and Ha from the above equation is 

which is also the value of Ha when a uniform load of intensity w covers the 
whole span. 

Two-pinned arch with uniform horizontal load on part of span .—For the 
symmetrical load system the elementary load at x from the crown is, as on 

^d^JOC nIC 

p. 278, — Y~ 2 — so Ha for the whole load is, from (12.46), 


Hence 

HaL^ 

Sawlgd 


1+-y-jr(5L2—0*2) krdr 


HbL2 _1 
Sawl^d 2 


[l + ml<P+d*)-{ll +51*4^ 


(12.48) 


Sawl^d SawlQd 2L 




Sawhd 


In the limit when d approaches zero, ^2P and the results agree with 

those of (12.46). 


12.13, Analysis of arch from strain equations, —Suppose Fig. 12.16 
represents the centre line of a curved bar subjected to any system of bending 
moments. Let the bending on a small element of length at C turn this 
element through a small angle ^i and cause the chord CB to move to CD. 
If CF is the perpendicular from C to the chord AB 

BCF-::BDE=a 

where BE and ED are the component movements of B normal and parallel 
to AB. 

Then DE~BD cos a=8iBC cos a=ySZ. 

Also, applying the theory of bending for initially straight beams which 
is sufficiently accurate for the case of the arch rib, 

S5~EI 

where M is the bending moment at C and El is the flexural rigidity of the 
element Ss. 
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Hence 


DE=^Si=^j/Ss 


or, in the limit when Ss is made infinitesimal, the total horizontal movement 
of B due to the bending of AB is 

f”M ^ 

.eT,**- 




In the two-pinned arch the total movement of B along AB is zero and so 

[Mt/ 

But y is and the equation is identical with that obtained from con- 
arl 

siderations of strain energy. 



The vertical movement of B due to the rotation of a small element 8s is 
BE=BD sin oc~8iBC sin c(.—x8i 

and the argument follows exactly as for the horizontal component leading 
to the equation 

J^xrf.,=0. 

The third condition to be satisfied is that the change of slope at B must 
be zero. 

The change of slope at B due to the rotation of the element 8s is 8i. 

M 

But 8i^^^~8sy 


therefore the total change of slope = 1 :^^ds 
and since this is zero, we obtain the third equation 






These are the same equations as obtained by an appheation of the strain 
energy method. 


12.14. Two-pinned arch ; graphical solution of equations. —If the arch is 
of such a shape that the equations cannot readily be integrated, a graphical 
treatment is of general applicability. Suppose the arch shown in Fig. 12.17 
is subjected to any system of loads indicated by Wj, Wg and Wg which act 
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at distances a, b and c respectively from A. Let X be any point on the arch 
rib at a horizontal distance x from A and let the rise of the arch at this point 
be y. 

Then the condition for the determination of H is 


dU IfM^, 
dH EJ ^ ^ 

where is the second moment of area about the axis of bending at X and 
is the bending moment at X. 

Now Mj;—H?/—VA^+Wi(a:—a)+W 2 (^-- 6 ) 4 -W 3 (x—c), where the terms in 
brackets are only included if they are positive. 


and the equation for H takes the form 

f [H 7/2 V^xy W^(x—a)y W^(x~c)y] 



the limits of integration being from a ;=:0 to x—h for the terms in H and Va 
and from x—a, b and c to x=L for Wj, Wg and Wg respectively. Generally, 
direct integration will be impossible and we proceed as follows. 

Divide the centre line of the rib into a number of parts ; it is preferable 
but not essential to make them equal. The greater the number the more 
accurate will be the final result. Let the length of any part be 85 . 

At each point obtained by this division, numbered 1 , 2 , etc., in 
the figure, measure the values of 1^, x and y and calculate the terms 


xy (x—a)y (x~h)y (x-c)y 
j, —I -, -and ^-. 


Plot these values upon a base repre¬ 


senting s at the appropriate distances from the origin. The area of the 
resulting curves will give the coefficients of H, Va, Wj, Wg and W 3 in the 
equation for H and if these areas are denoted by A^, Ag. . . Ag, the equation is 


HAi-VAA^+WiAg+WgA.+WgAg-O. 


Since Va can be calculated from the moment equation about B the 
equation is soluble for H. 

As an example this method will be applied to a segmental arch which can 
also be solved analytically. 
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Fig. 12.18 shows the centre line of the rib divided into 13 equal parts, the 
load acting between points 9 and 10. Since the second moment of area of 
the rib is constant it can be omitted from the equation. 



The values of x and y for each point and the terms calculated from them 
are given in Table 12.1. The scales used are immaterial provided they are 
the same throughout. 

Table 12.1. 


Point 

X 

y 

0 

0 

0 

1 

7-2 

11-2 

2 

17-0 

21‘0 

3 

28-0 

29-0 

4 

400 

35-5 

5 

52-5 

40-0 

(5 

66-0 

42-0 

7 

79-5 

42-0 

8 

92-6 

40-0 

9 

105-6 

35-5 

9-78 

115-0 

31-0 

10 

117-5 

29-0 

11 

128-6 

21-0 

12 

138-0 

11-2 

13 

146-0 

0 


2/“ 

xy 

{x~a)y 

0 

0 


123 

80-5 

— 

441 

357 

— 

841 

812 

— 

1,260 

1,420 

_ 

1,600 

2,100 

— 

1,764 

2,772 

— 

1,764 

3,340 

— 

1,600 

3,704 

— 

1,260 

3,750 

— 

961 

3,565 

0 

841 

3,410 

72-5 

441 

2,700 

286-0 

123 

1,530 

257-5 

0 

0 

0 


The load does not come exactly at one of the divisions but at the point 
a: = 115, 2/=31 . This is entered in the Table as 9*78, i.e. it is 9 *7885 from the 
origin. 

The curves of ?/2, xy and (x—a)y are plotted on a base s in Fig. 12.19 and 
the proportional areas of these curves as measured are 

Ai=Jy2^5 = 6-12, 

A^^lxyds =13-36, 

A^=l(x~a)yds— 0-35. 

Hence 


612H-13-36Va+-35W=0, 


10* 
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and by taking moments about B we find 

146Va=31W 

or Va=-212W 

6 • 12H-2 • 84W + • 35W =0 


and 


H 

^=•406 


which agrees with the value found by direct analysis. 



12.15. Resultant actions in two-pinned arch. —Having calculated the value 
of the horizontal thrust as shown in previous paragraphs, the bending 
moment, normal thrust and transverse shearing force can be found for all 
points on the arch rib. 

Fig. 12.20 represents a two-pinned arch carrying loads Wj and Wg tons 
at points C and D which are at distances a and b respectively from A. 

The bending moment at X, which is x from A, is 

M^-Hy-{VAX-Wi(x-a)-W,(x-6)}, 

where the terms {x—a), [x—b) only appear when x>a and x>b respectively. 

Hy represents the bending moment due to H and the remainder of the 
expression that upon a beam of span AB loaded identically with the rib. 
The curve of Hy is, to an appropriate scale, the centre line of the rib : thus, 
if the true rise of the arch at the centre is d inches and the scale of the drawing 

of the rib is - then Hd inch-tons is represented by ^ inches and the drawing 

of the rib is the Hy curve to a scale of 1 inch=Hn inch-tons. The '' beam ’’ 
bending moment diagram acdb is plotted to the same scale, as shown in Fig. 
12.20 and the bending moment at any point on the rib is then given by the 
intercept between the two curves. 

If the arch had been made in the shape of the beam bending moment 
diagram, in this case if the centre line had followed the line acdb, there 
would clearly be no bending moment at any point in the arch, acdb is known 
as the linear arch. 



ELASTIC ARCHES AND RINGS 


287 


-i The normal thrust and transverse shearing force at any point in the rib 
llpay be found by resolving the forces to the right or left of the section in 
BBirections along and normal to the tangent to the rib at that point. Thus, 
^at X, in Fig. 12.20, if the tangent makes an angle a to the horizontal, 

the resultant vertical shearing force at X~Vb—W 2 
and the resultant horizontal force =H. 

Resolving along and normal to the tangent we obtain 

normal thrust at X =(Vb—W g) sin a+H cos a 

and transverse shearing force r=(VB—Wj) cos a—H sin a. 



The linear arch may be considered from another point of view. If the 
loads on the arch were reversed in direction and carried on a flexible cable, 
this cable would take the form of the linear arch provided the constant 
horizontal tension in it were equal to H. Such a cable would be stable since 
every section would be in tension. Theoretically therefore when the loads 
act in their original directions, struts ac, cd and db pinned together at their 
ends would support the loads ; the resulting arrangement would, however, 
obviously be unstable. For every load system there are an unlimited number 
of possible linear arches depending on the polar distance used in drawing 
the funicular polygon, i.e. on the value of H. The correct linear arch is that 
having the true value of H for the real arch. Having obtained the correct 
linear arch we know the direction, point of application and magnitude of the 
thrust at any section of the true arch. Its distance from the centre line of 
the real arch is the eccentricity of loading at that section and the bending 
moment there is the product of this eccentricity and the thrust. 

The linear arch, or line of thrust as it is often called, is much used in the 
design and analysis of masonry arches. 

12.16. The braced arch. —^The arches considered so far have been of the 
rib type, but most large arches are braced. They may be three-pinned, 
two-pinned or fixed ended. 

The three-pinned arch shown in Fig. 12.21 is statically determinate as 
regards reactive forces and can be dealt with in the way described for the 
arch rib. Thus, for a load W acting as shown the reactions can be found 
by joining BC and producing the line to cut the line of action of W at D and 
then drawing DA. The vertical components of the reactions at A and B 
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are known from the equation of moments about A, and since AD and BC 
give the lines of their action, Ra and Rb are readily calculated from the 
geometry of the figure as in paragraph 12.3. 

The arch can now be treated like any other framed structure and the forces 
in all the bars found by means of a stress diagram, by the method of sections 
or by means of tension coefficients. 



The two-pinned braced arch has one degree of redundancy due to its 
method of support ; the redundant element may conveniently be taken to 
be the horizontal thrust at one pin. 

In Fig. 12.22 is shown a two-pinned spandrel-braced arch. If the pin at 
B were replaced by a frictionless bearing the structure would be a just-stijff 
braced girder and could be analysed for any system of loads by the usual 



methods. The introduction of the pin at B, however, gives a horizontal 
constraint Hb and the stress analysis requires strain energy or other equiva¬ 
lent methods. Hb may be considered either as an internal redundancy, in 


dJ] 

which case the method of minimum strain energy demands that — 0 , or 

as an external force which prevents movement of the pin in a horizontal 
direction : the first theorem of Castigliano then gives the same equation. 

The forces in all the bars of the arch must first be found in terms of the 
known external loads Wj .... W 4 and the unknown Hb. 

This is best done by drawing one stress diagram for the external load 
system and another for Hb. 
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The force in any member is then of the form 

Po=/(W)+aHB 

where /(W) is the force arising from the loads .... W 4 and aHa is that 
from Hb. If w is the strain energy in that bar, then 

dU PqL 

where L is the length of the bar and A its cross-sectional area, 

dU ’^PoL dPo 
^Hb^^^AE Mb' 


and 


= 0 . 


The various terms in this equation should be tabulated as previously 
explained in Chapter 6 and the resulting equation solved for Hb. Substitu¬ 
tion of the value of Hb in the expressions for Pq then gives the stresses in all 
members of the arch. 



Fig. 12.23 shows a braced arch which is fixed to pins at A, B, C and D. 

If the bars EC, ED and FD are removed the structure remaining is a 
cantilever which can be analysed without difficulty. 

If the forces in the three bars specified above are denoted by R^, Rg and 
R 3 respectively the following conditions must be satisfied : 

au _^P^L dF 

dR, ^AE BRi ’ 

d\J^yP,LdRo 
aiL, ^AE aR, ’ 

au vPoL SK 
an,, ' ^ AE aR;, 

A stress diagram is drawn for the external loads acting together, and one 
for each of the redundancies Rj, Rg and R 3 acting separately. The equations 
derived from the above conditions can then be formed and their simultaneous 
solution gives the values of R^, R 2 and R 3 . 

If it is more convenient, any three members such as GJ, JK and KL may 
be treated as redundancies ; the arch is then divided into two cantilever 
portions and each requires the separate diagrams for external loads, Rj, R^ 
and R 3 to be drawn. The three equations corresponding to the above 
conditions are then formed as before. 

12.17. Temperature stresses in an arch.—The effect of a change of tem¬ 
perature upon any structure is to cause alterations in the lengths of the 
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members composing it. If the structure, even when redundant, is made of the 
same material throughout and has just the essential number of reactive 
forces, such changes in length result only in a slight change in the geometry 
of the truss without the introduction of extra stresses. If, however, the 
structure has redundant reactive forces which restrain free movement the 
temperature change causes extra stresses in the bars of the truss. 

Consider, for example, the effect of a rise in temperature on a curved beam 
pinned at one end and resting on a frictionless roller at the other. The 
dimensions of the member increase and since it is free to move on the roller 
the result is merely a proportional increase in all dimensions of the beam. 
If, however, it is fixed to pins at both ends, movement is prevented and the 
resulting thrust from the pins induces stresses throughout the member. 

The result is the same as if free movement were allowed and the end of 
the rib then forced back into its original position by a horizontal force. 

Suppose a two-pinned arch rib of span L is subjected to a temperature 
rise f. 

Then, if it were free to expand, the new span would be L(l+p^) where p 
is the coefficient of expansion of the material. Now assume that a horizontal 
force H is applied to the free end of sufficient amount to force it back through 
the distance U^t. 

The first theorem of Castigliano gives 

movement of H horizontally 


or, if we neglect all effects except bending of the rib. 


M dM, , 
El dR ^ 


But M=H2/ so 

the integration extending round the whole rib. 

This equation can be solved by one of the methods already described and 
H evaluated. 


Example .—In a two-pinned parabolic arch rib the second moment of area 
at any section is I^, sec a where Iq is the value at the crown and a is the slope 
of the rib at the section. Find the increase in the horizontal thrust per 
degree rise of temperature. 

Let span =L, 

rise of rib at centre —d, 
coefficient of expansion =(3. 

If one pin were released the increase in span due to a unit rise of temperature 
would be Lp. 

If the origin be taken at the centre of the span the rise of the arch at x 
from the origin is 
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also 


dH 




But 


which gives 


I.-In 


^dx 

15EIop 




8ri2 


12.18. The circular ring. —The circular ring is a common unit in engineering 
construction. It may occur as a simple link, a connexion for a number of 
load-carrying members, or as the rim of a wheel, and the analysis of the 
stresses to which it is subjected under any system of loading is a matter of 
importance. Usually a knowledge of the exact distribution of stress across 
any section is not necessary and this is fortunate since the problem is one of 
considerable complexity, but it is essential to be able to calculate the 
resultant actions at any section and from them obtain reasonable estimates 
of the maximum stresses. This is relatively simple, an application of strain 
energy methods being sufficient in the simpler cases for the first step and 
Winkler’s theory of the bending of curved bars adequate for the calculation 
of stresses. 

If a ring under any system of loads is cut at one section it will still be 
able to carry the loads, provided the material is not overstressed, and the 
resultant actions at any other section can be calculated 
straightforwardly. To restore the ring to its original 
condition of stress, however, it is necessary to apply a 
moment and a force to each side of the cut section, 
and these, together with the inclination of the force 
to the section are statically indeterminate and must 
be calculated by reference to the elastic properties of 
the ring. It is convenient to replace the unknown 
force and its line of action by two component and in¬ 
dependent forces which are usually taken as tangential 
and radial to the ring. These and the moment then 
constitute the three redundant actions to be deter¬ 
mined by strain energy analysis or an equivalent method. The first example 
is that of a ring of uniform cross-section in equihbrium under the action of 
three parallel forces as shown in Fig. 12.24. 

Two forces each of magnitude P act at 6 on either side of the axis AB of 
the ring and are equilibrated by 2P at B. If the ring is supposed to be cut 
at A, the resultant actions necessary to restore the original conditions are 
the moment Mq and the tangential thrust Hq. Considerations of symmetry 
show that the radial shearing force at A is zero. 

At any point X on the ring at an angular distance a from OA the bending 
moment is 

M—Mq—HqR(1 —cos a)—[PR(8in a—sin 0)], 
the term in P only occurring when a is greater than 6. If the effects of 
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tangential compressive stresses and radial shearing stresses are neglected 
and the strain energy of a curved bar is assumed to be the same as for a 
straight one, the equations for the determination of Mq and are 


9U 

aMo 

au 

aHo 


2 p, 

EiJo 
El Jo 


M^ds= 0 , 

aM„ 


, 

M^—r/5 = 0 , 
d-Un 


where U is the total strain energy in the ring. 

On substituting for M and its derivatives these equations become 

[ {Mq—HqR(1 —cos a)}c^a—PR [ (sin a—sin 0)da—0 

Jo Jo 


[ {Mq—HqR(1 —cos a)}(l —cos a)da—PR [ (sin a—sin 0)(1 —cos (x.)d(x.=0. 

Jo Jo 

It should be noted that the first of these equations may be subtracted from 
the second so that the terms from the bending moment equation in the latter 
need only be multiplied by cos a instead of (1—cos a) with a consequent 
reduction of work. The resulting equations are 


7r(Mo-RHo)-PR{l +COS O-(7r-0) sin 0}=0 
27rRHo-PR(l -cos 20)=-O. 

From these 

Ho=-sin2 0 

71 

PR I ‘ 

and {sin2 0+/i(0)} 

TT 


(12.49) 


where /i(0) = l -} cos 0 —(tt—0 ) sin 6. (12.50) 

When 0^0, i.e. when the ring is subjected to a diametral pull 2P, these 
become 


H« 

Mo 



(12.51) 


In Fig. 12.25 the vertical forces of this example are replaced by a pair of 
horizontal forces, each equal to P and acting at 0 on either side of the axis 
of symmetry. 

The bending moment at X is now 


M=Mq—HqR( 1 —cos a)—[PR(cos 0—cos a)J 


and the strain energy equations 


au 

aMo 


au 

aHo 


lead to 



-HoR(l —cos oi)}doi- 


"IT 

-PR 

Jo 


(cos 0—cos a)da—0 


* 7 r Ttt 

{Mq—H oR(l —COS a)}cos ada—PR (cos 0—cos a) cos ada—0 

Jo Jo 
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which on integration and solution give 

Ho=--/2(0) 

TC 

■pT> 

Mo=— 

TT 

where / 2 ( 6 ) —tu— 6 +J sin 20 

and / 3 ( 0 )=sin 0 +( 7 u—0) cos 0. 


(12.52) 

(12.63) 


Since any force can be resolved into vertical and horizontal components the 
foregoing results provide solutions for any symmetrical load system. Each 
load is resolved and the contributions made by the components to the values 
of Mq and Hq are calculated separately. These are then added to obtain 
the effect of each pair of loads. If there are a number of symmetrically 
disposed pairs of loads acting on the ring the algebraic sum of the values 
of Mq and Hq for each separate pair gives the total resultant actions at A. 




It is sometimes convenient to resolve the loads radially and tangentially 
and Fig. 12.26 shows a ring loaded with a pair of radial loads each of magni¬ 
tude P, acting at 0 from the axis of symmetry. These are balanced by a 
vertical load at the point B, 

The bending moment at a from OA is 

M —HqR( 1 —cos a) —[PR sin (a —0)] 

and the equations derived from = ^^=0 are 



-HqR( 1—cos a)}f/a~PR sin (a—0)da==O 

J0 




-HoR(l—cos a)} cos ada—PRj^sin (a—0) cos oidx—O 


which on integration and solution give 


Hq —-(tc— 0 ) sin 0 

TT 

PR 

Mo=— /lie). 

7Z 


(12.64) 


If the radial loads of this case are replaced by tangential loads as shown in 
Fig. 12.27, the bending moment at a from OA is 


M=Mo-HoR(l-cos a)+[PR{l-cos (a- 6 )}], 
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and the strain energy equations give 

r{Mo-HoR(l-cos a)}da+PRf’'{l-cos (a-0)}da=-O 

Jo Jo 

[’'{Mo-HoR(1 —COS a)} cos aria+PRl^jl — cos (a—6 )} cos ac/a~0 


Jo 

which lead to 


Ho=-/3(0) 

n 

PR 

Mo=—{/3(6)+sin 0 -(:r-O)}. 

71 


(12.55) 


Alternatively the forces P in Fig. 12.26 can be resolved into components 
Pcos0 and PsinO acting parallel to and at right angles to the axis of 
symmetry, while the forces of Fig. 12.27 have resolved components PsinG 
and —P cos 0 parallel to and at right angles to the same axes. The resultant 
actions at A for the separate components can in either case be calculated 
from equations (12.49) and (12.52) and superposed to 
obtain the results given in (12.54) and (12.55). 

The loadings so far considered have been sym¬ 
metrical about one axis of the ring. It is desirable 
to derive the corresponding expressions for skew- 
symmetrical loading since the superposition of appro¬ 
priate symmetrical and skew-symmetrical systems 
enables any type of loading to be dealt with readily. 

Fig 12.28 shows loads P acting at 0 from the axis of 
symmetry and parallel to that axis, but the loads now 
act in opposite directions, producing a couple on 
the ring which is assumed to be held rigidly at 
section B. From the conditions of skew-symmetry it is clear that there will 
be neither a bending moment nor a tangential force in the ring at A, but 
there will be a radial shearing force the magnitude of which can be found 

from the equation 

d \Q 

The bending moment at a from OA is 

M—VqR sin a—[PR(sin a—sin 0)] 



and 


1 dV VoR’^r^ . , , PR^r^ . . ^ , 

- aaa—(sin a—sin U) sin oLdoi=0 

Zdy Q FI Jo FI Jq 


which gives, on reduction. 


V„=^4(9) 


.(12.56) 

where / 4 ( 0 )—tt—0 —sin 0 ( 2+008 0). 

If the loads are perpendicular to the axis of symmetry as shown in Fig. 12.29, 
the bending moment and thrust at A are again zero. 

The bending moment at a from OA is 

M=VoR sin a—[PR(cos 0—cos a)] 
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and 


IdV VoR^r^. , ^ ^ . . . . 

— ‘ sm-* acta—(cos U—cos a) sin acta =0. 

Je 


2dV, El Jo" 
From this equation 


Vo=-(l+cos 6)2. 

7 C 


(12.67) 


The case of skew-symmetrical radial loading is shown in Fig. 12.30 and 
again Vq is the only internal action at A. 



The bending moment at a from OA is 

M=VqR sin a—[PR sin (a—())] 


1 dV 


2dV, 


(,.v . . PRV^ 

sin2 ac/a—sin (a—0) sin ccdoL^O 
El Jo El Jq 


V.R'V^ 
) 0 


which gives, on reduction, 
V 


„A{(tt;- 0) cosO+sinO}=V3(0) . 

71 7T 


(12.58) 


Tangential loading of skew-symmetrical type is shown in Fig. 12.31. As in 
the other cases there is neither bending moment nor thrust at A and so 

M-VoR sin a-[PR{l-cos (a-G)}] 

while 


1 c/U VoR2 . 

2^Vo "'ErJ/’ 

which gives, on reduction. 


1*2 acta- 


PR2 fTT 


El J 


0 


{1 —cos (a—0)} sin ada=0 


Vo-—{2(l+cos 0)-(7r-0) sin 0} 

71 


(12.59) 


._„^{l-fcos 6+/i(0)}. 


As with symmetrical loading, (12.58) and (12.59) may also be obtained by 
resolving the radial and tangential forces into components acting parallel to 
and at right angles to the axis of skew-symmetry, and superposing the 
results obtained from equations (12.56) and (12.57). 

For ease of reference the values of the resultant actions for all loadings 
are presented in Table 12.2, and the values of the functions /i(0), etc., are 
given in Table 12.3 on page 297. By suitable superposition of these results 
the resultant actions for any load system can be obtained. 
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Table 12.2. 


Internal Actions in Loaded Ring. 


Loading 

7CHo/P 

tuMo/PR 

:tV„/P 

Symmetrical, vertical 

sin^ 0 

sin2 0-f-/i(O) 


Symmetrical, horizontal . 

-A(0) 

/3(e) -A(0) 

— 

Symmetrical, radial 

— (tt—O) sin 0 

/i(0) 

— 

Symmetrical, tangential . 

/ 3 ( 0 ) 

.^ 3 ( 0)0 —(tt — O) 

— 

Skew-symmetrical, vertical 




Skew-symmetrical, horizontal . 


- 

(1 4 cos 0 )* 

Skew-symmetrical, radial 



/d(0) 

Skew-symmetrical, tangential . 



1 4~cos 0 4 -/i( 0 ) 


As an example, consider the ring shown in Fig. 12.32 (a) which is in 
equihbrium under the three loads 2Pi, 2 P 2 and 2 P 3 . The last two are 
tangential to the ring but is assumed to act in any direction. It is 
convenient to take an axis AOB parallel to the line of action of 2 Pi, 
but this is not essential since any load can be resolved either radially and 
tangentially or along and perpendicular to any arbitrarily chosen axis. 



The load 2Pi is replaced by the symmetrical loads in Fig. 12.32 (b) and 
the skew-symmetrical loads P^ shown at (c). Similarly, 2 P 2 and 2 P 3 are 
split into symmetrical and skew-symmetrical components as shown at (b) 
and (c). When the load system (b) is superposed on (c) we obtain the 
specified load on the ring. Mq and Hq are calculated from the appropriate 
expressions in Table 12.2 for the symmetrical loadings Pj, Pg and P 3 and 
their sums give the total values of the internal bending moment and thrust 
respectively at A. Vq is calculated for each skew-symmetrical loading from 
the expression in the same Table and the results added to obtain the total 
value of the radial shearing force at A. 

The bending moment, tangential thrust and radial shearing force at any 
point in the ring are then obtained quite simply. 
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Table 12.3.— Functions for Loaded Rings 

/i(0)= 1 -I-C 08 0 —(tt—G) sin 0 f^{Q)=sin 0H-(7t— 0) cos 0 

/ 2 ( 0 ) = ‘n:—0 + J sin 20 /4{0)=7 t—0 —( 24 -oos 0) sin 0 


0° 

/.(O) 

AIO) 

/ a ( e ) 

/.(O) 

0" 

/ i (6) 

A(6) 

/.(6) 

/.(O) 

0 

2-0 

3-1416 

3-1416 

3-1416 

92 

-0-5699 

1-5010 

0-9458 

-0-4280 

2 

1-8910 

3-1416 

3-1397 

3-0020 

94 

-0-5671 

1-4314 

0-8929 

-0-4246 

4 

1-7833 

3-1414 

3-1340 

2-8627 

96 

-0-5626 

1-3621 

0-8413 

-0-4190 

6 

1-6771 

3-1408 

3-1248 

2-7239 

98 

-0-5564 

1-2934 

0-7911 

-0-4115 

8 

1-5725 

3-1398 

3-1119 

2-5858 

100 

-0-5487 

1-2253 

0-7423 

-0-4023 

10 

1-4696 

3-1381 

3-0956 

2-4488 

102 

-0-5395 

1-1580 

0-6951 

-0-3916 

12 

1-3685 

3-1355 

3-0760 

2-3130 

104 

-0-5290 

1-0917 

0-6494 

-0-3794 

14 

1-2694 

3-1320 

3-0531 

2-1787 

106 

-0-5171 

1-0266 

0-6053 

-0-3660 

16 

1-1723 

3-1273 

3-0271 

2-0461 

108 

-0-5041 

0-9627 

0-5627 

-0-3516 

18 

1-0773 

3-1213 

2-9981 

1-9155 

no 

-0-4901 

0-9003 

0-6218 

-0-3363 

20 

0-9846 

3-1139 

2-9661 

1-7871 

112 

-0-4750 

0-8395 

0-4826 

-0-3202 

22 

0-8942 

3-1049 

2-9314 

1-6611 

114 

-0-4591 

0-7803 

0-4450 

-0-3036 

24 

0-8061 

3-0943 

2-8941 

1-5377 

116 

-0-4423 

0-7230 

0-4091 

-0-2866 

26 

0-7205 

3-0818 

2-8542 

1-4171 

118 

-0-4249 

0-6676 

0-3749 

-0*2693 

28 

O '6376 

3-0674 

2-8118 

1-2994 

120 

-0-4069 

0-6142 

0-3424 

-0-2618 

30 

0-5570 

3-0510 

2 - 7673 

1-1850 

122 

-0-3884 

0-5629 

0-3116 

-0-2344 

32 

0-4792 

3-0325 

2-7205 

1-0739 

124 

-0-3695 

0-5138 

0-2825 

-0*2171 

34 

0-4041 

3-0118 

2-6717 

0-9662 

126 

-0-3503 

0-4670 

0-2550 

-0*2000 

36 

0-33 J 8 

2-9888 

2-6211 

0-8622 

128 

-0-3308 

0-4224 

0-2293 

-0*1833 

38 

0-2622 

2-9635 

2-5686 

0-7619 

130 

-0-3113 

0-3803 

0-2051 

-0*1670 

40 

0-1954 

2-9359 

2-5146 

0-6655 

132 

-0-2917 

0-3405 

0-1826 

-0-1513 

42 

0-1315 

2-9058 

2-4590 

0-5730 

134 

-0-2722 

0-3032 

0-1616 

-0-1361 

44 

0-0705 

2-8733 

2-4021 

0-4846 

136 

-0-2528 

0-2682 

0-1422 

-0*1217 

46 

0-0123 

2-8384 

2-3440 

0-4004 

138 

-0-2336 

0-2358 

0-1244 

-0*1080 

48 

-0-0430 

2-8011 

2-2847 

0-3203 

140 

-0-2148 

0-2057 

0-1080 

-0-0950 

50 

0-0953 

2-7614 

2-2245 

0-2444 

142 

-0-1963 

0-1781 

0-0930 

-0-0830 

52 

-0-1448 

2-7192 

2-1634 

0-1729 

144 

-0-1783 

0-1528 

0-0795 

-0*0717 

54 

-0-1913 

2-6746 

2-1016 

0-1056 

146 

-0-1609 

0-1298 

0-0672 

-0-0614 

56 

-0-2350 

2-6278 

2-0392 

0-0425 

148 

-0-1440 

0-1091 

0-0563 

-0*0519 

58 

-0-2758 

2-5787 

1-9764 

-0-0162 

150 

-0-1278 

0-0906 

0-0466 

-0-0434 

60 

-0-3138 

2-5274 

1-9132 

-0-0707 

152 

-0-1124 

0-0742 

0-0380 

-0-0357 

62 

-0-3489 

2-4740 

1-8498 

-0-1209 

154 

-0-0977 

0-0598 

0-0305 

-0-0290 

64 

-0-3813 

2-4186 

1-7863 

-0-1670 

156 

-0-0839 

0-0473 

0-0241 

-0-0230 

66 

-0-4109 

2-3612 

1-7228 

-0-2090 

158 

-0-0710 

0-0366 

0-0188 

-0-0179 

68 

-0-4378 

2-3021 

1-6595 

-0-2469 

160 

-0-0591 

0-0277 

0-0140 

-0-0136 

70 

-0-4621 

2-2413 

1-5963 

-0-2809 

162 

-0-0481 

0-0203 

0-0102 

-0-0100 

72 

-0-4837 

2-1788 

1 -5335 

-0-3111 

164 

-0-0382 

0-0143 

0-0072 

-0*0071 

74 

-0-5027 

2-1150 

1 -4712 

-0-3374 

166 

-0-0294 

0-0096 

0-0048 

-0-0048 

76 

-0-5193 

2-0499 

1-4094 

-0-3602 

168 

-0-0217 

0-0061 

0-0031 

-0*0030 

78 

-0-5334 

1-9836 

1-3483 

-0-3794 

170 

-0-0151 

0-0035 

0-0018 

-0*0018 

80 

-0-5452 

1-9163 

1-2879 

-0-3953 

172 

-0-0097 

0-0018 

0-0009 

-0*0009 

82 

-0-5546 

1-8482 

1-2283 

-0-4079 

174 

-0-0055 

0-0008 

0-0004 

-0*0004 

84 

-0-5618 

1-7795 

1-1697 

-0-4175 

176 

-0-0024 

0-0002 

0-0001 

-0*0001 

86 

-0-5669 

1-7102 

1-1120 

-0-4241 

178 

-0-0006 

0 

0 

0 

88 

90 

-0-5698 

-0-5708 

1-6406 

1-5708 

1-0554 

1-0 

-0-4280 

-0-4292 

180 

0 

0 

0 

0 


In finding the expressions of Table 12.2 it was assumed that each pair of 
forces, whether disposed symmetrically or skew-symmetrically, were 
balanced as required at B. The sum of these reactions for the whole system 
2 Pi, 2 P 2 and 2 P 3 will be zero since the three applied forces are in equilibrium. 





298 


ANALYSIS OF STRUCTURES 


Ring with distributed loading ,—The results obtained for the resultant 
reactions of a ring under any system of point loads may be used to calculate 
the effects of distributed loads. Thus, if a distributed load of intensity 2w 
acts upwards parallel to OA on an arc of the ring between a =62 and a = 61 , 
it can be split into symmetrical and skew-symmetrical systems of intensity 
w and the results superposed to obtain the contribution made by 2w to the 
values of Hg, Vg and Mg. 

If a is any angle between and 62 the element of load acting parallel to 
OA at that point is i/;R comdcn if a< 7 r /2 and —?/^R comdcL if a> 7 r/ 2 . The 
values of the actions at A due to this can be calculated from the results for 
a point load by putting P —cosac^a as appropriate. 

The total values of these actions due to the whole load 2w are then 



02 

Hg cosada 

01 



02 

Vg cosac^a ; 



02 

Mg cosada, 


where Hg, Vg and Mg are the corresponding actions under a load 2P acting 
parallel to OA at a. 

If the distributed load acts at right angles to the axis OA the point load 
is replaced by symmetrical and skew-symmetrical components w?R sin ada 
and the contributions of 2w to the resultant actions at A are 


Hgsmarfa; VgSinacZa ; Mo^“- MgSinar/a, 

jOi ^ JOi -1 JOj 

where Hg, Vg and Mg are the actions due to 2P acting at right angles to OA 
at a. 

As an example, suppose a circular culvert carries a uniform load of 
intensity w acting vertically downwards and that this load produces a 
similarly distributed upward reaction from the ground upon which it rests. 

The conditions of loading being symmetrical there is no vertical action 
Vg at A. Due to u) acting downward between 0 and Tr/2, using (12.49), 




sin^a cosac^a, 


f -/2 


(sin 2 a +1 +cosa—( tt— a) sina}cosarZa, 


and due to iv acting upward between 7r/2 and tt, 


sin 2 a cosacZa, 


{sin^a+l +cosa — (tt— a) sinajcosat^a. 


These give Hq ^-0 ; Mo = —; results which can also be obtained by 
direct integration as follows :— 

The bending moment at a from OA is, with the conventions hitherto used, 

TIT TIT TT . 'teR^sin^a 

=Mo — H gR( 1 —cosa) H-r- 


and the conditions 


au 8U 

aM;”^g^ 


=0 give 
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” / wR* \ 

—HqR( 1 —cosa )-|—— sin^K j dx—0 

[■{m.-h.: 


,R(1 —cosa)4—^ sin^a [* (1 —cosa)(ia;=0. 
A 


These lead to the results 




Mo— 


"T"’ 


which are the same as before. 


12.19. Stresses in a braced ring. —In certain forms of construction braced 
rings have been used. These may present problems of great difficulty and 
no attempt will be made here to treat the general case. The ring in such a 



structure is usually a polygon and the bracing may be of a variety of types. 
Fig. 12.33 shows a simple form of braced polygon carrying three loads P, 
Q and S which are in equihbrium. This frame has three degrees of redun¬ 
dancy and presents no difficulty in solution. If any three members such as 
AB, BD and CD are replaced by unknown forces Rj, Rg and Rg the frame 
can be considered to be held at points A and D and the forces in all the bars 
determined as functions of Rj, Rg, R 3 , P, Q and S just as in the case of the 
braced arch described in paragraph 12.16. 

Then by the method of minimum strain energy, 

au au 8u 

aRi”aR2“aR3“^’ 

where U is the total strain energy of the ring including that in the three 
members AB, BD and CD. These equations enable the unknown forces to 
be determined and hence the forces in all members of the structure. Many 
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rings of this type, however, may have redundant bars in addition to the three 
due to the continuity of the ring, e,g. the one shown in Fig. 12.33 might have 
been provided with counter-bracing members in each panel. Each such 
redundancy introduces an extra equation and the problem, although 
theoretically soluble, may present such arithmetical complexity that an 
exact solution will be impracticable. 

Should the panels have counterbracing wires not stressed initially, those 
which would be called upon by the load system to carry compression will 
become slack. A difficulty then arises in determining which are the opera¬ 
tive wires, and several solutions may have to be obtained before the correct 
one is found. 


EXERCISES 

(1) An arch span is 50 feet, its centre line being the segment of a circle subtending 
120° at the centre. It is pinned at the supports and at the crown, and carries a load 
of 10 tons at 12 feet 6 inches measured horizontally from the le>ft-hand support. 
Calculate the magnitude and direction of the reactions at the supports and the force 
on the central pin. 

{Left support : SV3 tons at 60° to horizontal. 

Right snipport : 5 tons at 30° to horizontal. 

6V3 

Centre pin : shear = 2^ tons ; thrust tons.\ 

2) A serni-circular arch of 40 feet span is pinned at the supports and at the crown. 

tcarries a imiform load of 2 tons per foot (horizontal projection) over the left-hand 
half of the span. Calculate tlie magnitudes and directions of the reactions on the end 
pins and sketch carefully the bonding moment diagram for the arch. 

{Left-ha7id pin : 31 • 62 tons at tan~~'^ 3 to horizontal. 

Right-hand pm : 14'14 tons at 45° to horizontal.) 

(3) A parabolic arch rib of uniform section with pinned ends is 80 feet span and has 
a rise of 10 feet at the centre. It carries a concentrated load of 10 tons at the crowm. 

Plot the approximate bending moment diagram for the rib. 

(4) A rolled steel joist 24x inches having a second moment of area of 2,200-inch 
units is used to make a two-pinned segmental arch of 40 feet span and 5 feet rise. 

Calculate what central load this arch can carry if tlie bending stress in the material 
is limited to 8 tons per square inch. 

{53'5 tons.) 

(5) A two-hinged segmental arch rib of 120 feet span and 12 feet rise experiences a 
change of temperature of 50° F. 

Calculate the alteration which this makes in the horizontal thrust. 

E = 13,000 tons per square inch. 

1 = 90 inch units. 

Coefficient of expansion for steel = 6x 10~® per 1° F. 

{O'035 tom.) 

(6) Find the value of the horizontal force and end fixing moment for an encastr^ 
segmental arch of radius R carrying a central load W, when the ratio of rise to span is 
1 to 4. 

{H==0'926 W ; M^O'059 WR.) 

(7) A stiff-jointed frame in the form of a regular hexagon with a length of side L 
carries two equal and opposite loads of W applied radially at opposite comers. 

Calculate the bending moments at the loaded points. 


WL 
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(8) A steel ring made of 1-inch square material is 8 inches mean diameter. A steel 
rod 0*1 square inches in cross-sectional area connects two points at the ends of a 
diameter and the ring is compressed by equal and opposite loads W acting at right 
angles to the rod. Calculate the tension in the rod. 

{0-54W.) 

(9) A ring of radius R and flexural rigidity El is radially braced by three equally- 
spaced spokes, of cross-sectional area a and Young’s modulus E, which are pinned to a 
small centre hub and to the ring. If the hub, which is rigid, is held flxed show that 
tlie loads in the spokes when a load W acts radially inwards at a spoke point are 



' ^ -V 

w( I Y 

2W/I+*024R%\ 

3 ' 

a-f-OKIRW’ 

3 \I+ or()R2«/’ 

~ :r\i+ oTbr^ 



CHAPTER 13 


THE SUSPENSION BRIDGE 

18.1. The hanging cable. —When a flexible cable suspended from two 
supports carries loads which are large compared with the weight of the cable 
the shape it assumes can be obtained by means of a funicular polygon, 
provided that a third point through which the cable must pass, or alterna¬ 
tively the horizontal reaction at one point of support, is specified. The 
methods used are given in books on mechanics and need not be dealt with 
here. 

When a uniform cable hangs freely under its own weight it assumes a 
shape known as the catenary and the chains of a suspension bridge would 
take this form if otherwise unloaded. The weight of the platform, suspen¬ 
sion rods, etc., tend to modify this curve. 



Suppose a cable of negligible weight carries, by means of suspension rods, 
a flexible platform upon which there is a uniformly distributed load of 
intensity w, as shown in Fig. 13.1. 

The reactions at A and B consist of vertical forces Vand horizontal 

forces H which have to be determined. H is the constant horizontal com¬ 
ponent of the tension in the cable 
since there are no external horizontal 
loads. Take the lowest point on the 
cable as origin and consider the 
equilibrium of a portion OC where C 
is a distance x horizontally from 0 
and a distance y vertically above it, 
as in Fig. 13.2. The only forces 
acting on OC are the tensions H and T 
at 0 and C respectively and the load wx acting at x\2 from 0. 

By taking moments about C we have 

wx^ 

Hy= 



or 


y- 


2 ’ 


and the cable assumes a parabolic form. 
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When a:=L/2, y=d and 




SO that 



(13.1) 


The uniformly distributed dead load of the platform thus causes the 
cables to distort from the catenary and the result is a curve which is neither 
catenary nor parabola. For the small ratios of djlL which occur in actual 
bridges, however, the difference between the curves is very slight and it is 
always assumed that when carrying its dead load the cable of a bridge takes 
the parabolic form. 

If the origin of this parabola be taken at O, the lowest point, its equation is 


4dx^ 


(13.2) 


It is often convenient, however, to take the origin at A and the equation 
is then 


y=^^x(L-x), 
At any point in the cable the tension T is 
and since 


(13.3) 


/i+ 

dx ^\dx) ' 


we have T=ujl + I^^y. 

From equation (13.2), when the origin is at 0, this is 

T 


T„ 


'-»y 

and 

'7 


UdV 

1 1 

. . . (13.4) 

11 • • • • 

1 

' 16d2 

1+u- • • ■ 

. . . (13.6) 



If a cable is supported at two points which are at different levels and 
carries a uniformly distributed load along a horizontal line as shown in 
Fig. 13.3, it hangs in the parabola ACB where C is the lowest point of the 
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curve. Let the support B be a distance h above the support A and the 
maximum dip of the cable at C be d below A and let C be Xi from A. 

Then, since the horizontal component of the tension in the cable is constant, 
we have 

^ ivx\ w(L—x^)^ 
d h \ d ‘ 

From which x^^==^{Vd(d-\ h)—d} .(13.6) 

13.2. Stiffened suspension bridges. —Owing to the tendency to change its 
configuration under different load systems the simple suspension cable does 
not make a satisfactory bridge except for the lightest traffic, and to overcome 
this disadvantage stiffening girders are used in conjunction with the cable. 
Such girders are suitably supported at the bridge piers and suspension rods 
connect them with the cables. Loads on the bridge are distributed through 
the stiffening girders to the suspension rods and so to the cables. 

A reasonably simple approach to the problem of stress distribution in a 
stiffened suspension bridge is only possible by the introduction of drastic 
simplifications as follows. 

(1) It is assumed that the suspension rods are so adjusted that under the 

dead weight of the bridge the cable assumes a parabolic shape and 
that the whole of the dead weight is carried direct to the cables 
through the suspension rods. The stiffening girders are thus 
reheved of all stress arising from the dead weight of the bridge. 

(2) It is assumed that the cable retains a parabolic shape under all 

conditions of live loading. 

Since, as was shown in the jmevious paragraph, the parabolic shape can 
only be maintained b}^ a loading which is uniformly distributed along the 
horizontal projection, the second assumjition implies that any live load on 
the bridge causes a uniform pull in all the suspension rods. 

The stiffening girder may be supported in various ways : if the bridge is 
a single span, the girder will normally be pinned or hinged to the piers. 
If there are stiffened side spans, the girder may be either continuous over the 
piers or pinned as before. Pinned girders only will be considered in this 
book. 

The suspension cable acting alone is a sufficient and statically determinate 
means of carrying loads, and when a beam which is itself also statically 
determinate is connected to it the resultant structure is redundant. Hence 
a suspension bridge with a stiffening girder simply supported at the piers 
exhibits one degree of redundancy. If, however, the girder is provided with 
an additional pinned joint or hinge somewhere in its span the bridge stiffened 
by such a three-pinned girder is statically soluble and will be considered 
first. 

13.3. Suspension bridge with three-pinned stiffening girder. —Fig. 13.4 
represents a suspension cable of span L and central dip d, stiffened by a 
girder pinned to supports at A and B and having a hinge at C. The hinge 
is shown in the diagram at the centre of the span but this is not necessary 
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and the following argument is quite general. The reactive forces from the 
cable loads will consist of horizontal and vertical components as shown, and 
since the assumption is made that however the bridge is loaded the pulls 
from the suspension rods will always give a uniformly distributed load on 
the cable, the reactive forces will be the same at each pier. 



If the total dead weight of the bridge is equivalent to a uniform horizon¬ 
tally distributed load of intensity the horizontal component of tension in 
the cable due to this will be 


H„= 8 ^- 


(13.7) 


and the tension in each suspension rod will be 

'o- N ’ • 


(13.8) 


where N is the number of rods. 

When a load W is placed on the bridge at a distance from A it produces 
a uniform tension in the suspension rods equivalent to that produced by a 
horizontally distributed load of intensity w, to be determined, and the 
conditions of loading of the cable and girder are shown in Fig. 13.5. 



The girder is subjected to bending from the downward concentrated load 
W and the uniformly distributed upward load of intensity w, so that at any 
point nL from A the bending moment is 

M-W{~n(L~:rl)+[7iL-a:J}+^4;/^L2(l--n)/2, . . (13.9) 

the term in square brackets only appearing when it is positive. If the hinge 
C is at n^L from A and is greater than the bending moment at C is 

Me =0=—1)+t<;niL2( 1 —ni)/2, 
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and so 


. (13.10) 


If, as shown in Fig. 13.4, the hinge is at the centre of the span, Wi=J, 

4Wa;. 

^ I.(1 

^ ,, wL* Wx, ' 

"“WS- 


. ( 13 . 11 ) 


In all the subsequent work in this Chapter it will be assumed that the 
pin is at the centre of the stiffening girder. It is clearly unnecessary to deal 
with more than one-half of the girder and so the load will be taken to act 
always on the left-hand half of the span as shown in the figure and as 
assumed in the derivation of (13.10), i,e, a:i<L/2. 

The bending moment expression (13.9) is made up of a term in W and one 
in w. The first represents the sagging moments caused by the concentrated 
load W on a freely supported beam AB and is shown by the triangle ADB 
in Fig. 13.6. The second term is the parabola AFB which represents the 
hogging moments due to the uniformly distributed upward load of the 
suspension rods. 



Fig. 13.6. 


Having calculated tv from (13.11) the shearing force diagrams for the 
girder can be plotted, since the shearing force at any section is the algebraic 
sum of the forces due to W and w. The load W as in Fig. 13.4 acts at 
from A and we shall calculate the shearing forces at any point wL from A. 
If nL<Xi 

and substituting the value of w from equation (13.11) we find 

W 

F=-^(3xi-L-4n:ri).(13.12) 

which is a straight line in n. 


When ?i=0 


and when riL—x^ 


If nL'>Xi 


W 

FA=^(3:ri-L), 

w 

F=—-(3:ri—4na:i) . 

±j 


which is also a straight line in n. 


(13.13) 





When nlj—x^ 
and when n—\ 
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Fw= 




Fb=- 




The shearing force diagram will vary according as or Xi^laJS as 

shown in Fig. 13.7. 




The negative shearing force to the left of E is clearly always greater 
numerically than that at A. Hence, the maximum negative shearing force 
will occur either to the left of E or at B. 

The numerical value at E is greater than that at B if 

4^2 

—4-L -\' 


i.e. if (L—2a:i)2>0 

which is always true. 

Hence the maximum negative shearing force occurs just to the left of 
the load and the maximum positive shearing force just to the right of the 
load. 

The equations to the curves of maximum positive and negative shearing 
forces as a load W rolls across the bridge are respectively 


and 




w 

Fm~ y-( 3^1 





(13.14) 


The positions of the absolute maximum values are found by putting 


dFm 

dx^ 


=0 


which leads in each instance to 


x^=^L .(13.15) 

The values of the absolute maximum shearing forces are then 

+Fm=AW| 

-Fm=i^W/* • 


. (13.16) 
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So for a single concentrated load on the bridge the maximum shearing 
forces are obtained when the load is at | of the span from the end and they 
are and — respectively, occurring to the right and left of the load. 

From the bending moment diagram of Fig. 13.6 it is clear that the maxi¬ 
mum negative bending moment occurs at E and is 

W w 

Substitution for w gives 

-MM-^i:r,(L-.r,)(L-2a:,).(13.17) 


Differentiating this expression and equating to zero we find that the posi¬ 
tion of maximum negative bending moment is given by 

6rrf —6a:jL+L2=0, 

or when Xi=^*211L. 


The value of the bending moment is then —096WL. The maximum 
positive bending moment occurs midway between C and B and is 


Mm= — 


Wxj L 


On substitution for w this becomes 

Wr 

Mm- .(13.18) 

WL 

which has its absolute maximum value of ~r 7 r when has its maximum 

16 

value of L/2. 

Hence the greatest negative bending moment due to a concentrated load 
occurs at the load point when the load is •211L from one end, its value being 

WL 

— 096WL. The greatest positive bending moment occurs at the quarter- 


span points when the load is at the centre of the span. 


13.4. Influence lines for bridge with three-pinned stiffening girder.—^The 
effect of a distributed load upon a suspension bridge is best studied by the 
use of influence diagrams which will now be obtained (see Chapter 14). 



Suppose a load W rolls across the bridge as shown in Fig. 13.8 ; influence 
lines are to be drawn for the point G which is at a distance nL from A. 
n will be always restricted to the range of 0 < ri < J : if G is on the other 
half of the girder the influence lines will be obtained directly from those for 
the corresponding position on AC. 
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In the first place we shall consider the variation in shearing force at G as 
X increases from zero to L. 

If x<nli 

Fg=-w(~) +W-wnh+~ 

and substituting for w from equation (13.11) this reduces to 

Wx 

ro=^(3-4n).(13.19) 


which is a straight line having zero value at A and a maximum ordinate 
W?i(3—4?i) at G. 

L 

If nL<a:<^ 


Wx 

FG=-j^(3-4n)-W 


(13.20) 


which is also a straight line having an ordinate W(3n—4/i^--l) at x=nJa 
W 

and an ordinate — (1—4n) at a;=L/2. 


If x>— the value for w given in equation (13.11) is not valid, but since 

loads at x and h—x from A will be symmetrically placed about C they will 
produce the same effect and therefore when a;>L/2 it is only necessary to 
replace x by L—x to obtain w, 

m(L-x) 


t.e. 


w—- 


L2 


(13.21) 


As before 


^ „^/L—a:\ , wL 

Fo = —Wf-^j 

and substituting the value of w from (13.21) this reduces to 

Fo = -W^^^j(4n-l) . . . 

which is also a straight line giving Fg= 0 when x=L 

, W L 

and Fg = —when x==—. 


(13.22) 


From this last value for the shearing force when the load is at the centre 
of the girder it is seen that when n<J, Fq is positive and when n> Fq 
is negative. If there is no shearing force at the point G when the load 
has passed the centre of the span. The three infiuence lines are shown in 
Fig. 13.9. 

We will now consider the influence line of bending moments for the same 
point G. 

Equation (13.9) is true for all positions of the load and, paying due 
attention to the terms in square brackets, we can re-write it as follows : 
When the load is between A and G, t.c. when a;<nL, 

M=-(1 -n)(Wx-wnL^I2), 
and when the load has passed G, i.e. when x>nli, it is 
M=--Wn(L —a:)*( 1 — n)/2. 


11 
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As long as the load is on the left-hand section of the girder the value of w 
is given by equation (13.11) but if it passes the pin at C, equation (13.21) 
must be used. 


F 



F 



F 



There are therefore three separate parts of the diagram to be considered 
for each of which the moment equation is different ; these equations are, 
after substitution of the appropriate values of 

when a:<nL<L/2 

M = —Wa;(l—n)(l—2n);.(13.23) 

when nL<a:<L/2 

M=Wn{x(3--2n)—L};.(13.24) 

when aj>L/2 

M-Wn(L-x)(l-2n).(13.26) 

These are all straight lines and can be plotted from the following points. 

In (13.23) when M=0, 

and when ic=wL, M = —W7iL(l—w)(l~2n). 

In (13.24) when x~nL, WnL(l--n)(l—2n), 

and when a:=L/2, M=:JWnL(l—2n). 

In (13.25) when x=L/2, M=:iW/^L(l~2n), 
and when a:=L, M=0. 

The influence line of bending moments is then as shown in Fig. 13.10. 
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The maximum numerical bending moment occurs either when the load is 
at G or C. 

The B.M. for the load at G is greater than the B.M. for the load at C if 

Ln 

Lw(l —n)(l —2n)> —(1 —2n), 


i.c. if 2(1—7i)>l. 

Since n<\ this is always true and the maximum numerical bending 
moment therefore occurs when the load is over the point considered and it is 
negative in sign. Its value is 

-_MM=WnL(l -n)(l-2n) .(13.26) 

This IS an absolute maximum when-^=0, 

an 

i.e. when Gn^—6/i+l=0 

or when n“*211. 

Hence the maximum negative bending moment occurs under the load 
when the load is •211L from either end and its value is — -OQGWL as found 
previously from the bending moment diagram. 



K 

Fig. 13.10. 



So the greatest positive bending moment occurs when the load is at the 
centre of the span. Its position is at the quarter-span points and its value is 
WL 

as previously determined from the bending moment diagram. 


13.5. Effect ot uniform load on three-pinned stiffening girders. —^By the 

use of the influence lines obtained in the preceding paragraph we can deter¬ 
mine the maximum bending moments and shearing forces in the stiffening 
girder when a uniformly distributed load of intensity p crosses the bridge. 
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From the influence lines for shearing force given in Fig. 13.9 it will be seen 
that the maximum positive shearing force at G will occur either when AG 
in line (a) is covered by the rolling load or when AG and EB in line (c) are 
simultaneously covered. 

Consider (a), for which n lies between J and J. 

The value of the positive shearing force at G is 

Fo=p(area AFG) 

==^.nL.n(3—4n) 

=^»i2(3-4n).(13.28) 

dF 

This is a maximum when t' 

an 


i.e. when 
or when 

Its value is then 


6n — l 271^=0 





When n<\ the line (c) is applicable and AG and EB must be simultaneously 
covered to obtain the maximum positive shearing force at G. 

^_KC 

EG" " “ 


Now 


l-4rt 


EC 


■JG -2(3n- 
l-4n 


-47i2_1)- 


or 


EC+EG‘ 
EC = 


Sn^ —lOn+3 

(1—4n)(l —2n)L 
'2(8w2-1077+3y 

l-4n\L 
3-4n j 2 




Then 


FG=p(area AGF+area EKB), 


Fg=^<{ n2(3—4n)- 


(l-4n)(l->2n) 

3-4n 


(13.29 


This value decreases steadily as n increases from 0 to J, and the maximum 


pL 

value is therefore -r- when n= 
6 


=0. 


pL 


Hence, the maximum positive shearing force ^ occurs at the support A 

when the loaded length is EB—2/3L. 

The maximum negative shearing force at G occurs either when GB in 
Fig. 13.9 (a) is covered by the load or when GE in Fig. 13.9 (c) is so covered. 
When GB is covered the shearing force is 

Fg =f [{(3w-4,i*-l) +i(l -4n)} +\{ 1 -4n)] 
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or 


which is a maximum when -3—=0, 

dn 


Fo=^(16a»-12»i«) 
dFo 


(13.30) 


f.e. when 
its value is then — 




s'* 


When EG is covered the negative shearing force is 

F„.|[{(L-»L)-2l(1^)}(3.-4«.-1)] 

j)L (4n2-3n + l)2 


{3-4n) 


(13.31) 


pL 


This is a maximum when ?i=0 and the value is then —the covered 

©L 

length being L/3. Hence the maximum negative shearing force —~ also 

occurs at A when the loaded length EG is L/3. 

Considering now the bending moments due to a uniformly distributed 
load, it is clear from the influence line of Fig. 13.10 that the maximum 
negative bending moment at G will occur when the length AD is covered 
by the load. This length can be found by putting the expression for M 
equal to zero, 

i,e. Wn{a:(3—2n)-“L}=0 

^ .(13.32) 


or 


^ 3-2w' 

The value of the maximum negative bending moment at G is then 
MM=p(area AKD) 


2y6-2n) 


Ln(l-n)(l~2/i) 


or 


Mm = 




2(3—2?i) 


(13.33) 


To find the position of G for which the negative bending moment has the 
greatest possible value we put 


dMM_pL2 [ (3-2n)(l-6n+(jn^)+27i(l-3n+2n^)] 

(3-271)2 J-' 

or Sti®— 247i2-|-l87i—3=0 ; 

from which n=0 • 234. 


0 


Substituting this value of n in equation (13.33) we find that the greatest 
negative bending moment in the girder is —0*01883pL2 which occurs at a 
distance of • 234L from the end of the girder. The loaded length to produce 
this maximum bending moment is found from equation (13.32) to be -SQSL. 

The maximum positive bending moment at G occurs when the length DB 
is covered by the load. 
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Now 


DB 


or 


DB= 


^ (3-2n) 

2(l-n.)L 


3—2n 


The bending moment at G is then 


(13.34) 


p 2(1—n)L nL(l—2n) 
’^“= 2 “ 3 ::^-— 2 — 


pL!^n{\ —ii)(l —2n) 
'' 2(3--2n) 


(13.35) 


This is the same expression as that for the negative bending moment at 
G given in equation (13.33). Hence the greatest possible positive bending 
moment also occurs at •234L from one support when the bridge is loaded 
for a distance of ‘GOSL from the other support. The magnitude of this 
maximum value is O-OlSSSpL^. 


18.6. Suspension bridge with two-pinned stiffening girder. —The analysis 
of this type of bridge is complicated by the fact that the structure is redun¬ 
dant and also because a flexible cable does not follow a linear load-deflexion 
relation. The principle of superposition cannot be applied and the effects 
of a Hve load are not calculable separately from those due to the dead load 
as would be the case if the structure obeyed a linear law. The methods of 
strain energy are not, therefore, really applicable to the problem but are 
used to obtain an approximate solution. The assumptions underlying this 
treatment must, however, be borne clearly in mind. As stated in paragraph 
13.2 the initial shape of the cable is assumed to be a parabola and under all 
subsequent loads it is assumed to retain this shape. This is equivalent to 
saying that the cable will always behave as an inverted elastic parabolic 
arch under a load uniformly distributed along the horizontal projection. 
The resultant actions in it will be only axial tensions and transverse shearing 
forces ; there will be no bending moments. 

This theory of the suspension bridge is sometimes known as the elastic 
theory to distinguish it from the more general and accurate treatment which 
takes into account the deflexion of the girder and cable under live loading. 

The horizontal component of cable tension will be taken as the redundant 
force for the analysis by strain energy methods. 


Then 




= 0 . 


If in Fig. 13.5 moments are taken about any point in the cable at nL 
from the left-hand end, since there can be no resultant moment in the cable, 
we have 

M -0 -H2/+w;n2L2/2 - VnL 
and, on substituting for V, this reduces to 

liy=wnL^l~n)l2 .(13.36) 

The second term in equation (13.9) can therefore bo replaced by H^. This 
equation is equally valid for the two-pinned girder and so the bending 
moment in the girder shown in Fig. 13.11 is 

M = -^(L-x,)a;+Wra;-a;j]+H2/.(13.37) 

Li 
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X being the distance of any point in the girder from A. The term in square 
brackets only appears when it is positive, i.e. when x>Xi. 

Then for the girder, 



Fig. 13.11. 


Taking the equation of the cable to be 

y=^x(L--x) 

and substituting for M and y we have 

cfU W r 4d ^ , 4 


wr 4d{^ 1 

— j^ 3 (L-a:i)J x\L~x)dx+j-^^ x(x-x^){lu-x)dx^ 
Hri6(i2rL -1 


which reduces to 


dU Wa-,dr ^ x'i I 81 

dl“wL“ 


8HLr/2 


. (13.38) 


For the cable it is convenient to take the origin at the mid-point and to 
write the equation in the form 

4xH 

//=Lr. 

dU 1 f dT, 




dH AEJ dH 

where A is the cross-sectional area of the cable. 
At any point in the cable 


cHl d'S 


Hence 


Vd_m P“2 

(/h~aeJ^^o W 

dy Sxd 


Now 
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* , 64a:*(i* 

I —IH T 1 > 


rfU 2Hf2/ 64a;*d2\*/* 

L« j 
Sd 

Substituting B for =-z and putting B:c=tan 0 this becomes 


dU 2H ^ 
dl^BAEJo ' 
d[J 2H ri 


sec® ddO 


dH BAEL4 
or, for the cable, 
dU_HLri/5 16d^ 


r 1 3 3 

1^— tan 0 sec® 0 +- tan 0 sec 0 +- loge (tan 0 -f sec 0) J 


1/® 




].(I3.2 


Writing K for the product of L and the terms in the square brackets 

dU KH 
dH“AE* 

It is convenient to assume that the suspension rods are replaced by a 
continuous connexion between the cable and stiffening girder, this being only 
able to transmit stress vertically. 

If there are N rods each having a cross-sectional area a^, the thickness of 
this continuous connecting “ plate is 

At X from the centre of the span the vertical distance between the girder 
and the cable is 

, , 4x^d 

where h is the distance at the centre as shown in Fig. 13.11. 

The load on an element of the plate hx in length is w^x where w is the 
uniform intensity of load caused by the weight W. The strain energy of 
this element is 

. 2 aU 

where E,. is the modulus of elasticity of the plate and therefore of the rods. 


'AEJ, 

8Hd 


,, 64H®d®fV, 

^ AE,lOo(^ 

dU_64d*H/ d, 

^“L®AE^r+3 
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Substituting for A we obtain for the rods the expression 

du 

. 


(13.40) 


The effect of the piers is small but may be included as follows : 

Let the equivalent area of the pier be Ap and its height h^. The com¬ 
pression in the pier will be V, the vertical component of the cable tension 
at the pier, 

i.e. V=H^. 

ax 

From the equation for the cab!b, with the origin at the centre, we have 

dy Sxd 

and when a;—L/2, i,e. at the pier, 

dy 4d 
dx L 


therefore 


4Hd ^ dV 4d 

'^-T ffl = L' 

dU 1 {\ydY 
dH“"ApEpJo '^dH^'*'“ApEpLi“‘ 


For the two piers therefore 


dU 32d2ApH 
dH~ ApEpL2 • 


(13.41) 


Adding the terms from equations (13.38) to (13.41) and equating to zero 

dU 

the total value of thus found, we obtain 




8Ld2 K 64d2 

ISEl'^AE'^N^iA 


d\ S2dVip 

*+3j+A;W 


. (13.42) 


If the effect of the suspension rods and the piers is neglected this reduces 


3E1 r ^ 
8Ld* K 


. (13.43) 


The part of this equation affected by the load position is 

a:,|L-g(2L-x,)| 

so that H varies with this expression. 

Differentiating with respect to x^ and equating to zero, we find that for a 
maximum value of H 

6xf 4xf 

L-^ + j^-0 

or a:i=L/2. 


11* 
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The value is then 


6WL*d 


H 


max — 


48EI 
8Ld^ K 
16EI‘’'AE 


(13.44) 


The bending moment can be plotted from equation (13.37) after H has 
been calculated 

If in equation (13.36) n is y=d and we find 


So, when H has been calculated the value of w is found from this equation, 
and the shearing force curve for the girder can be plotted as the algebraic 
sum of the two curves for the concentrated load W and the uniformly 
distributed load w. 


18.7. Influence line of bending moment for two-pinned girder. —Let G in 
Fig. 13.12 (a) be the point for which the influence fine of bending moment 
is to be drawn and let it be nL from A. 

If the load is at from A, the bending moment at G is as given in equation 

(13.9) which can, after substituting Hy for the last term, be rewritten 

w(L—a;i)+[reL—a:i]}+Hj?/=|^^+Hj2/say . (13.46) 

where y, the dip of the cable at x=nL, is, from equation (13.3), 4nd(l—n). 

The term in equation (13.46), defines a triangle with zero values when 

0:^=0 and L and with its apex at G. The ordinate at G is 

—nL(l—n) L 

yjG 4nd(l—n) id 

which is independent of the position of G. 

For the load in any one position on the beam the value of H is the same 
throughout the cable and so the influence line of H is the same for all points 
and is simply the curve obtained from equation (13.42). 

Hence to draw the influence line of M/y, the procedure is as follows : 
Re-write equation (13.42) as 

H=CWa:i|L-^(2L-a:i)j.(13.47) 

and having calculated C, which depends only on known dimensions of the 
bridge and its constituents, plot the curve of H when W is made equal to 
unity for all values of from 0 to L, as shown in Fig. 13.12 (6). 

Draw a line parallel to AB at a distance ~ from it. This line will be the 

locus of the apices of the triangles representing [ijy. If at any point such 
as G a perpendicular GD is set up to cut this locus, ADB will be the 
required plot of [x/y and the influence line of M/y will be as shown shaded 
in the figure. 

The bending moment at G for the load at F will then be the ordinate EJ 
multiplied by y, i.e, by 4dn{l—n), 
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The maximum negative bending moment at G under a distributed load 
occurs when AK is covered and the maximum positive bending moment 
when KB is covered. 




Fig. 13.12. 


General expressions such as were obtained for the three-pinned girder are 
not practicable, but for any particular case the results are quickly found by 
plotting the influence diagrams as shown. 


13.8. Influence line of shearing force for two-pinned girder. —At any point 

on the girder which is x from A the bending moment is, from equation (13.37), 

M=w{ - 

and the shearing force is 

As before we shall consider the shearing force at G, which is nL from A. 
d/?/ 

The value of ^ here is ^(1 —2n) from equation (13.3). 


If F is the shearing force at G for a unit load anywhere on the girder, we 

have from the above expression 

X. 4c^(l—2ri-) , ^ , T 

I — Y-+I1 —-when x^ hes between 0 and nL 

L Li 


and 



+H' 


4d^(l-2w.) 
“ L 


when Xi lies between nL and 


L, 


where H' is the value of H from (13.47) when W is unity. 
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These expressions can be re-written as 

F=r . +H'l for load on section AG 

L4a(l—2n) J L 

and F=r for load on section GB. 

L 4a(l—2n) J L 

The variable parts of these are included in the square brackets 
therefore only necessary to plot the influence line for such portions. 

As for the bending moment, the influence line for H is the curve of H 
with W put equal to unity. This is plotted in Fig. 13.12 (c). To balance 
the moment at G due to H an upward reaction will always be required at B 
and so the shearing force at G due to H will always be positive. 

Upon this curve must be superimposed the other expressions in the square 
brackets. These define the influence line for a simple beam multiplied by 

the constant 

4d(l —2n) 

When the load is just to the left of G the ordinate GE is 

nL 

4d(l-2ny 


(13.49) 
and it is 


and when the load is just to thtr right of G the ordinate GF is 

(1-r^)^ 

“ 4d(l-2“^* 


The influence line for the complete expression is then as shown in Fig. 
13.12 (c) and to obtain the shearing force at G for a load of unity at J, for 

example, the ordinate KM must be multiplied by . 


The maximum positive shearing force at G for a uniformly distributed 
load will occur when AG and NB are covered by the load, and the maximum 
negative shearing force when GN is so covered. 


13.9. Length of a suspension cable. —The length of a cable hanging in a 
parabolic arc can be calculated as follows : 

.."72 

Since 


ii+l^y 

dx V ^\dx) 


we have 








dx 


and from equation (13.2) we obtain 

d^ 

dx 


^xd 

L2 


so that the total length of the cable is 


or 



(13.50) 


By expanding the expression to be integrated a solution in series can be 
obtained and a result sufficiently accurate for most purposes found in a 
simpler form. 
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T,, ,32a;W 5\2x*d\ 

Thus s=2j^ -.jd. 

„r Z 2 xH^ 5l2xH* 

=T*+^-^+.J. 

. ] 

«-N(e)’-?(e)‘+.] • ■ 

For small cZ/L ratios it is sufficient for many purposes to take the first 
two terms only and write 

s=l| 1+^(0 I.(13.52) 


13.10. Deflexion theory of suspension bridges. —In the elastic theory, upon 
which the results so far obtained in this chapter are based, it is assumed 
that the cable maintains the same parabolic curve under all loading systems. 
This assumption is not accurate since under the action of any load on the 
girder the cables will deflect and the bending moments in the stiffening 
girder will be modified. The effect of the deflexion is to reduce the bending 
moments, and in long span bridges the neglect of this reduction results in 
unnecessarily large girders. The first treatment of the problem of the sus¬ 
pension bridge taking account of the deflexion terms was given by J. Melan 
(1888) and since then the theory has been successively extended (Timo¬ 
shenko, 1930, 1934 ; Steinmann, 1935 ; Atkinson and Southwell, 1938). 
Space does not permit anything but a short statement of the general 
principles to be given here. For a full treatment reference should be made 
to more specialised works {e.g. Johnson, Bryan and Turneaure) and the 
original papers. 

Under the action of the dead weight of the bridge let the dip of the cable 
at any point be y and the horizontal tension in it be Suppose now that 
additional load is placed on the bridge and that this is, as previously assumed, 
distributed uniformly between the hangers. Let this cause the horizontal 
tension to be increased to In the elastic theory the dip of the cable 

is assumed to be unaltered and the bending moment at any point is 

where (ji represents the terms due to the additional loads on the girder. 
The effect of the extra load is to increase the dip of the cable to y+r\ and 
the bending moment in the girder is relieved by the amount (Hiy+H)7]. 
Then M=p,+Hy+(H^,+H)7].(13.53) 


If it is assumed that the hangers are inextensible, the deflexion of the 
stiffening girder at any point will be the same as that of the cable, and the 
equation connecting bending moment and deflexion in the girder is therefore 

dh] M 

. 


(13.54) 


Substituting the value of M in (13.53) and putting 


H,+H 


El 
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.+H 


(13.66) 


The solution of this equation is 
H 


C..«+C,.-«-(tt+i,)-i(^g+g)} . (13.5«) 

where d and L, as before, are respectively the centre dip and span of the 
cable. 

Substituting this expression in (13.53) we obtain 




1/J_^ Sd\^ 

7^\Rdx^~^Tj) ] 


(13.57) 


and differentiating this, the shearing force is 

S=Hc{Cie''^-C2C-"^}.(13.58) 

Since c contains the term it is evident from equations (13.5G) (13.57) and 
(13.58) that the deflexion, bending moment and shearing force are not 
proportional to the additional load placed on the bridge and so it is not 
possible to draw influence lines for these quantities. 

If the deformations are small the value of H found from the elastic theory 
may be used in the equations. A more exact value is given by Johnson, 
Bryan and Turneaure. 

The constants of integration Cj and C 2 depend on the conditions of loading. 
As an example of their evaluation suppose the bridge to carry a uniformly 
distributed load of intensity w along its span. 

d^iL 

Then in equation (13.57), M=0 when .t= 0 and when a:=L. 

Substitution of these values gives 


and 


Ci+C, 




u 




w %d\ 

H+L2; 




M\ _ 


and the solution of these simultaneous equations is 

1 f w . 8c?> 


Ci= 




) 


and 


c2(e^ 

If the loading is not uniform there will be different values of the constants 
for each section of the bridge carrying a different load intensity and their 
values may be found by equating the bending moments and shearing forces 
respectively at points on the girder where the loading changes. 

The theory has been extended to include allowance for the elasticity of 
the hangers (Timoshenko, 1930 and 1934). 


13.11. Stresses in an extensible suspension cable. —Cables may be used to 
form the main supporting members in certain types of structures. They 
will usually be very light compared with the loads which they support and 
will be initially stretched as tightly as possible so that when the loads are 
applied the sag will be reduced to the minimum. In such cases serious errors 
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will be introduced if the cables are assumed to be inextensible (Pippard and 
Chitty, 1942). 

Fig. 13.13 shows a cable of negligible weight in comparison with the loads 
which it carries, supported at points A and B which are separated by a 
horizontal distance L and a vertical distance D. 

Assume the loads on the cable to be W^, Wg, . . . W^, . . . acting at 

distances ... Iq .. . In-i from A, measured horizontally to their final 
lines of action, and let the reactions at A and B due these loads to be RA+Ha 
and Rb—H a vertically and H horizontally, where H is the constant hori¬ 
zontal component of tension in the cable and a is written for 5. 



Let S be the original length of the cable before it is placed in position 
between the supports A and B ; 

dq, the dip at the gth load point when the cable is loaded, measured 
from the line AB ; 

0^, the angle between the cable in the ^th bay and the horizontal ; 
A, the cross-sectional area of the cable ; 

E, Young’s modulus for the material of the cable ; 

Mg, the bending moment at the gth load due to the force system if 
H is assumed to be zero ; 

Fg, the vertical shearing force in the gth bay on the same assumption. 
Then taking moments about Q gives 

(dg+EC)H -Ha^g -Mg =0, 

and since EC=a^g, 

M 

.(13.69) 


Also 

but 


tan ^H(Zg-Zg.i) 

M g—Mg-i _ 

7 _/ 
f'q f'q-i 

Fg 

tan 6g=jj+a. . 


«; 


(13.60) 


sec 6g=:l-f| 



and so 

Then, if Og is not too large. 


(13.61) 
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Subsequent results are based upon this approximation for sec 6^, and are, 
therefore, only applicable when the maximum slope of the loaded cable is 
comparatively small. Table 13.1 gives the error involved for different 
values of 6 ; even when 6=30 degrees it is only about 1 per cent., but it 
increases rapidly for larger values and the results become increasingly in¬ 
accurate. The useful range is, however, considerable and probably covers 
most cables used for structural purposes. 


Table 13.1. 


0 


Sec 0 




Accurate 

Approximate 


0 

0 

1 

1 

0 

10 

01763 

1-0154 

1-0155 

0-01 

20 

0-3639 

1-0642 

1-0662 

0-19 

30 

0-5773 

1-1547 

1-1667 

1-04 

45 

1-0 

1-4142 

1-5000 

6-07 

60 

1-7320 

2-0 

2-5 

25-0 


The strained length of the cable in the gth bay is sec 6^, and so 

the total length of the cable is 

Now from equation (13.60) 

n Y ^ ^ 

l) — ^Q—l) 

1 1 

or ; 

n 

SO 6. 

1 

The total strained length of the cable is therefore 

L(l+ia2) + A .(13.62) 

n 

where Z=2(^g—^(/-i)F/. 

] 

Now if T<y is the tension in the cable in the gth bay, the increase in its 
length in this bay is 

T^(^g ^7—l) ^7 

ae ’ 

and since T^=H sec 0^ the total increase in the length of the cable is 

H ” 

^7-i) 
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and the strained length is, using equation (13.61), 




(13.63) 


Equating (13.62) and (13.63) we obtain 

2H3L( 1 +a2) +2H2AE{S -L( 1 + ^a^)} +Z(2H - AE) -0. 

Since AE is very large in comparison with H tliis is, very nearly, 

2H3L(l+a2)+2H2AE{S-L(l+|a2)}-ZAE=:0, . . (13.64) 

which determines H for any specified length of cable and distribution of 
load. 

If the cable is erected with an initial tension whose horizontal component 


is Hq we have 


L(l+ia2)=S-^ 1 




and on substituting the value obtained for S from this, equation (13.64) 
becomes 

2L(l+a2)(H3-H2Ho)-ZAE-:0 . . . (13.65) 

where H is the final tension under load. 

If the cable may be assumed to be initially straight, but has no initial 
tension, S—L(l+|a^), and equation (13.64) gives 

ZAE 

«-ImTm.('3 ®) 

Some particular forms of this result may be noted. 

(a) If the loads are unequal, but are sjiaced equally along the span, that 
is if 

AE ^ 

■ ■ ■ ■ 

where n denotes the number of equal bays in the cable. 

(b) If the loads and spacings are both equal, that is, if lq—lq^i=l and 

W,= . . . := . . . =W„_,=W, 

f “ 12 

.24(lb) -. 

(c) If the loads and spacings are both equal and A and B are at the same 
level, that is if D~0, 


AEW2(n2_l) 


.(13.69) 


(d) If the loading is continuous and of uniform intensity w along AB, the 
shearing force at a distance x from A is w^(|L—.r)(l+Ja^). 

Then Z=w2(l+«“) [^JL-a;)2dr=— 

Jo 


AEtv^L^ 


(13.70) 
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When H has been calculated, the dips may be found from equation (13.59) 
and the loaded shape of the cable thus determined. 

As an example consider a cable stretched tightly between two points A 
and B which are 100 feet apart horizontally, A being 10 feet above B so that 
a=0 • 1. The loads are 2 tons, 1 ton, J ton, | ton and 1 ton acting at distances 
of 20 feet, 30 feet, 50 feet, 80 feet and 90 feet respectively from A. The 
value of AE is 6,000 tons. 

The vertical reaction at A is 2-75 tons. The shearing forces and bending 
moments at the load points, neglecting H, are calculated and entered in 
columns (3) and (6) of Table 13.2. The values of Iq—lq-i are entered in 
column (2), and calculattid values of and {Iq—lq-’^^q^ in columns (4) 
and (5). The sum of the values in column (5) gives Z—241 foot-tons^, 
and H is then found from equation (8) to be 19-3 tons. The dips are 
found by dividing the bending moments in column (6) by H, and are given 
in column (7) : 

Table 13.2. 


1 

2 

3 

4 

1 

5 

6 

7 

Point 

Iq — lq-l 


P 2 

9 

1 

T 


d, 

A 

20 

2-75 

7-56 

151-2 

0 

0 

C 

10 

0*75 

0-56 

5 • 0 

55 

2-85 

D 

20 

-0*25 

0*06 

1-2 

62-5 

3-24 

E 

30 

—0-75 

0-56 

16-8 

57-5 

2-98 

F 

10 

— 1-25 

1-56 

15-6 

35-0 

1-81 

G 

10 

—2-25 

5-06 

50-6 

22-5 

1-17 

B 





0 

0 
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EXERCISES 

(1) A suspension cable is 700 feet span and 70 feet dip. Calculate the length of the 
cable. 

{718’6 feet.) 

(2) A thin uniform flexible cable of weight w per unit length connects two points 
which are at the same level. 

Treating the dip d as small compared with the span prove that the difference between 
the greatest and least tension is wd, and that the difference between the length of the 

cable and the span is given approximately by - y. 

U I 
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The span of such a cable is 200 feet, and the dip is 10 feet at a certain temperature. 
The coefficient of expansion for the cable is 12 x 10“ ® per degree Centigrade. Neglecting 
change of length due to change of stress, calculate the percentage increase in the 
maximum tension due to a fall in temperature of 30° C. 

{2'74 per cent,) 

(3) suspension bridge of 700 feet span has a dip of 70 feet. It carries a uniformly 
distributed load of 500 tons. If the chains are made of steel, the allowable stress on 
which is 6 tons per square inch, calculate the required cross-sectional area of the chains. 

The anchor chains make an angle of 45° with the piers. 

Calculate the load in one anchor chain and the overturning force on a pier 

{a) when the chains run over a pulley device, 

(6) when the chains are attached to a saddle resting on rollers at the top of the pier. 

[67-3 square inches. 

(a) 336’5 tons ; 74-4 tons, 
{b) 442'0 tons ; none.] 

(4) A cable is suspended from two points separated horizontally by a distance of 
60 feet and vertically by a distance of 10 feet. The maximum dip of the cable when 
hanging freely is 5 feet below the lower point of suspension. It is stiffened by a girder 
which is hinged at both ends and also at a point vertically below the lowest point of the 
cable. 

Calculate the maximum tension in the cable when the girder carries a uniformly 
distributed load of 1 ton per foot over the whole span and sketch the bending moment 
diagram for the girder when a load of 10 tons is placed at the hinge point between the 
supports. 

{61'4 tons.) 

(5) A suspension bridge with a three-hinged stiffening girder has a span of 350 feet, 
a central dip of 35 feet and weighs 350 tons. It is to be designed to carry a super¬ 
imposed rolling load of 1 ton per foot of span equally divided between the two sets of 
chains. This load may cover all or any part of the span. 

Using a working stress of 8 tons per square inch calculate : 

(a) the cross-sectional area of one suspension cable, 

(5) the necessary modulus of section of the stiffening girder. 

[(a) 59 square inches, 
{h) 1,731 inches^.] 



CHAPTER 14 


INFLUENCE LINES FOR STATICALLY DETERMINATE 
STRUCTURES : ROLLING LOADS. 

14.1. Definition. —diagram which represents the variation of any 
resultant action, force, deflexion or slope at a particular point in a structure 
as a unit load rolls across the structure is known as an influence line. Thus 
the influence line of bending moment for any point X on a beam shows 
how the bending moment at X changes as a load of unity traverses the 
beam : the ordinate to the curve at any point Y is the bending moment at 
X when the unit load is at Y. Influence lines are of considerable value in 
studying the effect of rolling loads on structures and in the present chapter 
their use for statically determinate beams and trusses will bo described. 

14.2. Influence lines for a simply supported beam. —Let AB in Fig. 14.1 


represent a simply supporte 

C 

d beam to be crossed by a rolling load W which 

JV 

D_^_ 

A, 


i ^ i 

■v* _ J 

M 

C- ^ 


Fia. 14.1. 


at any instant is a distance y from A. It is desired to draw a diagram 
which will represent the variation of bending moment at a fixed point X, 
which is at a distance x from A, as the load rolls from A to B. 

The bending moment at X is 

M^--RB(L-a:)+[W(y-x)] 


where Rb is the reaction at B and the term in square brackets only appears 
when it is positive, i.e. when y>x. 


Since 


Rb- 


yW 
L ’ 


M,=:W 


y{h-x) 


-[y-x] 


This represents two straight 
respectively. 

When y==0y 

when y=^, 

y==U 


lines covering the ranges A to X and X to B 


M,=0, 
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If we now make W—unity, the influence line of bending moments for X 
is as shown in Fig. 14.2. The bending moment at X when the unit load is 
at C is represented by the ordinate CD. 


E 



Again, the shearing force at X is 

S.=Rb~[W] 

the second term only occurring when ?/>x. 

This again represents two straight lines covering the ranges A—X and 
X—B respectively. 

When 2/=0 or L, S^==0, 

Wx W 

when y^-x, or —— (L—x) 

dependent upon the point being immediately to the left or immediately to 
the right of X. 

The influence line of shearing force for X is therefore as shown in Fig. 14.3, 

when W is unity. Since XE : XF : : AX : XB, the lines AE and BF are 


i.e. 





parallel. When the unit load is between A and X the shearing force at X 
is positive ; when it is between X and B the shearing force at X is negative. 
It is in either case represented by ordinates such as CD or C'D' drawn to 
the influence line from the load point. 

From these influence lines the bending moment or shearing force at X 
can be found for any system of loads upon the beam. For example, let 
loads Wj, W 2 . . . W,j act at points 1, 2, ... n, and let the ordinates to the 
influence lines of bending moment and shearing force at these points be 
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nil, Wj. . . m„ and Sj ■ • ■ respectively. Then the bending moment and 
shearing force at X due to this loading are respectively 
M*=Wimi+W2mis+. . .+W„m„f 
and S^^WiSi + . . . +W„«„. ]■•••• 

The bending moment and shearing force at the point X due to a uniformly 
distributed load on any section of the beam can also be found readily from the 
influence lines. Suppose a load of intensity w covers a length c as indicated 
on the influence diagram for shearing force drawn in Fig. 14.4. The load 



on a small element of length Sx at D is w8x and if the ordinate at D is A 
the shearing force at X due to this element of load is h?^Sx. Hence the total 
shearing force at X due to the whole load cw is wjhdx. 

But jhdx is the area between the length c and the influence line, i.e. 
GHJK, and the shearing force at X is therefore w x (area of the influence 
diagram covered by the load). The same argument is applicable to bending 
moments or any other property for which an influence line can be drawn. 

Influence hnes will now be used to obtain curves of maximum bending 
moment and shearing force in a beam when certain systems of rolling loads 
cross it. 


14.3. Single rolling load on a simply supported beam. —Reference to Fig. 
14.2 shows that the maximum bending moment at X as a load rolls from A 
to B occurs when it reaches X, its value then being 

_ Wx(L-x) 

-^»Aniax— T 



Since x can have any value between 0 and L the curve of maximum 
bending moment for any point on the beam is given by this expression, which 

WL 

represents a parabola with a maximum ordinate —^ at the centre ot the 
span. This maximum bending moment diagram is shown in Fig. 14.5. 
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The influence line for shearing force in Fig. 14.3 shows that the maximum 
positive shearing force at X occurs when the load reaches X from the left 
but has not crossed that section. Its value is 

^Jmax — 

Similarly the maximum negative shearing force at X occurs when the load 
has just crossed the section X, its value being 

_ W(L-x) 

^ max— 

These expressions both represent straight lines and are true for all values 
of X between 0 and L. Hence the curves of maximum positive and negative 
shearing forces at all points of the beam are given by Fig. 14.6. 



The two values at any point occur under different load conditions : at C 
for example the shearing force when the load just reaches C is represented 
by CD. As the load crosses the section C it changes from CD to CE which 
is the maximum negative value at C and occurs when the load acts immedi¬ 
ately to the right of that point. 

14.4. Distributed rolling load on a simply supported beam. —^Two conditions 
must be considered ; first when the distance covered by the load is greater 
than the span of the beam and secondly, when it is less than the span. 

Load covering a greater length than the span .—Since the bending moment 
at X, Fig. 14.2, is represented by the area between the load and the influence 



line, it is clear that the maximum bending moment will occur when the whole 
span is covered since then the area over the load has the greatest possible 
value, so 

wJj x(L—x) wx(L—x) 

"lraax= T ~ 9 * 
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This represents the value of the maximum bending moment for any value 
of X between 0 and L and is a parabola with a maximum ordinate at the 
centre, as shown in Fig. 14.7. 

From Fig. 14.3 it is clear that the maximum positive and negative shearing 
force at X occur when AX and XB respectively are covered by the load, 
since the positive and negative areas are then the greatest possible. 
xvx X wx^ 

_ w(L—x) (L~x) w(lu~-x)^ 

= 2 IT”"" 2L ' 


Hence 


and 


So 


S'„ 


These equations hold for all values of x and are parabolas with maximum 
ordinates of and — ^ when x=Ij and a:=0 respectively. The curves 
are shown in Fig. 14.8. 



The two values of the maximum shearing force at C, represented by CD 
and CE, occur when AC and CB respectively are covered by the load. 

Load covering a shorter length than the span .—Let a rolling load of uniform 
intensity w cover a distance c which is less than L. 

It is clear from the influence line that the maximum bending moment at 
X will occur when the load covers a length FG, part of which lies to the left 
and part to the right of X as in Fig. 14.9. The area FCEHG must have the 
greatest possible value. 

E 



Fig. 14.9. 


Suppose XF=a and XG=6 so that a+6==c. 

(2a:—Gt)(L—a:) 

The mean ordinate between F and X is-between G 



INFLUENCE LINES : ROLLING LOADS 


333 


The area rCEHG=area FCEX+area GHEX, 

. (2*—a)(L—a:)a {2'L—2x~b)xb 

^ --2L-+-2L- 

=^{(2a:L—2a:*)c—o®(L—x)—(c—a)*x}. 


For this to be a maximum -^=0. 

da 


Therefore 


-2a(L —x)+2(c—a)a:=0, 


L—X c—a 


so the bending moment at X is a maximum when the point X divides the 
load and the span in the same ratio. 

cx 

The bending moment is then wA and, putting a equal to in the above 

-L 

expression for A, we obtain 

cxv\j f c \ 

This is a parabola having the maximum ordinate 
centre. 

From Fig. 14.3 it is clear that the maximum positive shearing force at X 
occurs when the load is on the part AX of the beam and the right-hand end 
of it is at X. 

The ordinate at the mid-point of the load is then 

c 

^ 2 -r 2.r—c 

and the maximum positive shearing force is 

cw(2x—c) 


This is a straight line in x but it only holds as long as the whole load is on 
the beam, i.e. when x'^c. 

For values of x less than c the curve will be the parabola of Fig. 14.8. 
To plot the complete curve it is convenient to draw the straight line 
defined by the points 




S ~civ. 


This gives the maximum positive shearing force between x—c and x=L. 
The diagram is completed by drawing the parabola of Fig. 14.8 between 
a:=0 and x=c as shown in Fig. 14.10. 
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The maximum negative shearing force at X occurs when the load is on the 
section XB of the beam (Fig. 14.3) with the left-hand end of the load at X. 



The ordinate at the mid-point of the load is 

L-x-"" 

2 L-rr 2L-2a:-c 
L-x 2L 

and the maximum negative shearing force is 

civ{2'h—2x—c) 

max — • 

This is a straight line between x~Q and :r=L—c and a parabola between 
a;=L—c and a:—L. Convenient points on the straight line for plotting the 
diagram are 

S'-O. 

c 

x=~- S' = —c?/;. 

The complete maximum shearing force diagram is then as shown in Fig. 
14.10. 


14.5. Two concentrated loads on a simply supported beam. —Suppose two 
loads Wj and Wg separated by a distance a, as in Fig. 14.11, to roll across 

a simply supported beam. Let P, the resultant 
of these loads, act at c from and 6 from Wg so 
that P—Wj+Wg and a—c-\-b. 

From a consideration of the bending moment 
diagram for the loads in any position on the beam 
it is clear that the maximum value of the bending 
moment will always occur under one of the loads. 
Hence the maximum value of the bending moment 
at a point X will occur when one of the loads is at this point. 

In the first place suppose Wg is at X. The total bending moment at X 
due to the two loads is then, from the influence line of Fig. 14.2, 

n/r ^ W2x(L-a;) Wi(a;-ffl)(L—x) 

M,_ ^ ^ - 


0 



1 

|< —ct — 

P 

1 


Fig. U.H. 


(L—x) 


{W^+W,(x-a)}. 


L 
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The term in brackets is the moment of the loads about the left-hand 
support of the beam and is therefore equal to the moment of their resultant 
about the same point, ^.e. 

P(L—a;)(a:-6) 

Mj- . 

Now suppose Wi to be at X ; the bending moment at X is 
Tv/r Wia:(L—a:) V^,^x(L—x—a) 

JVlj=r -- T 


= -j^{Wi(L-a:)+W2(L-.T-a)}. 

Substituting the moment of P about the right-hand support of the beam 
for the term in brackets we have 

Vx(J.-x-c ) 

Ml- ^ 

will })e numerically greater than Mj if 

{h—x){x—b)>x(L—x—c) 

i.e. if hx—ljb—x^-i-bx>ljx—x^—cx 

or —L6> —(6+c)a‘. 

Substituting a—b-\-c, this leads to the condition 

ax>'Lb, 

X b 

Hence, M 2 will be numerically greater than Mj if v->-, 

Li d 

X Wi 


L-^Wi+W; 

To plot the diagram of maximum bending moments on the beam it is 
convenient to draw the curves for and Mg separately. 


Thus 


Mg — — (L —x)(x —b) 

Jj 


which is a parabola having its maximum ordinate where 

h—x=x—by 

i.e. at ,'r=J(L+6). 

rw.1 , . , . P(L-6)2 

The value of the maximum ordinate is --. 

4L 

Mg is zero at a’—L and x~b and the parabola is shown in Fig. 14.12. 

P.r 

Again M^ — —-Y~(L—x—c) 

Li 

which is another parabola with its maximum ordinate at x—\(L~c), the 


bending moment there being 


P(L-c)2 

4L ' 


Zero values occur at .r—0 and at a^=L—c and this parabola is also plotted 
in Fig. 14.12. 

The parabolas are correct only as long as both the loads are on the beam, 
i.e. Ml holds from to x—L—a and Mg from x=a to x—L. Between 
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a;==L~a and x=L, Mj must be drawn for the single load Wj on the beam 
and between x=0 and a:=a, M2 must be drawn for the single load W 2 on 
the beam. These curves are both parts of parabolas and are shown in the 
diagram. The curve of maximum bending moment for the beam is indicated 


by a full line : the point of intersection of the parabolas occurs at x— 


WiL 

W1+W2 


which in Fig. 14.12 coincides accidentally with x=a. 



Reference to the influence line of Fig. 14.3 shows that the maximum 
positive and negative shearing forces on the beam occur when W 2 and 
are respectively at X, their values being obtained directly from the influence 
line. Thus the maximum positive value is 


c ^W2 
Smax —■ 

or, substituting as before. 


/x—a\xW^ 1,,^^ , 


Smax—^)* 


Similarly, the maximum negative value is 

/L— /L—x-—a\/L—x\^^^ 


The expression for Smax is a straight line between x =a and x—L. When 
X is less than o, W 2 only is on the beam and the curve is the appropriate one 
for a single load, i.e. another straight line, as shown in Fig. 14.6. 



Fig. 14.13. 


It should be noticed that the formula above gives SiDax=0 when x—b and 
Smax=P when x=L+b. The straight line representing Smax is conveniently 
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When the load is between two panel points the chord between these points 
acts as a beam and distributes the load to them. It is generally assumed 
that the truss is pin-jointed so that the load is divided in the inverse ratio 
of its distances from the panel points. If the load is between A and C or 
between D and B the total shear, and so the force in ED, is unaffected whether 
we assume this distribution to have taken place or not. If, however, the 
load is on the length CD the distribution affects the shearing force. 

Suppose then the load to be at y from C, i.e. at Lj+y from A, where y 

yW 

is less than Lg—L^. The proportion of the load transferred to D is : 


and the shearing force across the panel ED is Rb- 

Li+y 


yW 


Lg—Lj 


L,-L, 


or 


and 


Sed = 


y 

■l,-l 


,) 


w 


Fed=- ^ 


These equations for Fed all represent straight lines in a: or y and if W is 
unity they define the influence line for the force in ED. 

When the load is at C, both relevant equations give Fed = cosec 0 


and when the load is at D, both relevant equations give Fed 


L-L, 

L 


cosec 0. 


The influence diagram thus consists of three straight lines as is usual in a 
pin-jointed truss ; sometimes, as will be seen later, two of these lines merge 
into one. 

The first two sections of the diagram are defined by the co-ordinates 
(0, 0), (L, —cosec 6) and (0, cosec 0), (L, 0) respectively. They are parallel 





lines as shown at AG and BJ in Fig. 14.19. If C and D represent any two 
adjacent panel points and CK and DM are drawn perpendicular to AB to 
cut AG and B J at K and M, these ordinates are the values of Fed at C and D 
respectively. K and M are joined by a straight line to form the third sec¬ 
tion of the diagram and AKMB represents the influence line of force in ED. 

The lines AG and BJ are common to all influence lines for diagonal 
members of the truss ; differences in diagrams depend only on the position 
of the panel under consideration. In Fig. 14.19 the left side of the Vagram 
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is negative, indicating a compression in the diagonal member when the load 
is on that section of the truss. The sign depends on the direction of the 
diagonal : if the panel ED had been braced across the opposite diagonal 
the force in the bracing member would have been reversed, i.e. tensile when 
the load was on the left-hand portion of the truss and compressive when it 
was on the right-hand side. 

To find a general expression for the force in a chord member such as EF, 
the method of sections may be used : thus by taking moments about point 
D we have, when 


Fef 


Rb(L—L g) 
d 


x(L-L,)W 

Ld 


and when x>L 2 , 

^ x(L-L,)W . {x-L2)W 

FEr=--+- 


WL, 

Ld 


(L-x), 


the negative sign as before denoting that the force is compressive. 

When the load is between C and D the portion transferred to D has no 
moment about that point and these equations are sufficient for the influence 
diagram, which consists of two straight lines instead of the three for the 



diagonal member. Making W equal to unity, convenient co-ordinates for 

plotting the equations are ( 0 , 0 ) and ^L,- - — ^ j , ^ 0 , and (L, 0) 

respectively. These lines are AG and BJ in Fig. 14.20 : they intersect at E 
vertically below D and the influence line is AEB. 



The influence fine may be drawn similarly for a member of the bottom 
chord. For this particular truss the influence lines for any member are the 
same whether the load is on the top or the bottom chord but in many 
structures they are different. 
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The Warren truss shown in Fig. 14.21 will next be considered and in the 
first place it will be assumed that the load is on the bottom chord. 

X 

When x<Li, the shearing force across CE is =rW 

Li 

X 

and Fcb cosec 6. 

When x>lj^y Fce=— W cosec 6. 

When W is between Lj and L 2 so that 

As before, these equations represent three straight lines and the influence 
diagram is as shown in Fig. 14.22, which is drawn as for the first example. 

The force in CD can be found by the method of sections for any position 
of the load and since the distances of E from A and B are respectively 
^(Li+Lj) and ^(2L—L^—Lg) the following results are obtained. 



When x-<Lj, Fcd= 


Rb(2L~L, ~L2) 

W 



Lg). 


This is a straight line with values for Fcd of 0 and 


WLi 

2Ld 


(2L—Lj—Lg) when 


X is 0 and Lj respectively. 

When x>U, Fcd == - =~(h-x)(\.,+h,) 

w 

which is also a straight line, Fcd being ---"^(L—L 2 )(Li+L 2 ) and 0 when x is Lg 


and L respectively. 

When X lies between L^ and Lg, 




"2Ld 


{x(L—Lj —Lg) +LLi}. 


W 

d 


This is again a straight line, the values of Fcd when x is L^ and Lg being 
WL W 

7 r^( 2 L—Li—Lg) and ^r^(L—L 2 )(Lj 4 -L 2 ) as obtained for the same points 

ZLid 2t\jd 

from the other two equations. 
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If W ia made equal to unity these three lines define the influence diagram. 
The first two equations may be plotted from the co-ordinates (0, 0), 

(l, -^j and ^0, — ^, (L, 0) respectively and are shown in 

Fig. 14.23. If from C and D perpendiculars are drawn to cut these lines at 
G and H and these points are joined, the complete influence diagram is 
AGHB. 


When the top chord is loaded the diagrams obtained will be of the same 
general shape but since the nodes of the top chord are not vertically above 
those of the bottom chord the three lines forming the diagrams will not 
terminate at the same points as when the bottom chord is loaded, e.gr. the 
influence diagram for the force in CE will be APQB in Fig. 14.22 instead of 
AELMB as before. 

From these diagrams it is easy to determine the worst position of a uni¬ 
formly distributed load for any particular member. From Fig. 14.20 or 
14.23, for example, it is clear that the worst load in any chord member will 



occur when the whole truss is loaded. If the load is of such length that the 
whole span cannot be covered by it, it must be arranged in such a way that 
the area of the diagram over the load is a maximum. For a truss in which 
the influence diagram is formed of two lines, as in Fig. 14.20, this is done 
as in paragraph 14.4, the result obtained there being directly applicable. 
When the diagram consists of three lines as in Fig. 14.23, the disposition 
of load will depend on its length relative to a bay of the truss and a general 
solution is cumbersome. 

The maximum load in a diagonal member will occur either when AO or 
OB (Fig. 14.19) is completely covered. In the first instance the load will 
be the maximum compression and in the second the maximum tension. The 
position of 0 is found thus :— 

From the similar triangles OCK and ODM, 

PC CK 
OD~MD’ 

Since BJ and AG are parallel, the triangles AKC, BMD are similar and 

MD“BD 
OC AC L, 

0D”DB“L-L2‘ 


hence 
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If the load is not long enough to cover these lengths its positions to obtain 
the maximum areas under the influence line may be found as in paragraph 
14.4. 

14.8. Influence lines for three-pinned arch. —ACB in Fig. 14.24 is a three- 
pinned arch of any shape. 

The load W is at ?/ from A, y being less than L^. The line of action of 



the resultant reaction at B must pass through C and the sides BO, OC and 
BC of the triangle BOC represent to scale the forces H, Vb and R. 


Then 




Vb = 


L^yW 

Ld 


where L=Li+L 2 . 

This is a straight line and is the influence line for H for positions of the 
load between A and C when W is unity. Its maximum value is when 


y=W 

A corresponding line is obtained for the load between B and C, taking 
the origin at B and measuring y to the left. 

The influence diagram ADB is shown in Fig. 14.25, the two lines being 


plotted from the co-ordinates (0, 0), 


(l,^) and (o, 


(L, 0). 






348 


ANALYSIS OF STRUCTURES 


To obtain the influence line of bending moments it is necessary to consider 
the load in three regions. 

If X is any point between A and C at a distance x from A we have when 

y<x, 

M*=m-VB{L-a;) 

L^WA yW, 




-(L—a;) 




When y lies between x and Lj 

M^=HA-VAar, 


When y>Lj, 


LjyWA a:(L-y)W 
" Ld L 

W/LjAy 1 

"L[ d 

L,(L-y)W 


and 


Ld 

Mj=HA-VAa: 

Lj(L-y)WA a;(L-y)W 
~ Ld L 

W(L-y)[LiA 

L I d ■ 

These three linear equations define the influence diagram of bending 
moments, when W is unity. 

Then when y~x, the first two give 

which is always negative. 

When y=Li, the second two give 






which is always positive. 

When y=0 and L, 0. 

The bending moment at X when the load is at X will be numerically 
greater than when it is at C if 

^2^ /T .T 1 

- (L—x) > +L 2 < - X >■ IS negative, 


t.e. if 


or 


».e. if 


X 

Xijnh 




~x{Ij—x)+ —xli^ <0, 

(a;+Lj)—a:(L 2 +L—a;)<0, 

(¥+*) 


(a;+Li)<2a:L. 
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This condition is not always satisfied and the maximum bending moment 
at X may occur either when the load is at X or at C. The influence diagram 



Fig. 14 . 26 . 


is shown in Fig. 14.26 and the curve of maximum negative bending moments 
can be found from the first equation for M;^. 



A C B 

Fig. 14 . 27 . 


As an illustration consider the semi-circular arch with a central pin as 
shown in Fig. 14.27. 

Now Lj=L2=L/2, 

?i 2Vx(L’—x) 

L 

_ 

and Ma; = v x(L —x) —(L—.r)}. 

This is zero both at x=0 and at and the curve of maximum negative 
bending moments is shown in Fig. 14.27. 

14.9. Conventional load systems. —^The exact calculation of the maximum 
bending moments and shearing forces at all sections of a bridge as a train 
of loads passes across it is very laborious and the uncertainties introduced 
by the dynamic effects of the system travelling at high speed are such that 

12 * 
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extreme accuracy in calculation is not justified. It is usual therefore in 
design to adopt conventional systems of load to simplify the procedure. 

One method assumes that the effect of a train of wheels can be reproduced 
by an equivalent uniformly distributed load. It has already been shown 
that when a single load traverses a girder the curve of maximum bending 

WL 

moments is a parabola having a maximum ordinate at the centre of the 

span : if the concentrated load is supposed to be replaced by a uniformly 
distributed load of intensity w it is necessary, if the maximum bending 
moments are to be the same, to make 

v)L^ WL 
‘ 8 “ 4 
2W 

t.e. w=^. 

The bending moments at all points when this equivalent load w covers 
the span will be the same as those under the concentrated load W as it 
traverses the girder. The maximum shearing forces caused by both systems 
will also be the same at the ends of the beam but for no other points, since 
for the concentrated load the curves of maximum shearing force are straight 
lines whilst for the uniformly distributed load they are parabolas. 

When the train consists of a number of concentrated loads the curve of 
maximum bending moments can be enveloped by a curve which approximates 
to a parabola but which is rather flatter at midspan and steeper at the ends 
than a true parabola. It is thus impossible to obtain exact agreement at all 
points when a uniformly distributed load is substituted for the train. If a 
parabola is drawn which has the same area as the true curve the ordinates 
of the two curves are equal at about the quarter-point of the span, and one 
approximate method of determining the effect of a train of loads is to 
calculate the maximum bending moment they produce at the quarter-point 
and to make the equivalent uniformly distributed load of such magnitude 
that it gives the same value at that point. 

The bending moment at the quarter-point of the span under a uniformly 

distributed load of intensity w is and if the calculated maximum bending 

moment at the same point due to the actual load system is M' the equivalent 
load is 

32M' 

3L2 * 

This equivalent load gives a bending moment at the centre of the span 
rather greater and near the ends rather less than the correct values. Agree¬ 
ment between the true bending moment and that due to a uniformly 
distributed load may be obtained for any point other than the quarter span 
by using a different value of w, and if a number of bridges have to be designed 
for the same rolling load system it is worth while to determine the values of 
w appropriate to a number of points along the span. Once tables or curves 
embodying these data have been obtained they can be applied very simply 
to the design of any bridge subjected to the particular load system, but unless 
the number to be designed is considerable the time involved in obtaining the 
data will not be justified. 
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In general, if M' is the true bending moment caused at the -th point of the 

Tt 

bridge by the actual load system and w the equivalent distributed load which 
produces the same bending moment at this point we make 

2n2M' 

^""(n-l)L2- 

In American railway practice use is made of a number of conventional 
load systems proposed by Theodore Cooper in 1894, so designed that any 
two of them are connected by a constant multiplier. The system consists 


«*Ci 


cQ ^ ^ ^ ^ Sn ^ 


*r8* 555 0 565 6 6 5 5 5 


^ 2’5><10^Lbs.per Ft. 


Loads are those on one rail 
Fig. 14.28. 


of two engines followed by a train. An example, which represents the E.50 
loading on one line of rail, is shown in Fig. 14.28. 

When a system such as this is in general use tlie method of calculation 
by the use of equivalent distributed loads varying for different points on the 
span is very satisfactory since curves giving these equivalent loads can be 
standardised (Johnson, Bryan and Turneaure). 

The shearing force across a panel cannot be calculated directly from the 
equivalent loads for bending moments but a simple device enables the same 
data to be used for this purpose. 

Fig. 14.29 shows a truss and the influence line of shearing force for the 
panel CD. The panels are of equal length Z. Suppose that any system of 
loads is placed on the section AO of the truss and let Pl and Pr be the 
resultants of the loads to the left and right of C respectively. 

These resultants act respectively at a from A and b from C. It is evident 
from the geometry of the diagram that 


OC= 


vl 

N^ 


AO = 


mi 

N~1 


and C is the ^th point of the length AO. 

Suppose the length AO to be a simply supported beam, then the bending 
moment at C, due to the load system, is 

Mc=--Ro.CO+Pr.6 
where Rq is the reaction at 0, 

.-.e, „„__C0{^-+(^)P.}+Pa». 
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On substituting for the lengths this becomes 

Mc= -i{aPL+{nl-[-6)Pu-N6Pa}. 

Now consider the complete span AB. 

The shearing force across the panel CD is 

Scd=D.b—^Pr 

which gives, on substitution for Rb, 

ScD =^^{«Pl+( nZ4-6)PR ~N6Pit}, 

i.e. for any system of loads on AO, 

Mc=^Scd numerically. 



Now let Wg be the uniformly distributed load which will give the same 
maximum shearing force across the panel CD as the actual load system 
considered. This will occur when the length AO is covered and then 

ScD=wJ«(area AOG) 


or 


n 'Nnl 


ScD 


WguH 

""2(N~1)‘ 


Hence, the true bending moment at C on a span of length AO is, from the 
previous equation 


Me 


WguH^ 

2(N-T)‘ 


Now the influence line of bending moments for point C on the span AO is 

AC CO Til 

a triangle similar to AOG, the ordinate CG being given by —Jq~ 
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From the tables or curves of equivalent loading already prepared we 
determine the value appropriate to the ^th point of a span of length AO. 
If this is Wy the correct bending moment at C is, from the influence line, 


fxAOxg 


or 


Me- 


wnH^ 


2(N-1)‘ 

Equating the two expressions for Me we obtain Wg—w. 

Hence, to determine the true value of the shearing force across the panel 
CD, we assume AO to carry the uniform load which produces the correct 

bending moment at the ^th point on a span AO. 



Fig. 14.30. 


Another method of conventional design is illustrated by reference to the 
requirements for highway bridges which were introduced by the Ministry 
of Transport in 1932. Fig. 14.30 shows the standard train of loads which 
was assumed to cross the bridge, but for the purposes of calculation the effect 
of this was reduced to an equivalent distributed load, which varied with the 
loaded length of the bridge as shown in Fig. 14.31, together with a single 
concentrated load. The figures from which this diagram is plotted are 
given in Table 14.1. 

The “ loaded length ” was defined as that length of the bridge which, when 
loaded, produced the worst effect at any particular section and is found in 
general from the influence diagrams. In a freely supported girder it is the 
full span for the calculation of bending moments, and the portion between 
one support and the section under consideration for the calculation of shear¬ 
ing forces. 

An additional concentrated load of 2,700 lb. per foot width of the bridge 
was assumed to act at the section where it would produce most effect, e.g. 
for calculating the bending moment at midspan it was placed at the midspan 
point and for shearing force at the section under consideration. 

In 1954, a new British Standard Specification (B.S.153, Part 3A) replaced 
the curves of Fig. 14.31 by others based on equivalent loadings per lineal 
foot of the bridge on each standard traffic lane of 10 feet width. The basis 
of this specification has been discussed in detail by Henderson (1954). 

14.10. Dynamical loads on bridges. —It has long been recognised that the 
stresses in a bridge are not due simply to the static effects of the loads which 
traverse it : dynamical effects play a very important part and a structure 
designed without due consideration of these might have a carrying capacity 
very much below that estimated. 
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Loaded 

Ib./sq. ft. 

Loaded 

Ib./sq. ft. 

Loaded 

Ib./sq. ft. 

length 

length 

length 

feet 

inches 


feet 


feet 


3 

0 

2,420 

100 

208 

1,200 

100 

3 

0 

2,020 

150 

192 

1,300 

97 

4 

0 

1,700 

200 

180 

1,400 

94 

4 

G 

1,445 

250 

170 

1,500 

90 

5 

0 

1,225 

300 

1G3 

1,600 

88 

6 

6 

1,033 

350 

15G 

1,700 

86 

6 

0 

872 

400 

150 

1,800 

82 

6 

6 

735 

450 

146 

1,900 

79 

7 

0 

G25 

500 

140 

2,000 

77 

7 

G 

525 

GOO 

132 

2,100 

70 

8 

0 

444 

700 

125 

2,200 

74 

8 

6 

374 

800 

119 

2,300 

73 

9 

0 

314 

900 

114 

2,400 

72 

9 

6 

2G5 

1,000 

108 

2,500 
and over 

70 

10 








to > 

220 

1,100 

104 

— 

_ 

76 

0 J 
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The customary method of dealing with this problem prior to 1928 was by 
the introduction of an impact factor : the live loads were multiplied by this 
factor and the stresses calculated on the assumption that these increased 
loads actually traversed the bridge. The impact factor was usually cal¬ 
culated from an empirical formula, the most widely used up to 1920 being 
the Pencoyd formula, according to which the actual loads were multiplied 


by the term ^1 , where I was the span of the bridge in feet : 

in 1920 this formula was modified by the Ministry of Transport to 
The impact factor was thus assumed to be merely a 


function of the span and this assumption was common to the many other 
formulas proposed for the })urpose of calculating impact allowances. 

In 1923 a Committee of the Department of Scientific and Industrial 
Research, under the Chairmanship of Sir Alfred Ewing, was set up to 
investigate the whole problem of imi')act on railway bridges and a com¬ 
prehensive report was published (Bridge Stress Committee, 1928). This 
report was amplified in a paper to the Institution of Civil Engineers (Inglis, 
1931) and in a book (Inglis, 1934). These three publications placed a 
difficult problem upon a scientific basis and close approximations to the 
dynamical effects of a train upon a bridge can now be made. 

When a train crosses a bridge there is a certain amount of vibration due 
to the sudden application of the load ; irregularities in the track and the 
presence of rail joints also cause impact effects which are irregular and 
incalculable. These, however, are completely overwhelmed by another 
cause of vibration. The driving-wheels of a locomotive are balanced for the 
inertia effects of the reciprocating parts and the centrifugal effect of these 
revolving balance weights causes the pressure of the wheel on the rail to 
undergo a periodic variation ; this is known as hammer-blow and the peak 
value of the pressure, which occurs at intervals of distance equal to the 
circumference of the driving-wheel, may be very high. This hammer-blow 
is the main cause of the vibrations in a bridge, and since it is periodic it can 
be investigated mathematically. Experimental data obtained by the Bridge 
Stress Committee from tests on actual bridges showed that applications of 
the mathematical analysis lead to very accurate estimates of the true stresses 
produced by vibration. 

The analysis is too long to be reproduced here and reference should be 
made to the original work, but the general principles underlying the problem 
will be outlined. 

A locomotive is supported on springs whose effect is considerable : if it 
crosses a bridge at low speeds the vibrations set up are so small that the 
springs do not come into operation and the locomotive acts as if it were non¬ 
spring-borne. At higher speeds, since the hammer-blow varies in intensity 
as the square of the speed, the vibrations are greater and may reach an 
amplitude which brings the springs into action. This results in a damping 
of the oscillations, since the spring-borne part of the mass is out of phase 
with the non-spring-borne portion. The two cases corresponding to non- 
spring-borne and spring-borne loads both produce distinct resonance ; the 
second is that which must be considered in bridges of moderate span. 
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In its unloaded state a bridge has a natural frequenc}’^ which is decreased 
by the addition of a mass at any point ; as the locomotive passes across it, 
therefore, the natural frequency of the loaded bridge changes. This natural 
frequency depends on whether the loads are spring-borne or not ; if they are, 
the frequency may even be raised above that for the unloaded bridge. 

This variation of natural frequency tends to increase safety for, unless 
the speed of the locomotive is so adjusted that the peak values of the hammer- 
blow synchronise with the natural frequency at every point, the dangers of 
resonance are reduced. 

Other factors which limit the cumulative effects of hammer-blow are the 
restriction imposed by the length of span upon the number of impulses 
given to the bridge and the damping exercised by the imperfect elasticity 
of the bridge, ballast, piers, etc. 

In view of this it is evident that it is impossible to specify a single critical 
speed for a given engine on a given bridge. Since, however, the worst effect 
will be produced when the centre of gravity of the engine is at the centre 
of the bridge in its most heavily loaded state, the Bridge Stress Committee 
defined critical speed as that engine speed at which the frequency of the 
hammer-blow coincides with the natural frequency of the loaded structure 
at the instant when the load is over the middle of the bridge. 

The frequency of a long bridge is less than that of a short one and the 
Committee classified bridges according to the following scheme :— 

Lon^ spans .—In these the maximum effects occur at speeds such that the 
locomotive can be considered as non-spring borne, i.e. at the lower critical 
speed. 

Medium spans .—In these the maximum effects are produced at the 
higher critical speed, i.e. when the oscillations are sufficient to bring the 
springs of the locomotive into action. 

Short spans .—In these the frequency is so great that no attainable fre¬ 
quency of hammer-blow can produce resonance. 

This classification cannot be interpreted merely in terms of the actual 
length of a bridge, since the frequency is affected both by the depth of the 
girders through its influence on the second moment of area of the cross- 
section and also by the mass of the structure. 

When a bridge oscillates due to the passage of a locomotive the stresses 
caused in the members arise from three separate causes :— 

(1) From the statical effects of the mass of the locomotive. 

(2) From the hammer-blow which varies periodically as the locomotive 

crosses the span. 

(3) From the forces due to the acceleration of the masses composing the 

bridge as it oscillates. 

Inglis showed that for long and medium span bridges the last can be 
represented by additional loads on the bridge and that little error is caused 
if these are assumed to include the effect of hammer blow. 

The practical way to allow for impact effects on a bridge is therefore to 
superimpose the effects of equivalent loads upon those caused by the 
statical loads of the train as it crosses the bridge. The methods of calculating 
these equivalent loads will be considered in the next paragraph. 

14.11. Calculation of impact allowance on railway bridges. —In the 

following treatment (Inglis, 1934), it is assumed that the bridge is of uniform 
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section and mass freely supported at the ends and that the locomotive 
consists of a mass which is spring supported on a single pair of wheels and 
axle. In an actual bridge the section and mass vary along the span but little 
error is introduced by assuming an idealised uniform bridge having a 
constant second moment of area equal to that at the mid cross-section and 
the average mass per unit length. 

Let Mg be the total mass of the bridge in tons, 

Z, the span in feet, 

m, the mass per unit length, 

I, the second moment of area of the cross-section in feet units, 

M, the total mass of the locomotive (excluding tender) in tons, 

Ms, the spring-borne mass of the locomotive, 

Mu, the non-spring-borne mass of the locomotive, 

the frequency for free vertical oscillations of Ms on its springs, 

F, the total frictional force resisting spring movement, 

N, the revolutions per second of the driving wheels, 
v, the speed of the locomotive, 

V 

P sin 27 iN^, the hammer-blow at N revolutions per second in tons, 
P^N2=P, the intensity of the hammer-blow at N revolutions per 
second, 

and E, the modulus of elasticity of the material of the bridge in tons-inch 
units. 


These constitute the data for a solution of the problem and are supposed 
to be known or calculable with sufficient accuracy. Then the fundamental 
frequency of the unloaded bridge is given by 

.(14.6) 

where Mq, I and I are in tons and feet units and E is in tons per square inch. 

If the bridge carries extra masses M^, Mg . . . etc., at distances of a^, ag . . . 
etc., from one end of the span, this frequency is reduced to 



Mo 


Mg+2 (Mj sin^ '-^+^1^ sin* 


Tia, 




(14.7) 


The central deflexion of the bridge in feet under a static load of P tons 
at the centre of the span is 

. 

For an alternating force of Psin27rNZ acting at a section which is a 
distance a from the end of the span, the central deflexion is 


sin (27rNZ—a) sin 




Tza 

T 


tan a= 


YW' 

2Nni 


Wo- 


-N» 


(14.9) 


where 
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and rife is the damping coefficient of the bridge, the ratio of successive 

deflexions of the bridge when the oscillating force is removed being 
A formula for for spans between 80 and 300 feet has been deduced from 
the experimental results obtained by the Bridge Stress Committee as 
follows : 


MoV 


12 


0-63xl0«^ 


. . (14.10) 


The magnitude of the hammer-blow varies considerably : in the Report 
of the Bridge Stress Committee, data are given relating to 173 engines and 
an analysis of this list shows that 


in 27 cases it lav between the values 0 and 

• 138N2 tons 

44 „ 

> j 

ft 

„ -ISSN^ „ 

•278N2 „ 

„ 59 „ 

j } 

>> 

„ •278N2 „ 

•417N2 „ 

,, 31 

y » 


•417N* „ 

•556N2 

.1 8 „ 

y s 

tj 

„ -SSON^ „ 

•694N2 „ 

4 

J> ^ 

a 

»» 

„ •694N2 „ 

•833N2 „ 


Since the bridge is affected so vitally by this factor it is evident that correct 
data relating to the particular classes of locomotives which will use it should 
be obtained prior to design : otherwise a very large value must of necessity 
be assumed to ensure the safety of the structure. 

The study of long, medium and short span bridges must be dealt with 
separately, since the conditions controlling their oscillations are different, 
as explained in the previous paragraph. The oscillations are greatest when 
the locomotive is not followed by a train, the presence of which tends to 
damp them, and four separate loadings are considered as follows . 

(1) Single locomotive on a single track bridge. 

(2) Two similar locomotives separated by a distance d on a single track 

bridge. 

(3) Two similar locomotives arriving simultaneously at the centre of a 

double track bridge. 

(4) Two similar locomotives as in (2) on each track of a double track 

bridge. 


Long span bridges .—In this class are included all bridges in which the 
oscillations are not sufficient to overcome the friction of the springs on 
the locomotive. If 8 sin 27rN^ is the maximum vertical displacement of the 
wheels, the springs will remain locked if 


8< 


Fg 

47r2N2Ms 


. . (14.11) 


and this is the criterion as to whether a particular bridge falls into the 
category of long span. 

The formulas for use in calculating the impact allowance for long span 
bridges are given in Table 14.2 and the procedure is as follows. First 
determine tIq from equation (14.6) or (14.7) : N, the speed of the driving 
wheels which produces the maximum dynamical deflexion is then found 
from the formula in column 2 of the table. 

The coefficient of damping, ni,, is calculated from equation (14.10) and 
column 3 enables to be found. 













Table 14.2. 

Formulas for Long Span Bridges. 
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The dynamic increment of central deflexion, Sq, is then obtainable from 
the formula in column 4 and on substituting this in the formula of column 5 
we find the total load which must be distributed uniformly along the span 
to allow for the extra bending moments produced by the oscillation of the 
bridge. The allowance for dynamic shearing force is calculated from the 
formula in column 6 which gives the maximum shearing force produced at 
a distance a from the farther end of the span. 

Medium span bridges .—^The greatest dynamical effect on bridges in this 
category is found by considering the locomotive to be stationary at the 
centre of the bridge while its wheels skid at a constant speed N. If there 
are two locomotives they are spaced equally about the centre. The first 
step, as in the case of long span bridges, is to calculate the fundamental 
frequency from equation (14.6) or (14.7). This done, the value of N for 
which the bridge oscillations are greatest is found from the equation 

N«-N2n? (^+^0 . 

This is solved as a quadratic in N^, the greater of the two roots being that 
required. The values of n\ and n\ are given in Table 14.3. 


Table 14.3. 


Condition 

V 

^0* 

^0* 

1 

Mq 

Mo 

Mo-f2Mu 

Mq + 2M 

2 

Ma 

Ma 

Mo + 4M„cos=|^ 

Mq + 4Mco8*^ 

3 

Mo 

Mg 

Mq 4~4Mu 

'Mg + 4M 

4 

Mo 

M„ 

MQ + 8M„co3^g 

Mo + SMcos’"^^ 


The value of is given approximately by the formula 

1 /ii.l+|i.2+ . . . +(X„ 

- W -^ • • • ■ ( 14 . 13 ) 

in which [jLi . . . are the stiffnesses of the different axle springs of the 
locomotive, i.e. the loads required to produce unit deflexions measured in 
tons per foot. This formula assumes that the values of (jl for all the axle 
springs are appreciably the same, so that if a load were applied to the centre 
of gravity of the spring-borne mass of the locomotive this mass would sink 
without any angular movement. An average value for n, found by the 
Bridge Stress Committee was 3. 

The value of N found from equation (14.12), which will be denoted by Ng, 
may be greater than the permissible speed, which may be taken as 6. The 
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subsequent calculation will depend on whether Ng is less than or greater 
than this limiting value. 

If it is less than the limiting value the formulas in Table 14.4, column 2 , 
are used to determine the central dynamic deflexion Sg : if greater, the 
appropriate equation of column 4 is first solved for na, the functions of N in 
these equations being 


J/AT\ TVT2/l .^nbUd nl\ JJ 


and 



Uh- 




where n\ and n\ are given in Table 14.3. 

The formulas in column 3 of Table 14.4 then enable the value of Bq to be 
calculated. 

The formulas giving the allowances for dynamic bending moment are 
given in column 2 of Table 14.5 : as for long span bridges the load obtained 
in this way is assumed to be distributed uniformly over the span. 

To calculate the maximum dynamic shearing forces at a distance a from 
the farther end of the bridge the values of Si and Sg are found from the 
formulas of columns 3 and 4 in Table 14.5. The shearing force required is 
then ( 81 + 82 )^ but this may, near the centre of the span, fall below a mini¬ 
mum permissible value given by the formulas of column 5 ; then the value 
obtained from column 5 should be used. In this formula Np is the frequency 
at which spring friction just breaks down, calculated from equation (14.11), 
and PiNf is the hammer-blow at this frequency. 


Short span bridges .—In short span bridges the period of vibration is too 
rapid for resonance to occur. 

The value of the hammer-blows should be calculated for the maximum 
permissible speed and treated as statical loads added to the corresponding 
axle loads. 


14.12. Influence lines of deflexion. —So far in this chapter the use of 

influence lines has been confined to the representation of bending moments 
and shearing forces. Influence lines can, however, be drawn to represent 
the way in which the deflexion at any point on a girder or braced structure 
changes during the passage of a unit load and such diagrams are used exten¬ 
sively in the analysis of redundant structures. In the present chapter statically 
determinate structures alone will be dealt with, leaving the consideration of 
redundant structures to a later stage. 

j_i 

C A 

Fig. 14.32. 




r 


The simplest method of drawing an influence line of deflexion for a beam 
is by the use of Clerk Maxwell’s reciprocal theorem (paragraph 4.10). For 
example, to take a very elementary case, suppose that the influence line of 
deflexions is required for A, the free end of the cantilever AB shown in Fig. 
14.32. If a unit load is placed at any point C on the cantilever, we know 
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Table 14.6. 
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from the reciprocal theorem that the vertical deflexion at A when the load 
is at C is the same as the vertical deflexion at C when the load is at A. The 
deflexion at A when the load is at C gives a point on the influence diagram 
and therefore the influence diagram will be the same as the deflexion curve 
for the cantilever AB when a load of unity is placed at A. Hence, for a 
beam, the influence diagram of deflexions for any point is found by placing 
a unit load at that point and determining the deflected form of the beam. 
This curve is the influence line required. 


I Unit Load 

H J K M N 0 



Fig. 14.33. 


This is equally true for a frame, but usually it is not so easy to obtain the 
deflected form of such a structure as it is for a beam. The simplest method 
is by the use of the Williot-Mohr diagram. An example will make the 
procedure clear : Fig. 14.33 shows a Pratt truss with 6 equal bays and we 
shall determine the influence line for the point L as a unit load traverses the 
top boom of the girder. As before, when the load is at any point such as J, 
the deflexion at L will be the same as the deflexion at J when the load is 
placed at L and so we must determine the deflexion polygon for the top 
chord of the girder under the action of a unit load at L. The table given in 
Fig. 14.33 shows the alteration in length of the various members when a 
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unit load is placed at L. Since the structure is assumed to be symmetrical 
about the centre line we take L as the reference point and LE as the datum 
line and avoid the necessity for drawing a Mohr diagram, since this line will 
not rotate. The Williot diagram for one-half of the truss, drawn as described 
in paragraph 6.8, is shown in the figure. The point A is fixed and so the 
vertical distances below A of the various joints taken from the Williot 
diagram give the true vertical deflexions. If a is projected horizontally as 
shown and the line HJKLM is set out to represent the top boom of the girder, 
the deflexions of the various joints on this top boom are obtained by pro¬ 
jecting hy j, k and I as shown in the diagram. The deflexion polygon for 
the top chord is thus found and is the influence line of deflexions for the point 
L as a load traverses the top boom. 
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EXERCISES 

(1) A bridge of 56 feet span has simply supported ends. It is crossed by a four- 
wheeled lorry which imposes a load of 2 tons through the two front wheels and a load 
of 3 tons through the two rear wheels. The wheel base of the lorry is 14 feet. 

Draw the bending moment and shearing force diagrams for the mid-point of the bridge 
for all positions of the load. {These may be plotted directly from the influence liyxes for the 
mid-point of the bridge.) 

(2) A bridge truss of 150 feet span is crossed by a uniformly distributed load of J ton 
per foot and of length 40 feet. Plot the diagrams of maximum bending moment and 
shearing force for the truss. 

(3) A span of 300 feet is crossed from left to right by a train of six loads, A, B, C, D, 
E and F, their magnitudes being 10, 15, 15, 25, 15 and 10 tons respectively. The 
distances between them are AB —6 feet, BC —8 feet, CD = 8 feet, DE=:10 feet, and 
EF —12 feet. A is the leading load. 

Calculate the maximum bending moment and shearing forces at a point 100 feet 
from the left-hand support and the magnitude and position of the maximum bending 
moment. 

{5,660 tons-feet; 52-7 tons 

6,280 tons-feet when D is 151-17 feet from right-hand support.) 

(4) A Pratt (N) truss has a span of 200 feet, a depth of 16 feet and is divided into 
ten equal panels. Draw the influence lines for the loads in the top boom of the eighth 
panel from the left-hand support and for the diagonal in the sixth panel from the same 
support when the bottom chord is loaded. 

(5) A five-panel Warren truss is formed of equilateral triangles and is loaded on the 
bottom chord. 

Draw the influence lines for the diagonal member and the top chord member immedi¬ 
ately to the left of the centre point of the truss. 

(6) A three-pinned segmental arch in which the rise is one quarter of the span is 
crossed by a rolling load. Plot the influence line of horizontal thrust and also the 
influence line of bending moment at a quarter-span point. 

(7) A beam ABC is pinned to supports A and B a distance of 15 feet apart. The 
overhang BC is 6 feet. 

Draw the influence line of deflexion for the mid-point of AB. 



CHAPTER 15 


INFLUENCE LINES FOR STATICALLY INDETERMINATE 

STRUCTURES 


15.1. Use of influence lines. —It was shown in the concluding paragraph 
of the last chapter that the curve of deflexion for any structure under a 
unit load placed at any point is the influence line of deflexion for that point. 
For beams this curve is easily found by the methods described in Chapter 3 
and for trusses by means of a Williot-Mohr diagram and deflexion polygon 
for the loaded chord as described in paragraph 5.8. 

Influence lines of deflexion are not often needed for statically determinate 
structures since, except in special circumstances, knowledge of the deflected 
form of the girder or truss is not an essential step in the design. When the 
structure is redundant, however, whether the redundancy is due either to 
the provision of more than the essential number of reactive forces or more 
internal members than are statically necessary, the stress analysis involves 
the elastic properties of the structure. Calculations of deflexions in some 
form or another thus become imperative and the use of deflexion influence 
lines often enables the analysis of the structure to be made with the minimum 
labour. This chapter therefore will deal with some of the applications of 
influence lines to problems connected with statically indeterminate structures. 
The simpler examples only are considered ; reference should be made to 
specialised works for more elal)orate extensions of these principles. 


15.2. Miiller-Breslau’s theorem. —A simple theorem due to Miiller-Breslau 
enables the influence line of deflexions to be used for the calculation of 
redundant reactions in a beain or truss. 

The truss shown in Fig. 15.1 is supported at the three points A, D and F 
and these supports are assumed to be rigid. Let th(‘ su])port D be removed : 
the structure is now statically soluble, and if a unit load acts vertically down¬ 
wards at D the deflexion polygon for the bottom chord can be drawn using 
a Williot-Mohr diagram. This diagram, abedef, is also the influence line of 
deflexion for the point D on the simply supported truss AF and so, if a unit 
load acts vertically at any panel point of the bottom chord the ordinate to 
the polygon represents the deflexion produced at D ; a unit load at C, for 
example, will produce a deflexion 3 cd at D. 

To move the point D through a distance 3 di) a unit force must be applied 
at D and, since the structure is assumed to follow a linear load-displacement 


law, a force of r;-^ applied at D will move it through a distance Sen- If the 
Sdi) 

support D were in position, therefore, the force on it due to a unit force at C 


8 ') 

would be and similarly for a load at any other panel point. Thus, if the 
8i)D 

ordinates of the polygon are divided by Sjjd the resulting diagram is the 
influence line of reactions at D. 
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In general terms the ordinates of the influence line for the force in any 
redundant element of a structure are equal to those of the deflexion curve 
drawn for the structure when a unit load replaces the redundancy, the scale 
being so chosen that the deflexion at the point of application of the unit load 
represents unity. 

This is Miiller-Breslau’s theorem. It may also be deduced by an applica¬ 
tion of the first theorem of Castigliano, for if D is replaced by a downward 



Fig. 15.1. 


load Q and another load P acts at E, the load in any member of the truss 
can be expressed in the form 

Po==aQ+pP. 


The deflexion of D is 
and that of E is 


aU ^oc{aQ+pP)L 
AE 

au 

ap“^ AE 


If P is now made equal to zero and Q equal to unity, the deflexion of D is 


A 


and the deflexion of E is 


Ae=2 


apL 

AE' 


If P is made equal to unity and a force R is applied upwards to the point 
D, R being sufficient to maintain the support at its original level, the load 
in any member is —aR+P and 

9U 5;;^a(aR—P)L 
AE 


This equation gives the reaction at D when a unit load acts at E. 


Hence 


T. -yapL 

^Z<aE ^AE 


or RAd =Ae 

^ deflexion at E when a unit load acts at D 
deflexion at D when a unit load acts at D' 


which proves the theorem. 
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The theorem applies to any elastic body and can be used either for beams 
or trusses : the deflected shape of the former can be found by the usual 
methods and will be considered in the next paragraph. 

15.3. Influence lines of reaction for continuous girders. —The following 
treatment is due to F. C. Lea (1910). 

Let Fig. 15.2 represent a girder resting on supports A and C and continuous 
over a third support B. The spans AB and BC are L^ and L .2 respectively 



Fig. 15.2. 


and the variation of the reactions as a load W rolls across the girder is to be 
found. 

Suppose the load W is on the span AB at a from A and let X be any point 
on the girder at x from A. Then the bending moment at X is 

EI^=-RAa;+W[a:-a]-RB[a:-Li] 

where the terms in brackets only appear when they are positive. 
Integrating this expression twice we obtain 

dy Rax2 Rb^ t 12 . a 


and El 2 / = -^+^[:e-a]='-^[x-Li]34.Ax+B, 

where A and B are constants of integration. 

Since y=0 when a:=0 or Lj 

B=0 

, ^ RaL? W(Li-a)=> 

.nd A=-j,-^- 5 ^--. 

Again since y=0 when a;=Li+L 2 

RaL,(Lj +L,)(2L, +L,) - W [ (Li 

+RbL^=0. . . . {16.1) 

Now 

Ra ~hB<B"i~Rc~W^.(15.2) 

and by taking moments about B, 

RcL2+W(Li-a)-RALi-:0.(15.3) 

The solution of these three equations, when W is equal to unity, is 

3 (i^ 

Li +LiL 2 aLg 2 ®Li + 

Li(Li+L,) ■'. 

When the load is on the span BC the general equations for slope and 
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deflexion are the same but the term Lj—a is negative and the value of the 
constant A is modified. Putting y=0 when we have 

RaLJ 


A = - 


6 


When a;==:Li+L 2 ,and equation (15.1) becomes 

RaL2(Li -|-L2)(2Li+L 2 ) —W (Lj +L 2 —a)® -I-R'bL* =0. 

The result is simplified by measuring the distance of the load from the 
support B so we shall put a=Li+6. The above equation then becomes 

RaL,(Li+L,)(2Li+L,)-W{L,-6)»+RbL|=0. . . (16.6) 

Equation (16.2) is unaltered but equation (16.3) becomes 

RcLj-W6-RaLi=0.(16.6) 

The solution of (16.2), (16.6) and (15.6) is, for W equal to unity, 

6 * 


6L, 


Ra= 


^ _ 

' 2 ''■2L, 


. 

Equations (15.4) and (15.7) are the equations of the influence line of reac¬ 
tion at A and may be plotted as follows. 



From B in Fig. 15.3 draw BD perpendicular to AC representing the 
product LjLg to a convenient scale. Join CD and produce CD to meet the 
perpendicular from A at E. 

Then AE=Li(Li+L 2 ), the slope of ED is —Lj and the equation of the 
line ED is 

y=LJ -j-LjLg—fltLj. 
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A curve plotted from the equation 

1 Cl® 

will pass through the points A and D ; let it cut the ordinate from a at the 
point d. Then 

( 1 \ 

^aLj+ciLa—-j-j 

=Li +LjL 2 —aLj ^217’ 

i.e, dc represents the numerator of Ra in equation (15.4) and since AE is 
the denominator of this equation to the same scale, the value of Ra is given 
by the ordinate dc if AE be taken to be unity. AED is thus the influence 
diagram for Ra for all positions of the load between A and B. 

If the numerator of equation (15.7) is written in the form 


— ^ 6 L 2 — —+2j^4-LiL2~^I^i j +(LiL 2 — 6 L 1 ), 

the second term is the ordinate to the hne CE when and the first 

term represents a curve DgfC passing through the points D and C. Hence, 
when the load is at any point between B and C the reaction at A is measured 
by the distance gf to the scale for which AE is unity ; gf is negative and so 
for a load between A and B the reaction at A is positive while for a load 
between B and C it is negative. The complete influence diagram for Ra 
is therefore as shown shaded in Fig. 15.3. 

From equations (15.3) and (15.4) we have 

—+« L2 ) —(1L2 

L2(L,+L2) • 

The first term in the numerator is the equation of the curve AdD and the 
second is that of the straight line ADF. Hence, for loads between A and 
B, the distance kd represents the reaction at C to the scale for which CF is 
unity. Similarly, gm represents the reaction at C for load positions between 
B and C and so the complete influence diagram for Rc is obtained. 

The foregoing results may also be obtained by an application of Miiller- 
Breslau’s theorem. Suppose the support at A to be removed and a load 
W apphed downwards at that point. The reaction at B is found by taking 
moments about C to be 

I^^_ W(L,+L2) ^ 

Lj 

and we have 

the term in square brackets only occurring when it is positive. 

Integrating twice. 


Wx® w(l,+L2V 


4”R* 
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From the conditions y—Q when x=Lj and x^L^+Lg we obtain 

WL 

A =-^*(3Li+2L,) 


and 


6 

B=-yi(L,+L,). 


The curve of deflexions for the span AB is then 
W 

while the deflexion of the point A is 

Hence, the influence line of reaction at A is, from Muller-Breslau’s 
theorem, 


y 


1 


-Lj^X Ij 2X -j-Lj" -j -L2^L2 


(15.8) 


2/a“L,(L,+L,)[ 2L, 2"- "-'“1 
which is the same result as given in equation (15.4) when a is written instead 
of X, 

For the span BC, putting x=L^~l-6, we find 
W L., 




and 


y 


1 


bL,~b^ + 


63 


(15.9) 


2/A Li(Li+L2) 
which is the result given in equation (15.7). 

The influence line for the centre reaction may be found from equation 
(15.2) since expressions for Ra and Rc have been determined, but as a further 
example of the use of Muller-Breslau’s theorem we will obtain it directly. 
The support at B is removed and an upward load W placed at that point : 
then, if x is measured from A, 




the term in square brackets only occurring when it is positive. 
Integrating twice. 


and 




El 2 /= 


6 \Li+L2 

y is zero when x—0 and x^L^+L^ and so 
and 

^(Li+La) 

In span L^ the substitution of these values gives 

and under the load 

2WL*,L| 


6EI(Lj4"Ijj) 


2 /B = 
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Hence the equation of the influence line for Rb is 

y oc 


Rb= 




yB 2Li2L2 
When the load is on span L 2 similar methods lead to 

y 


Rb = 




2/B 2LjL2 

In particular, when Li=L 2 =L these equations reduce to 

x(ZU-x^) 


Rb= 


and 


Rb— 


2L3 

(L-6){3L2-(L-6)2} 


2U 


The influence line is then as shown in Fig. 15.4. 


r 


-L 


L 

"zs- 

B 



(15.10) 

(15.11) 

(15.12) 

(16.13) 



Fig. 15.4. 


16.4. Influence line of shearing force for a continuous girder. —Let AEDC 
in Fig. 15.5 be the influence line of reaction at the support A of a continuous 
girder ABC, found as in the i^revious paragraph, and let X be any point on the 
girder between A and B. 

If a load W is at G, between A and X, the shearing force at X is 

F=-Ra+W 

=W(l-6c) 

or, if W is made equal to unity, 

F=l-6c. 

If from A a line AK is drawn parallel to EC and cG is produced to meet 
it at e, 

ec=AE=l 

and eb=l—bc. 

The intercept eb between the line AK and the curve ADC thus represents 
the shearing force at X for a unit load between A and X and AKM is the 
influence diagram for this section of the girder. 

When the load is at any point H between X and B, 

F=-RA=-/g^ 

and the influence diagram for this section of the girder is MND. 
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When the load has passed B and is at a point J between B and C, the 
shearing force at X is again 

F=—Ra = -\r^j • 

The influence diagram of shearing force for the span BC is therefore D;C 
and the complete diagram is as shown shaded in Fig. 15.5. 



Fia. 16.6. 


15.5. Influence line of bending moment for a continuous girder. —Let 

AEDC in Fig. 15.6 be the influence line of reaction at A for the beam already 
considered and X any point on the span AB at a distance x from A. If a 
load W is at the point G, between A and X, where the distance AG is a, the 
bending moment at X is 

Ma; =—Rax 4-W(a: —a) 


If W is unity 


5L.__e.+w(1=5 

X \ X 


, x—a 
-~?=_6cH-. 

X X 


If a perpendicular to AC from X cuts EC in H and HA is drawn 

dc x—a 

AE""”^’ 


13 
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and since AE represents unity on the influence diagram, 

x—a 


dc- 


X 


Therefore 


M 

.^^^dc~bc^-bd, 

X 


When the load is at H, lying between X and B, 


and when it is at J, on the span BC, 

—^=-Ra = +A?. 

X 

The influence diagram for the bending moment at X is then as shown 
shaded in Fig. 15.6. 



15.6. Influence lines of reactions for a continuous truss. —In paragraph 
15.2 it was shown how the influence line of reaction for a single redundant 
support in a continuous truss might be obtained. The method will now be 
extended to two redundant reactions. The truss shown in Fig. 15.7 is simply 
supported at A and B and is continuous over supports at C and D. The 
influence lines of reactions at the points C and D are to be found. The load 
will be taken to travel along the top chord of the truss. 

In the first place both the supports C and D are supposed to be removed 
and a unit load acting downwards is applied at C. A Wilhot-Mohr diagram 
is drawn as explained in paragraph 5.8 for the simply supported truss AB 
and from it the deflexion polygon for the top chord is obtained. A similar 
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procedure is followed for a unit load acting downwards at D. The polygons 
are also the influence lines for the deflexions at C and D respectively and 
from them we can measure 

Sc, the deflexion of point C under a unit load at any panel point M on the 
top chord 

and Sd, the deflexion of point D under a unit load at the same point M. 

From the Williot-Mohr diagrams the following data are found :— 

Ac, the vertical movement of the point C for a unit load at C, 

A'c> the vertical movement of the point C for a unit load at D, 

Ad, the vertical movement of the point D for a unit load at D, 
and A'd, the vertical movement of the point D for a unit load at C. 

Let Rc and Rd be the reactions at C and D when the supports are in 
position and a unit load acts at M, and suppose these forces to be applied 
upward to the truss deflected by the load at M. 

Under the action of such forces alone the movement of C would be 
RcAc+RdA'c and the movement of D would be RcA'd+RdAd- 


M 



Since it is assumed that in the actual truss the points C and D do not 
move, these movements must be respectively equal to Sc and So i.e. 

Sc —RcAc+R dAc 

and SD=RcAD~f"RDAD« 

The solution of these simultaneous equations gives the values of Rc and 
Rd- 

The terms Ac, A'c, Ad and A'd are constant for a given truss and are found 
once and for all from the Williot-Mohr diagrams, while the terms 8c and Sd 
are measured directly from the influence diagrams. The above equations 
can therefore be formed quickly for all panel points on the top chord and 
the values of Rc and Rd thus determined enable the influence lines of reaction 
at C and D to be drawn. This method is considerably quicker than calcula¬ 
tion by strain energy methods which requires lengthy computation for the 
load at each panel point. 

The process can be extended to any number of redundant supports ; each 
redundancy needs the construction of a Williot-Mohr diagram and an in¬ 
fluence line of deflexion, and if there are n such redundancies there will be 
n simultaneous equations to be solved for each load position. 

15.7. Forces in redundant bars by influence diagrams. — ^The construction 
of influence lines enables the calculation of the forces in redundant bars of a 
truss to be made quickly for any position of the load. Let Fig. 15.8 represent 
a truss supported at A and B having one redundant member PQ for which 
the force influence line is required when the bottom chord is loaded. Suppose 
the bar PQ to be removed, and unit loads to act at P and Q as shown. The 
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forces in all the members of the resulting just-stiff frame can then be found 
and their changes of length calculated. A Williot-Mohr diagram and a 
deflexion polygon for the bottom chord is constructed as explained in 
paragraph 6.8. The ordinate 8^ to this deflexion polygon at any panel 
point M on the bottom chord is the vertical displacement of this point under 
unit loads at P and Q and by Clerk Maxwell’s theorem it is therefore the 
amount by which the points P and Q separate when a unit load acts vertically 
at M. The polygon is therefore the influence line of separation of P and Q 
when the member PQ is removed. 



The free separation of P and Q can also be obtained from the Williot-Mohr 
diagram ; let this be A. 

When the redundant member is in position and a unit load acts at M let 
R be the force in PQ. This force will cause the member to stretch by an 
RL 

amount where L is its length, A is its cross-sectional area and E is 

Young’s modulus for the material. The force R will pull the points P and Q 
together by an amount RA. The total separation of the two points in the 
absence of the member PQ is and so 


or 


R= 


A + 


L ' 
A~E 


Hence, if the ordinates of the deflexion polygon for the bottom chord under 
unit loads at P and Q are divided by the term A polygoii represents 

the influence line for the force in PQ. 

Unit Load Unit Load 

p/ s/ 


\ 


✓ 

/ 

X f 

X ✓ 

✓ 

✓ 

/ 


Unit Load Unit Load 
Fig. 16.9. 


If the truss has two redundant members PQ and ST as shown in Fig. 16.9 
the forces in them as a load crosses the truss may be found as follows. 
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PQ and ST are assumed to be removed and unit loads placed at P and Q. 
The stresses in the remaining bars are calculated, the alterations in their 
lengths determined, and a Williot-Mohr diagram is drawn from which the 
deflexion polygon for the loaded chord is obtained. This polygon is also 
the influence line representing the separation of points P and Q. Thus, if 
a load of unity is placed at any panel point M on the lower chord the ordinate 
to the influence line at M is the amount by which P and Q separate. Call 
this From the Williot-Mohr diagram we can also obtain the amount 
by which P and Q separate under unit loads at P and Q, and A'j the 
amount by which S and T separate under the action of the same loads. 

Similar diagrams are drawn for unit loads acting at S and T and from 
them we obtain the separation of S and T for a unit load at M ; A 2 and 
A '2 the separations of S and T and of P and Q respectively under unit loads 
at S and T. 

The redundant bars PQ and ST are now supposed to be in position, the 
forces in them when a unit load is placed at M being and Rg respectively. 

Due to the force R^ acting at P and Q, 

P and Q approach by an amount RiA^ 
and S and T approach by an amount R^A'i- 

Due to the force Rg acting at S and T, 

P and Q approach by an amount R 2 A '2 
and S and T approach by an amount R 2 A 2 . 

When Rj and Rg act together, 

P and Q approach by an amount RiAi+R 2 A '2 
while S and T approach by an amount RiA'i4-R2^2- 


The lengths of the bars PQ and ST are increased by amounts 


R2L2 


and 


^iLi 

AiE 


and 


due to the loads in them and so 

l^m— RiAi-f R2A 2 


RiLi 


AiE 


A,E' 


From these simultaneous equations the values of R^ and R 2 are found. 

It will be noticed that Aj, A'^, Ag and A '2 are constant values for the frame 
whatever the position of the load on the bottom chord, while and 2 ^m 
are found from the respective deflexion polygons. By this method therefore 
the forces in the two redundant bars for any position of the load can be 
calculated by the solution of two simple simultaneous equations once the 
influence lines have been drawn. Here again, as in paragraph 15.6, strain 
energy methods require a long calculation for each load position and the 
advantage to be gained by the use of influence lines is considerable. 


16.8. Influence line of thrust for a two-pinned arch. —Since a two-pinned 
arch is a statically indeterminate structiire the calculation of the thrust 
involves the application of strain energy or similar methods of analysis. 
Examples of this calculation have already been given in Chapter 12 and a 
general expression for the thrust when a load acts at any point on a segmental 
rib is given in equation (12.29). 

From this equation we can plot the H-line, as it is called for convenience, 
for any two-pinned segmental arch. 
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As an example, if the central angle 2<j> is 120° and 2P is made equal to 
unity the following values are obtained ; 


0 

. 

G0° 

45° 

30° 

15° 

0° 

H ! 

0 

•197 

•408 

•57 

•634 


The influence Hne is shown in Fig. 15.10. 

If, instead of being segmental, the arch is parabolic, the work is very much 
simplified by the assumption, explained in paragraph 12.10, that the second 



moment of area at any section is proportional to the secant of the angle of 

ds 

slope of the arch, i.e, 1^=1^ where I is the second moment of area at the 

crown. If such a rib, having a span 2L and a central rise a, carries a load of 
unity at a distance I from the centre the horizontal thrust is, from equation 
(12.45), 

I 

The ordinates to the H hne for different values of ^ are given below ; 

JiLi 


Z/2L 

0*6 

0-4 

0-3 

0-2 

01 

0 

H 

0 

.0613(?^) 
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2Li 

From this table the H line can be plotted for any ratio —. If the arch is, 

in fact, of uniform section throughout there will be an error on account of 
the assumption as to the variation of the second moment of area, but unless 
2L/a is small this will not be serious and it may usually be neglected. 

The same method may be used for an arch of any shape but if it is of such 
form that the equations cannot be readily integrated the work involved in 
estimating H may be considerable since graphical integration will be 
necessary. 

15.9. Influence line of bending moment for a two-pinned arch. —The 

bending moment at a point X on any two-pinned arch as shown in Fig. 
15.11 is 

M=Hy-VA:r+[Wa:'] 

where x and y are the co-ordinates of the point X taking A as the origin 
and x' is the distance of the load from X. The last term only occurs when 



W is between A and X. Now the equation to the influence line of bending 
moments at X on a beam of sx^an AB is, if W is unity, 

M'--VA:r + [Wa;'J 

and the equation of the influence line of moment at X due to the thrust 
alone is 


The comx^lete influence line for M is therefore the sum of the two separate 
influence lines for M' and M". The first of these is readily plotted as in 
paragraph 14.2, but the second is rather more troublesome since the ordinates 
of the H line have to be multiplied by a different value of y for each position 
of X. If, however, we divide the equation for M throughout by y we have, 


M „ M' 
y y 


and this is a more convenient form for plotting, since the H line is the same 
for all positions of X. As an example we will consider a segmental arch 
rib having a central angle of 120®. The H line is jilotted from the data 
given in the last paragraph and is shown in Fig. 15.12. 

The M' line is a triangle with its apex at x from A, the ordinate at that 


point being 


^(L- 


— and so, if XD is made equal to 


-x) 


Ly 


,the triangle ADB 
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is the ^ line and the shaded figure is the influence diagram of — for the point 

y ^ 

X. If a load W acts at a point which is a distance x from A the bending 
moment in the rib at X is W^X (ordinate FG). If the influence line is 
required for any other position on the rib it is only necessary to calculate 
the new value of the ordinate corresponding to XD and to complete the 


I) 



Fia. 15.12. 


diagram, keeping the same curve for H. The advantages of plotting M/^ 
instead of M are thus considerable. 



Fig. 15.13. 


15.10. Influence lines for a flixed arch. —A general solution for the fixed 
arch carrying a vertical load at any point was given in paragraph 12.6 and 
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the formulas quoted there can be used to plot the influence lines. The load 
was taken as 2P so we must put P=J to obtain the results in the correct 
form for the influence diagrams. 

As an example we will consider an arch in which the rise is one-quarter 
of the span. This gives a central angle 2^=106° 16' and upon substituting 
the trigonometrical functions for <f> and putting P—equations (12.16) and 
(12.17) enable the necessary data for influence lines to be calculated. 

The calculated values are given in Table 15.1 and the influence lines 
plotted from these values are shown in Fig. 15.13 on a base representing the 
span of the arch. 

Table 15.1. 


0 

H 

Va 

Vb 

Ma 

K 

Mb 

R 

0 

•93 

0-500 

•500 

-•059 

-•059 

5 

•91 

0-677 

•423 

-•037 

-•074 

15 

•75 

0-725 

•275 

+ •019 

-•082 

25 

•52 

0-849 

•152 

+ •067 

-•069 

35 

•25 

0-940 

•061 

+ •091 

-•037 

45 

•05 

0-989 

•012 

+ •065 

- -009 

53° 8' 

0 

1000 

0 

0 

0 


15.11. Choice of redundant elements to simplify calculations. —A judicious 
choice of redundancies enables calculations in many instances to be con¬ 
siderably simplified and this is particularly so when the redundant elements 
can be taken to act at the same section of the structure. The method to be 
described is due to Muller-Breslau. 



Suppose the structure shown in Fig. 15.14 is supported by pins at the 
points A, B and C. If the pin C were removed the frame would be statically 
determinate and so, when supported as shown, there are two redundant 
elements. These are usually taken to consist of a vertical and a horizontal 
reaction at C, but there is no reason why these particular directions should 

13* 
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be chosen and we can in fact assume the two forces at C to act in any direc¬ 
tions chosen arbitrarily. 

Suppose then we take component reactive forces at C acting in the 
directions shown by R^ and R 2 , these being inclined at any angle to each 
other. 

To draw the influence diagrams for these forces we proceed as explained 
in previous examples. A unit load is apjflied to C in the line of Rj, but in 
the opposite direction, and a Williot diagram is drawn. From this diagram 
the following data are measured : 

the vertical deflexion of a point M 

the movement of C in the line of =Ai, 

the movement of C in the line of Rg—A'j. 

A second diagram is drawn for a unit load acting in the line of Rg, but 
in the oj)posite direction, and corresponding data are obtained as follows : 

the vertical deflexion of M = 82 , 

the movement of C in the line of R 2 =-A 2 , 
the movement of C in the line of R^ ^A'g. 

If a unit load acts vertically at M when the support C is removed the 
movements of C in the lines of R^ and R 2 are and 82 respectively. If the 
support is kept in position by reactive forces R^ and Rg the following 
equations must be satisfied : 

RiAi+R2A'2==§1 
and Rj^A 2 -f-R 2 A 2 = 32 . 

and ^2 can be obtained from the Williot diagrams for all panel points, 
the equations solved, and the R^ and R 2 lines plotted. 

This is a general result irrespective of the direction assumed for R^ and 
Rg. Suppose, however, that from the Williot diagram for a unit load acting 
in the line of Rj we find that point C moves to C'. If the line of action of 
Rg is then made perpendicular to CC' there will be no movement of C in the 
fine of R 2 under the action of the unit load in the line of R^, i.e. A\= 0 , 
But, by Clerk Maxwell’s theorem A'g^^A'j and the equations above reduce 
to the simple results 



A similar procedure can be followed for three redundant elements. 

Fig. 15.15 represents a braced arch supported at the four points A, B, C 
and D by pins. The redundancies introduced by the pins at C and D can 
be represented by two forces acting in arbitrary directions as in the last 
example and by a couple applied to the section CD. 

In the first place assume that a unit couple acts at the section CD, 

represented by two forces ^ ^ distance d apart as shown in the figure. 

From the Williot diagram the displaced position of CD is found to be C'D'. 
Lines perpendicular to CC' and DD' are drawn from the centre points of 
these lines to intersect at 0, the instantaneous centre of rotation of CD. 
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Imagine points C, D and 0 to be connected by a rigid plate and a force of 
unity to be applied at 0 in the direction R^. This can bo taken in any 
direction but will be assumed to be vertical for convenience. This force will 
produce no rotation of CD. From the Williot diagram for this force the 
direction of movement of 0 is determined and the second reactive force is 
made to act perpendicular to this movement as in the last example. 



In general when the directions of the reactive forces are chosen arbitrarily, 
let a unit couple applied to CD produce 

a vertical deflexion of any point M =S^ 
a movement of O in the direction of — 
a movement of 0 in the direction of R 2 =A',;t 
an angular rotation of CD = 6 ^. 

Let a unit force in the line of R^ produce 

a vertical deflexion of M 
a movement of 0 in the direction of 
a movement of 0 in the direction of R 2 =A'i, 
an angular rotation of CD = 6 i; 

and let a unit force in the line of R 2 produce 

a vertical deflexion of M =§ 2 , 

a movement of 0 in the direction of R^^A'g, 
a movement of 0 in the direction of R 2 =A 2 , 
an angular rotation of CD — 62 . 

When the supports at C and D are in position and a load of unity acts 
vertically at M let the reactive forces consist of a moment Mq and forces 
Rj and Rg. The following equations can then bo formed : 

^oAr/i+RiAi +R 2 A 2 = ^1 
^oAm+RiA'i+RgAg =32 
MgAm +R1O1 +R2O2 — 

These must be solved simultaneously for each point on the influence line. 
When the position of the point O and the directions for R^ and Rg are 
chosen as described above, however, we have 

=0 

A'i=A'2 =0 
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and the equations reduce to the simple results 

R-^ 


R,= 


A. 


Mq q • 

The whole of the data for plotting the R and M lines are available from 
the Williot diagrams and the calculations are of the simplest possible type. 

Reference 

Lea, F. C. 1910. Proc. Instn. Civ. Engrs.y 185, 277. 


EXERCISES 

(1) A beam of length L and uniform cross-section is encastr6 at both ends and rests 
at the centre of the span on a rigid support. 

Show that the equation for the influence line of reaction at this support for each half 
of the beam is 

R = 4a2(3-4a) 

where aL is the distance of the unit load from one end. 

(2) A beam ABC of uniform cross-section is encastr^ at A and rests on a rigid support 
at B which is L from A. The end C is unsupported. If the distance of a unit rolling 
load from B is x~aL show that the influence line of reaction at B is given by the two 
equations 

3a a* 

R = 1 —K IT (when x is between B and A) 

3oc 

and R = 1 + (when x is between B and C). 

4b 


(3) A beam of vmiform flexural rigidity El and length L is pinned at its ends and 
centre to three columns of the same material as the beam, each of height 1. 

The end columns each have a cross-sectional area A and the middle column 2A. If x 
is measured from the centre of the beam show that the influence line of reaction on the 
mid-support is given by 


R = 


240 

— ()Lx2 + -f L* —— 


L« + 


480 

"aT 


(4) A two-pinned segmental arch rib of 100 feet span has a rise of 20 feet. Plot the 
influence line for the horizontal thrust. 

(5) If the arch in the last question is encastr^ at both ends plot the influence lines 
for the reactive forces and moments at the supports. 

(6) An encastre parabolic arch rib has a span of 100 feet and a rise of 16 feet. 
Assuming that the second moment of area at any section is given by Iq sec a where I® 
is the value at the crown and a is the angle of slope of the rib at any point, plot the 
influence lines for the reactions at the supports. 

(7) A Warren truss 12 feet deep consists of ten panels each 10 feet long. It rests 
on rigid supports at the ends and at the fourth panel point from one end. The cross- 
sectional areas of the members of the truss are such that if the intermediate support 
is removed and a load applied to that point the stress in all the loaded bars has the 
same numerical value. 

Draw the influence line of reactions for the centre support for a load on the bottom 
chord. 



CHAPTER 16 


THE VOUSSOm AR(3H 

16,1. Description and definitions. —In Chapter 12 we dealt with arches 
formed by continuous members, i,e. arched ribs or members connected to 
form braced structures. These are comparatively recent developments in 
the history of engineering but many centuries before it would have been 
feasible to build such structures the arch form was in common use. The 
early arches were made of a number of wedge-shaped blocks of masonry 
which were usually set in a jointing material of mortar or cement, although 
this is not essential to their stability. This type of structure is still commonly 
used for such diverse purposes as relieving the loads on a lintel over a window 
opening or bridging a gap to carry road or rail traffic. 

Fig. 16.1 shows such an arch with the names of the various parts. 



Many of these terms are of ancient origin. 

The wedge-shaped blocks of which the arch is built are known as voussoirs. 
They are usually symmetrically disposed about a central voussoir known as 
the keystone from a mistaken idea on the part of early builders that it had 
a special function to perform. As will be seen later, no single voussoir is of 
more importance structurally than any other and a key-stone is not essential, 
as shown by the occasional occurrence of arches with an even number of 
voussoirs. This, however, is unusual and while its rarity mainly arises from 
the belief in the importance of the key-stone, it is due to some extent to the 
prejudice of the mason against allowing a joint instead of a block of stone to 
occupy the central position. The key-stone in fact is an aesthetic and 
traditional feature rather than a structural requirement. The blocks in the 
abutments of the arch upon which the end voussoirs rest are known as skew- 
backs and the surface between a skew-back and an end voussoir is the 
springing. The highest point of the arch is the crown and the lower sections 
are the haunches. This is a general term and there is no hard and fast 
definition of how much of the structure is comprised in a haunch. The 
upper boundary line of the arch ring is known as the extrados and the inner 
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line as the intradoa. The under surface of the structure is the soffiL When 
this type of arch is used for a bridge and a more or less level roadway is 
required, the spandrels, i.e. the spaces between the top of the arch and the 
roadway, are built up by filling. The weight of this filling has an important 
effect upon the load which the arch can carry as will appear in later discussion. 

An arch bridge of steel or reinforced concrete usually consists of a number 
of ribs which are suitably bridged transversely to carry the road or railway. 
In a masonry bridge, on the other hand, the arch is the full width of the road. 
The under surface (or soffit) is often referred to as the barrel of the arch. 



Fio. 16.2. 


The simplest type of masonry arch occurs when the bridge crosses the gap 
to be spanned at right angles, as shown in Fig. 16.2 (a). Often, however, 
the crossing is not right-angled, as shown at (b) in the same figure. Such a 
structure is known as a skew arch and if it is built of solid blocks of masonry 
the setting-out and cutting of the voussoirs is more complicated and expen¬ 
sive than for (a). 

Many arches are built of brickwork instead of masonry and the arch then 
consists of a sufficient number of rings to give the necessary depth, as shown 
in Fig. 16.3. 



Fig. 16.3. 


16.2. Historical. —The history of attempts to explain the behaviour of the 
voussoir arch has been reviewed elsewhere (Pippard and Chitty, 1951), and 
only a short summary will be given here. 

As might be expected, the first arguments were based on the properties 
of the inclined plane and the wedge. Some writers approached the problem 
theoretically, assuming that the interacting surfaces of the voussoirs were 
polished and that the arch would fail by slipping. This line of argument 
assumed that the pressure acted normal to the face of each voussoir and led 
to the conclusion that the voussoirs must be of increasing depth towards 
the springings in order that the arch might be equilibrated. 
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In 1801, Atwood in England made experiments on two models of arches 
with polished metal voussoirs, in which he measured the pressure per¬ 
pendicular to the face of certain voussoirs in order to prove formulas based 
on the wedge theory. Rennie’s bridges at the beginning of the last centipy 
were designed more or less on the assumption of smooth faces on the 
voussoirs. 

An alternative assumption was that the voussoirs were infinitely rough ; 
the arch must then fail by the rotation of some of the voussoirs about their 
edges, and this was actually shown to occur in model experiments made 
by the French engineer Couplet, in 1730. He, however, arrived at the 
erroneous conclusion that the joints of rupture for all arches were at the 
key-stone and at 30° to the horizontal. 

A third line of attack, enunciated by Hooke but little developed during 
the eighteenth century, was derived from analogy with the loaded catenary. 

Meanwhile, several important voussoir arches were being designed and 
erected in France under Perronet who initiated a number of experiments. 
In particular, in connexion with a bridge at Nemours, Chief Engineer 
Boistard made a number of model experiments in 1800 which led him to the 
conclusion that all bridges failed by opening of joints at the crown, at the 
haunches and at the abutments, and that in general the joints at the crown 
and abutments would open at the intrados and those at the haunches at the 
extrados. These experiments, together with others made by Rondelet 
about the same time, were of considerable importance, as they led to new 
theories of the behaviour of the arch. 

In 1826 Navier, having propounded a straight line law for the pressure 
distribution across the face of voussoirs in contact, showed that if the 
resultant pressure at the crown and joints of rupture acted at one-third of 
the depth of the ring from the extrados and the intrados respectively, the 
joints would be just on the point of opening. This was re-introduced by 
Mery as a new idea in 1840 and is tlie beginning of the doctrine of the middle- 
third of which more will be said later. 

Much of the Continental work seems to have remained unknown in 
England for a long time. Professor Robison of Edinburgh recorded the 
collapse of a bridge made in rather soft stone, the failure of which was 
ascribed to overloading at the crown : about a fortnight before final failure 
occurred, it was noticed that the stones on the soffit of the arch at 10 feet 
on either side of the centre and also at 20 feet on one side were cracking badly 
and it was considered by the masons that ultimate failure would take place 
at these points. Actually, it occurred by pivoting of segments of the arch 
about a point at the crown and at points about 15 feet or 16 feet on either 
side of the centre; the arch hovered for a short time and finally pivotted 
about points at the abutments. Professor Robison experimented on a model 
made of chalk and by over-loading the crown was able to reproduce this type 
of failure. 

It is uncertain when the idea of the line of pressure or linear arch, which 
is the outcome of the third line of attack, was introduced on the Continent 
as a means of studying the voussoir arch, but in this country it was developed 
by Professor Moseley in 1835, who showed that this line must he within the 
arch ring. 

In 1846 Snell determined the joints of rupture and the amount of thicken¬ 
ing of voussoirs required in the neighbourhood of the abutments of certain 
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arches to keep the line of pressure inside the arch ring. He also took account 
of the possible failure of the materials of the arch and the provision of 
sufficient bearing area to prevent it as a factor in modifying the position of 
the line of pressure. 

In the same year Barlow pointed out that many lines of pressure could bo 
drawn for an arch, all of which had equal validity. He proposed as the 
correct one the line of pressure which passed through the centres of the crown 
and haunches. 

In a sense this marks an advance in the formal approach to the problem ; 
interest was no longer centred on a state of limiting stability which no 
actual arch would reach, but on the correct choice of the line of pressure, 
assuming the arch to be of dimensions admitting of choice. The prevailing 
view seems to have been that all lines of pressure which could be drawn 
within the arch ring were equally vaHd, and the matter of selection was 
simply one of convenience. 

This is not so ; each linear arch corresponds to a definite condition at the 
abutments as will be shown later. 

Woodbury in America, and Rankine in Great Britain, adopted the 
doctrine that the line of pressure must be within the middle-third, thus 
eliminating tensile stresses. This is nowadays advocated by most writers, 
who still assume that if any linear arch for the given load can be drawn 
within the middle-third, the result will be satisfactory. 

Rankine’s design method is a compromise and, since it affords a key to 
many other design methods to be found in text books, it will be outlined. 
He assumed that the load system consists of vertical forces distributed in 
any symmetrical manner along the span. A linear arch which will carry 
this system is selected in a more or less arbitrary manner. Generally this 
linear arch is the same shape as that of the intrados of the completed arch. 

The horizontal thrust at the crown is calculated from a formula, due to 
Navier, for an arch under normal pressure, viz.y the product of the intensity 
of pressure and the radius of curvature at the point consideired. 

The equilibrium of this linear arch can only be maintained by a system 
of horizontal pressures applied along its length ; between the crown and 
some point on the haunches these pressures must be directed outwards ; 
below that point they must be directed inwards. Rankine called them 
conjugate pressures, and the point where the pressures change sign he 
termed the point of rupture. If the pressures were omitted below this 
point the voussoirs of the actual arch would be forced outward and freed, 
while omission of the pressures above it would only tend to wedge them 
together. The point of rupture corresponds to the position of maximum 
horizontal thrust, which is the sum of the Navier thrust at the crown and 
the conjugate pressure applied between the crown and that point. 

Having determined the point of rupture and the maximum horizontal 
thrust, the arbitrary linear arch is abandoned and the real design is begun. 
That part of the arch below the point of rupture is included in the abutment 
and is given suitable horizontal backing ; the part above, which is the real 
arch, is designed to carry the vertical loads and a horizontal thrust equal to 
the maximum already determined. With regard to this, Rankine stated 
(1862) : “ The stability of an arch is secure if a linear arch balanced under 
the forces which act on the real arch can be drawn within the middle-third 
of the arch ring.’' He emphasised the point thus : “ It is true that arches 
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have stood, and still stand, in which the centres of resistance of joints fall 
beyond the middle-third of the depth of the arch ring ; but the stability of 
such arches is either now precarious or must have been precarious while the 
mortar was fresh.” 

Since stability of a voussoir arch is not dependent upon fulfilment of the 
no-tension condition and since a condition of instability only occurs under 
much larger loads than those which just violate this condition, it must be 
assumed that Rankine used the word “ stability ” in a different sense from 
that now understood. 

Meanwhile, speculation as to the “ true ” line of pressure continued on 
the Continent and various theories were advanced. 

Hagen defined the most probable line as that for which the vertical 
projections of the minimum distances between the line of pressure and the 
boundaries of the arch ring were a minimum. Another theory advanced in 
a slightly varying form by various writers, was that the true line gave 
minimum stresses at the critical sections. 

Winkler suggested that the true hne was that for which the sum of the 
squares of its distances from the centre line of the arch ring was a minimum. 
Since the bending moment on a small element of the ring is the thrust at the 
element multiplied by the distance from the centre line of the arch to the 
linear arch, and the strain energy in the element due to bending is proportional 
to the square of this bending moment, there is some consistency between 
Winkler’s proposal and that of Castigliano, who analysed a masonry 
voussoir arch on the basis of his newly enunciated theorems of minimum 
strain energy. 

Castigliano assumed that the abutments were rigid, and so long as the line 
of pressure of the arch ring was everywhere within the middle-third the ring 
would behave as a continuous elastic rib. The thrust was first calculated 
for the complete arch by the method of minimum strain energy. If the 
resulting line of pressure fell outside the middle-third at any section, the 
portions of the arch ring which were thereby put into tension were assumed 
to be removed and a second approximation was made using the modified 
arch ring. This process was continued until no tension was found at any 
point and the stresses were then calculated by the usual methods. 

One objection to the use of this method was the doubt as to whether a 
masonry arch exhibited a linear relationship between load and displacement ; 
this will be discussed later. 

Although in the light of more recent work Castigliano’s method appears 
to provide the soundest basis of design, it has not hitherto been generally 
accepted and reliance is still placed on a combination of older theories, 
which will be summarised in the next paragraph. 

16.3. The accepted basis of design. —It is generally assumed that a voussoir 
arch may fail in any of four ways : 

(1) By the development of excessive tensile stress in the jointing material. 

(2) By the development of excessive compressive stress in the material. 

(3) By the sliding of one voussoir over another. 

(4) By spreading of the abutments. 

The last of these can only be prevented by the provision of adequate 
stability in the abutments and foundations. This is necessary for all arches 
and must be treated as a separate problem distinct from that of the design 
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of the arch itself. The sliding of a voussoir depends upon the angle which 
the resultant of the normal and transverse forces at any joint makes with 
the normal to the joint. If this angle is less than the angle of friction the 
joint is safe against such failure ; if it is greater than the angle of friction, 
the joint between voussoirs may need a mechanical key. 

The calculation of the stresses at any section of the arch would be simple 
if the correct linear arch could be drawn but, as already shown in the pre¬ 
ceding paragraph, the selection of the correct one has given rise to consider¬ 
able controversy in the past. Only one point has been generally agreed 
upon—^that if tension is to be avoided the linear arch must fall within the 
middle-third of the depth of the arch ring at every point. If it is assumed 
that the stress distribution is Linear across any section this must be true, but 
within this limitation any number of linear arches can be drawn. 

Each of these possible linear arches is intimately associated with the 
condition of fixity at the abutments (Pippard and Ashby, 1938) and this 
needs emphasising. 

Suppose that Fig. 16.4 represent a voussoir arch with fixed ends, which 
carries any system of external loads. Since it is assumed, as a basis of 
design, that no tension shall be developed in the ring, the structure can bo 
treated as an arch-rib, as will be shown. 



Fig. 1C.4. 


Such a rib has three redundant reactions at the support B, represented by 
the couple Mq, together with the vertical force Vq, and the horizontal force 
Hq acting at the centre of the springing. 

These three reactions can be replaced by a single force R acting at some 
point in the springing line, and this is the point through which the linear arch 
passes. Since the structure is adequate if the end B is unsupported, the 
actions Mq, Hq and Vq may be assigned any arbitrary values. For each set 
of values there will be a different position of the resultant action R ; that 
is, the linear arch will start at a different point for each set. 

These actions will, however, produce component displacements of the end 
B which may be calculated by an application of the first theorem of 
Castigliano. Thus if U denotes the total strain-energy of the structure due 
to the external system, then 

au 

=the angular rotation of section B in the direction of M^, 

au 

———the horizontal movement of section B in the direction of Hq, 

cHq 

au 

=the vertical movement of section B in the direction of Vq. 

d V Q 
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For one, and only one, set of values of Mq, Hq and Vq these movements will 
be zero ; that is, there will be no displacement of the support. For any 
other set the end B will be displaced and a different linear arch will be 
obtained. The arbitrary assumption of a particular hnear arch thus tacitly 
assumes certain movements of the abutments, and it is therefore inconsistent 
to assume absolute fixity and at the same time to select a linear arch 
arbitrarily. 

It has been customary, however, to make such an arbitrary choice and 
thus determine the thrust and bending moment at all sections of the arch. 
The stresses in the material calculated from these data are kept within the 
prescribed safe values. 

16.4. The voussoir arch as an elastic structure. —The method of analysis 
used by Castigliano depends for its validity upon the assumption that a 
voussoir arch shows a finear relationship between load and displacement, and 
in 1890 the Austrian Society of Engineers carried out an exhaustive series 
of experiments to determine this point, among others. A number of arches 
were loaded to destruction and it was found that, until cracks started to 
develop, the measured displacements were approximately proportional to 
the applied loads. The development of cracks did not cause much alteration 
to the arch shape. 

From these experiments it was rightly deduced that elastic theory was 
applicable to such structures. There appears to have been, however, an 
unwarranted deduction that the arches behaved as solid ribs and that the 
thrust could, therefore, be calculated by the method of minimum strain 
energy. This does not follow from the mere fact of a finear relationship 
between displacement and loading, since such a relationship would equally 
be observed if the structure were a three-pinned arch and, therefore, 
statically determinate. 

In order to prove that the structure behaves as a solid rib it is necessary 
to show that the thrust of a voussoir arch is the same as that of a continuous 
rib of the same dimensions, and experiments carried out to elucidate the 
behaviour of the voussoir arch included an investigation of this point 
(Pippard, et al,, 1936). Model segmental arches were made with spans of 
4 feet and rises of 1 foot, the voussoirs being carefully machined steel; one 
test arch had pinned ends while the other was supported on skewbacks. 
One end of the arch under test was fixed in position but the other was 
mounted on a carriage made as free from friction as possible and restrained 
by a 4 B.A. steel rod carrying a delicate optical extensometer. The loads 
in this rod could thus be measured, and the elastic stretch in the rod 
being taken up by a turnbuckle, the horizontal component of reaction at 
the free support was obtained direct. The arch was assumed to support 
a load of earth which filled the spandrels and formed a horizontal road 
surface, and this load was provided in the models by cans, appropriately 
weighted by shot, hung from the voussoirs. A point load of variable amount 
could in addition be applied to any voussoir. 

In the first place, a solid rib of mild steel of the same dimensions as the 
voussoir arch was mounted as explained above. The dead loading remained 
constant, and the value of the thrust or horizontal component of reaction 
was measured for a range of loads applied to different points. From these 
a curve was drawn showing the thrust due to a unit load at any point in the 
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span of the arch. The solid rib was then removed and the voussoir arch 
with pinned ends erected in its place. The experiment was repeated, and 
it was found that until a limiting load, which varied with the point of 
application, was reached the results were almost precisely as found for the 
solid rib. It was established, therefore, that within certain limiting loads 
the voussoir arch behaved as a solid rib. The limiting load is easily shown 
to be that which produces a tensile stress in a joint adjacent to its point of 
application and so reduces the bearing area of the voussoirs at that section. 
Attention was then concentrated on the behaviour of the arch when a 
gradually increasing load was applied to one voussoir, and the results 
obtained can best be illustrated in diagrams. 

Fig. 16.5 {a) shows a voussoir arch with its earth fill and in addition a 
load applied to a particular voussoir. As this point load is increased, the 
horizontal thrust also increases. For small values of W the thrust agrees 
practically exactly with the values for a solid rib of the same size and with 

similar abutments. At a particular value Wj 
a change occurs in the rate of change of the 
thrust with the applied load which is consistent 
with the formation of a pin at C, indicating that 
the arch has now effectively become two solid 
sections AC and BC pinned together at C, as 
shown at ( 6 ). If the supports are allowed to 
spread slightly, the “ pin ” can be clearly seen 
to be formed by the hinging of the adjacent 
voussoirs at C. The new ratio of thrust to load 
is maintained for a time, but at a load Wg 
another change in the rate occurs which is due 
to the formation of a second virtual pin at D, 
as in Fig. 16.5 (c). This pin is, however, on the 
intrados of the arch, whereas the first one was 
on the extrados. The arch now consists of two 
solid sections AD and BC connected by a third 
Fig. 16.5. solid section DC which is pinned to them, and is 

essentially the structure of the cantilever bridge. 
A still further increase in the load shows that at Wg there is another change 
in the rate of change of thrust with load due to the formation of a third “ pin ” 
at the intrados at B. The arch now consists of three solid sections of which 
one, AD, is encastr6 at A, the other two being effectively solid pin-jointed links, 
as in Fig. 16.5 (d). During this process there is a progressive reduction in 
the redundancy in the structure. The original arch has three degrees of 
redundancy, but with the formation of each successive pin, one degree of 
redundancy is lost, so that (b) has two, (c) has one, and (d) has none, i.e, 
(d) is statically determinate. If loading is continued beyond Wg, a sudden 
collapse of the arch occurs at a load W 4 due to the formation of a fourth pin 
at A which turns the assembly into a mechanism. 

These experiments clarified the mechanics of the voussoir arch and showed 
that while Snell’s theory of failure (1846) had a sound basis it was inadequate 
and in certain respects faulty. 

16.5. Behaviour of a masonry arch. —In the experiments outlined in the 
last paragraph the arch was constructed without jointing material between 
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the voussoirs, and the usual assumption made in design, that no tensile 
stresses can be transmitted, was exactly satisfied. It was shown that under 
these conditions, provided the correct linear arch fell everywhere within the 
middle-third of the arch ring, the structure behaved exactly like an arch-rib 
and could be analysed by methods applicable to such structures. 

An increase in the point load finally produced a condition in which 
adjacent voussoirs were in contact only at the extreme edges, and a succes¬ 
sion of virtual pin-joints were formed, which reduced the problem to com¬ 
paratively simple statical terms. Failure occurred when sufficient of these 
pins formed to transform the structure into a mechanism. These experi¬ 
ments are described fully elsewhere (Pippard, 1936 or 1952). 

If a jointing material is used in the construction of an arch the adhesion 
between this material and the voussoirs, and the nature of the material 
itself, may enable the joint to offer some resistance to tensile stress. Also, 
the material may be such that it will fail in compression before the virtual 
pin can form at the extreme edge of the joint. 

The general effects of the presence of jointing material of this type will, 
therefore, be to increase the range of loading for which the structure behaves 
as an arch-rib, since the linear arch can fall outside the middle-third without 
causing the opening of a joint, and also to reduce the load at which instability 
occurs, since the “ pin ” cannot reach the extreme edge of the joint. 

If the material of which the voussoirs are made cannot withstand the 
compressive stresses developed, premature failure of the structure will occur. 

Further experiments were carried out (Pippard and Ashby, 1938) on 
an arch having a clear span of 10 feet and a rise of 2 feet 6 inches to deter¬ 
mine the applicability of the results of the previous work to actual structures. 

Two sets of cast concrete voussoirs made of rapid hardening cement with 
limestone and granite chippings respectively were used. The compressive 
strengths of the two concretes at 28 days were 1,740 lb. per square inch and 
6,700 lb. per square inch. The voussoirs were 10 inches deep, 6 inches thick 
and tapered from 6*18 inches to 5*41 inches in elevation. The arch, with 
J inch mortar joints, contained twenty-three voussoirs. The load represent¬ 
ing the arch filling was provided by lead shot carried in cans from the 
individual voussoirs. Most of the tests were made with a light loading 
estimated on a depth of filling of 6 inches over the crown, the density being 
70 lb. per cubic foot. One test, however, was made with heavier loading 
estimated on a depth of filling of 12 inches over the crown, the density 
being 140 lb. per cubic foot. 

Seven series of tests were made on arches built and loaded to the specifica¬ 
tions shown in Table 16.1. 

The non-hydraulic lime gave a mortar with practically no tensile strength, 
and it was used solely to form a bedding for the voussoirs. It is also weak 
in compression. The cement mortar was a mixture of rapid-hardening 
Portland cement and sand in the proportion 1 : 3 by weight. 

In each test an increasing load was apphed to one particular voussoir and 
observations were made of the initiation and development of cracks in the 
jointing material. 

The test was continued until complete failure of the arch occurred, usually 
by the development of a fourth “ pin-jointcausing the structure to become 
unstable, or occasionally by spalling of the voussoirs, or by slipping along a 
joint. It was found that the load could be steadily increased to that at 
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Table 16.1. 


Series 

Voussoirs 

Jointing material 

Loading 

1 

Limestone 

Non-hydraulic lime mortar 

Light 

2 

,, 

None 


3 

- 

Rapid-hardening Portland cement 
mortar 

- 

4 

Granite 

Non-hydraulic lime mortar 

,, 

6 


None 

f > 

6 

- 

Rapid-hardening Portland cement 
mortar 


7 



Heavy 


which a fourth pin developed, when a sudden collapse occurred. The 
centering of the arch, left in position a few inches clear of the soffit, prevented 
a complete break-up, and on removing the point load it was found that the 
structure returned to its original position unless slipping between voussoirs 
had occurred. 

For full details of the test results reference should be made to the original 
paper, but they are shown in diagrammatic form in Figs. 16.6 and 16.7. 

Fig. 16.6 gives the tests on both hmestone and granite voussoir arches 
when jointed in lime mortar, and Fig. 16.7 those when cement mortar was 
used. Reference curves are plotted in each figure as follows. Curve A 
shows the concentrated load which must be applied to any voussoir to cause 
the linear arch to reach the middle-third point of any joint. Curves B and 
C show the loads which cause the linear arch to reach the middle-half and 
middle-three-quarter points respectively of any joint. Curve D gives the 
loads which cause the linear arch to touch the extrados of the arch ring at 
any joint. All of these curves are obtained on the assumptions that no 
cracking of a joint occurs, that is that the arch can bo treated as a rib, 
and that the abutments are completely rigid. Curve E gives the maximum 
loads for which an arbitrary linear arch can be drawn wholly within the 
middle-third of the arch ring. As already shown, this involves the tacit 
assumption that the abutments are free to move as required, and although 
this method is widely used it is incorrect if the abutments are rigid, as they 
are intended to be. For the particular proportions of the experimental 
arch it is of interest to note that this curve coincides very closely with curve 
B, which shows the maximum loads keeping the linear arch within the middle- 
half, the abutments being rigid. The middle-half rule has been advocated 
by various authors and, at any rate in the test arch, its correct application 
would lead to the same results as the usual and incorrect application of the 
middle-third rule. Curve G gives the loads which would cause the arch to 
fail due to instability. The method of calculation is given in detail in 
paragraph 16.6. 

Curve F is similar to curve G but is based on the assumption that the 
arch ring is 9 inches deep instead of its real value of 10 inches. This 
assumption was made as it was found in a number of the experiments with 
lime mortar that the tension crack only extended to within IJ inch of the 
edge of the ring at failure. If a linear distribution of stress is assumed, the 
centre of pressure is then \ inch from the edge. 
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It will be seen from Fig. 16.6 that only in one instance did the first crack 
appear at a load below that of curve B. The majority of arches in this 
series did not show any sign of cracking until the linear arch almost reached 
the extrados. The ultimate failures were grouped closely around curve F. 



23 22 21 20 19 18 17 16 15 14 13 12 

Position of Point-Load 

Fia. 16.6. 


Those giving low values of ultimate load failed by crushing of the mortar 
or spalling of the voussoirs. It should be noticed that the results of the tests 
are not dependent to any marked extent upon the material of the voussoirs, 
indicating that the behaviour of the arch depends primarily on the jointing 
material. 
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Fig. 16.7 relating to tests with cement-mortar joints, shows that the 
linear arch always came well outside the arch ring before the first crack 
appeared, and in general ultimate failing loads were much higher than those 
based on the stability calculation for unjointed voussoirs. These results 



Position of Point-Load 
Fiq. 16.7. 

indicate that cement-mortar joints have an appreciable strength in resisting 
tension, which could well be taken into account in design. 

The results are shown in Figs. 16.8 and 16.9 by a series of linear arches 
for lime- and cement-mortar jointed arches respectively. These are drawn 
for the loads at which the first crack appeared, and show the conservative 
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nature of the middle-third rule. They were obtained by strain-energy 
analysis on the assumption that there was no movement of the abutments. 

These tests were all carried out for light loading, since the point loads 
required to cause failure under heavy loading would have been incon¬ 
veniently large. For comparison, however, one test was made with the 
heavy dead load. This arch showed no sign of failure until a point load of 
3,545 lb. was applied, when it collapsed suddenly with a typical instability 
failure. The spalling was no worse than in previous tests. Under light 
loading the arch failed at 2,075 lb. applied to the same point. The ratio of 
the failing loads is 1.71, which is practically the ratio of the dead loading 
including the weight of the voussoirs. 



Fig. 1G.8. 



Fig. 16.9. 


It is evident from these tests that, even when weak mortar is used, the 
middle-third criterion is pessimistic. This has been recognised by various 
authors, who have suggested that the middle-half core should be considered 
as the safe region for the linear arch. With good cement mortar, however, 
even this is conservative, and there is little doubt that no cracking of joints 
would occur if a wider margin still were adopted. It must be emphasised, 
in this connexion, that the development of tension at a single joint does not 
indicate that the structure is unsafe, since a very large margin of strength. 
is available before instability occurs. 

16.6. Calculation of the stability of a voussoir arch. —In an earlier para¬ 
graph it was shown that a voussoir arch increasingly loaded at a point may 
reach a state of instability due to the development of four virtual hinges 
which occur alternately at the intrados and extrados. The structure is thus 
turned into a four-bar mechanism and collapses. A method of calculating 
the magnitude of the load which must be applied at any point to cause this 
will now be described. 
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Fig. 16.10 shows an arch carrying any specified dead loading denoted by 
and The load W is just sufficient to put the structure into a state 
of unstable equilibrium. The unknown reactions are then Va, Vb and H, 
as shown. 

In the first place it will be assumed that the positions of the four virtual 
pins A, B, C and D are known. The section of the structure CDB is in 



equilibrium under the forces acting upon it, which do not include the un¬ 
known W. Hence, by taking moments of these forces about C and D, two 
equations in H, Vb and the appropriate part of the dead-load system, are 
obtained. By eliminating Vb from these, the value of H is determined. 

If moments of the forces on the structure are taken about A, an equation 
is obtained which contains W, Vb, H and the terms for the dead load. Vb 
is again eliminated by using the equation of moments about C, and since H 
has been found, W can be determined. 

The positions of two of the pins are not precisely known, and some trial 
and error is necessary, but certain general rules reduce the uncertainty 
considerably. Thus, pin C always forms at the extrados of the joint adjacent 
to W, lying between W and the crown of the arch ; ])in B always forms at 
the extrados of the springing farther away from W ; pin A is on the intrados, 
either at the other springing or on a joint near it, and the ])ositi()ri of pin D 
can in most cases be judged very nearly. 



Fig. 16.11. 


To find W it is therefore necessary to make a few trials for different pin- 
positions. H is calculated from a consideration of the equilibrium of the 
section CB as before, but for a few (perhaps two or three) different positions 
of D. That giving the lowest value of H will be the correct one, since it 
will give the lowest value of W whatever the position of A. After finding 
H, a few alternative positions for A are taken and the corresponding values 
of W calculated as already described. The lowest will be the correct one. 



THE VOUSSOIR ARCH 


399 


Table 16.2. 


(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 

(9) 

Reference points 

X 

y 

Load 

w 

Moment 

wx 

Hw 

Hwx 

Int. 

Mid. 

Ext. 

23, 0 



1 

GOO 

-0-027 







23, 0 

1 

636 

0 



2,016 

1,649 


23 


1 

593 


108 

172 



22, 23 



1 

550 

0-036 







22, 23 

1 

684 

j 0*064 



1,908 

1,477 


22 


1 

540 


106 

163 



21, 22 



1 

496 

0 091 







21, 22 

1 

526 

! 0123 



1,802 

1,314 


21 


1 

481 


107 

159 



20, 21 

j 


1 

437 

0 144 







20, 21 

1 

465 

0178 



1,695 

1,156 


20 


1 

419 


100 

142 



19, 20 



1 

369 

0191 







19. 20 

1 

399 

1 0-228 



1,595 

1,013 


19 


1 

353 


94 

127 



18, 19 



1 

307 

0*233 







18, 19 

1 

329 

0*272 



1,501 

886 


18 


1 

283 


86 

no 



17, 18 



1 

237 

0*270 







17, 18 

1 

256 

0-310 



1,415 

776 


17 

1 

1 

210 

1 

83 

100 



16, 17 



1 

165 

0*301 







16, 17 

1 

181 

0*342 



1,332 

676 


16 


1 

135 


77 

88 



15, 16 



1 

090 

0*326 







15, 16 

1 

102 

0*368 



1,266 

588 


; 


1 

057 


74 

78 



14, 16 



1 

013 

0*345 







14, 15 

1 

022 

0*388 



1,181 

510 


14 


0 

978 


1 71 

1 69 



13, 14 




936 

0*357 

1 






13, 14 

0 

941 

0*401 



1,110 

441 


13 


0 

898 


68 

61 



12, 13 



I 0 

857 

0*364 


1 





12. 13 

0 

859 

0*408 



1,042 

380 


12 


0 

818 


68 

56 



11, 12 



0 

778 

0*364 







11, 12 

0 

777 

0*408 



974 

324 


11 


0 

737 


68 

60 



10, 11 



0 

700 

0*357 







10, 11 

0 

694 

0*401 



906 

274 


10 


0 

667 


71 

47 



9. 10 



0 

622 

0*345 







9, 10 

0 

613 

0-388 



835 

227 


9 


0 

678 


74 

43 



8, 9 



0 

545 

0*326 







8, 9 

0 

633 

0*368 



761 

184 


8 


0 

601 


77 

39 



7, 8 



0 

471 

0*301 







7, 8 

0 

•455 

0*342 

1 



684 

146 
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Table 16.2— continued. 


(1) 

(2) 

(3) 

(4) 

(5) 

(«) 

(7) 

(8) 

(9) 

Reference points 


y 

Load 

Moment 

Zw 

Hwx 

Int, 


Mid. 

Ext. 

X 

to 

wx 



7 1 



0*425 


83 

i 

! 35 



6, 

7 




0*398 

0*270 








6, 

7 

0*379 

0*310 



601 

110 






0*353 


86 

30 



5, 

6 




0*328 

0*233 








5, 

6 

0*306 

0*272 



515 

80 



5 



0*283 


94 

27 



4, 

6 




0*267 1 

0*191 








4, 

5 

0*237 

0*228 ' 



421 

53 



4 



0*217 


100 

22 



3, 

4 1 




0199 

0*144 








3. 

4 

0*171 

0*178 



321 

31 



3 



0*154 


107 

16 



2, 

3 




0*140 

0*091 








2, 

3 

0*109 

0*123 



214 

15 



2 



0*096 


106 

10 



1. 

2 




0*085 

0*035 








1, 

2 

0*052 

0*064 



108 

5 



1 



0*043 


108 

5 



0 , 

1 




0*036 

-0*027 








0 , 

1 1 

_i 

0 

0 






Since in most cases the critical values of W will be needed for all points 
on the arch the work should be done systematically, and the following 
method is recommended. The arch ring considered is shown in Fig. 16.11 
and consists of 23 voussoirs 3-33 inches deep. The span is 10 feet and the 
rise 2 feet 6 inches. 

Take B as origin with Oo: as horizontal and Oij as vertical axes of reference. 
Starting from the left-hand abutment, the co-ordinates of the extrados and 
intrados of each joint are tabulated (in this particular case in terms of the 
mean radius) as shown in Table 16.2. The x co-ordinate of the centre of 
each voussoir is entered in column 4 of the Table, the dead load applied to 
it in column 6, and the moment of this dead load about the origin in column 7. 
The sum of all dead loads to the right of a joint and the sum of their moments 
are entered in columns 8 and 9. 

As an example we will determine the load which must be applied to 
voussoir No. 19 to cause the arch to become unstable. 

Taking moments about C for the part of the arch between C and B we 
obtain 

B B 

V B=2/cH —YiWx. 

c c 

Point C is 18-19e, and on substituting numerical values from the table we 
have 

1 • 329Vb =0 • 272H+(1 • 329 x 1501) -886, 
Vb=0*204H+835, 


whence 


(16.1) 
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For a first trial assume pin D to be at 9-10i. The moment equation for the 


part of the arch between D and B about this point is 

0 • 622Vb =0 • 345H+(0 • 622 x 835) -227, 

whence Vij=0*554H+471.(lfi-2) 

Eliminating Vb between (16.1) and (16.2), 

H==l,040 1b.(16.3) 

For a second trial assume pin D at 10-1H ; 

then 0 • 700 Vb =0 • 357H+(0 • 700 x 906) -274, 

whence Vb-0-511H+516.(16.4) 

From (16.1) and (16.4) 

H-:l,042 1b.(16.5) 

Similarly, if pin D is at 8-9i 

H = l,045 lb.(16.6) 


The position 9-lOi is correct since it gives the lowest value for H. Selecting 
the left abutment (that is, 23-0i) as the pin A we obtain, by taking moments 
about A, 

1 • 600Vb - -0 • 027H+(1 • 600 x 0 • 2016) -1,649 +0 • 247W, 

whence Vb - -0 • 017H +986 +0 • 155W.(16.7) 

Eliminating Vb between (16.1) and (16.7) and substituting for H from (16.3), 

W=512 lb. 


If pin A is at 23-22 


W=534 lb. 


The correct pins are, therefore, 0-le ; 9-10^' ; 18-19e ; and 23-0i, and the 
corresponding values for the load and horizontal thrust are W =512 lb. and 
H = 1,040 lb. respectively. 

It should be noticed that W is directly proportional to the dead load as 
shown experimentally and mentioned in the last paragraph, and so, from the 
standpoint of stability, a heavy filling is preferable to a light. The com¬ 
pressive stresses, however, are naturally increased in the same proportion 
and there is more danger of a failure from this cause. 


16.7. Analysis and design methods lor a voussoir arch. —As shown in 
paragraph 16.3, the existing methods of design for voussoir arches are based 
on a combination of principles some of which are applied in a way which is 
open to criticism. The work of Castigliano in this field appears to have 
received little attention although it was the first attempt to treat the subject 
rationally as an elastic problem. The experimental work done since the 
publication of his treatment, both in the laboratory and on actual structures, 
shows without doubt that the general line of approach which he advocated 
is sound and its adoption would lead to the more scientific design of these 
structures. There is, however, one aspect which so far has not been con¬ 
sidered but is of importance. Hitherto in this chapter attention has been 
directed to the location of the linear arch within the actual ring without 
reference to the stresses developed in the material, and it is obvious that to 
specify limitations in position alone would be inadequate. 
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Suppose that at any joint the linear arch cuts the ring at a distance e from 
the centre line. The maximum and minimum stresses are then given by 

^ where P is the thrust on the joint, A is its cross-sectional area, 

and d is the depth of the joint. Hence the ratio of maximum to minimum 

1 + j 

stress occurring at the edges of the joint is —When this ratio is negative 
a tensile stress occurs. If the minimum stress is zero and the middle- 

D 


:(' 4 ' 


third rule is obtained. 


If e= 7 , the ratio is 
4 


—5 and a tensile stress of one- 


fifth of the intensity of the compressive stress occurs. So, if a maximum 
compressive stress of 13 tons per square foot is permitted and reached at such 
a joint, the tensile stress at the other edge will be 2-6 tons per square foot 
or about 40 lb. per square inch. The compressive stress quoted is a reason¬ 
able one and the accompanying tensile stress is low for good cement mortar 
and probably quite safe for any kind of lime mortar likely to be used for this 
class of structure. In many instances, therefore, it would be undoubtedly 
safe to permit the linear arch to fall outside the middle-half as was shown 
in the experiments described in paragraph 23.6. It is, however, wise to 
adopt a conservative attitude in view of the uncertainties as to the effect 
of prolonged repetition of stress (Pippard and Chitty, 1941), the weathering 
of the materials and the possibilities of heavier traffic in the future than 
contemplated in design. Taking all these into consideration it appears 
reasonable to adopt the middle-half criterion. 

The proposed arch ring should be treated as a solid rib with known or 
assumed conditions at the abutments and the true linear arch for these 
conditions should be found by a strain energy analysis. The linear arch 
should not fall outside the middle-half of the actual ring but should lie as 
closely as possible to the boundaries of this core. Trial-and-error methods 
may be necessary to determine the minimum depth of ring to meet this 
requirement. The compressive stresses should then be calculated to ensure 
that the allowable limit is not exceeded anywhere. 

The resulting arch should be safe for all normal conditions and will have 
a large margin of strength against ultimate failure by instability. This may 
be calculated by the method described in the last paragraph. 

The above treatment is suggested on the assumption that the arch can be 
divided into separate ribs as would be the case in steel or reinforced concrete 
structures. This is seldom true in masonry or brick arches which are 
generally of barrel construction. It then becomes necessary to make an 
assumption as to the effective width of the rib for design purposes and this 
depends on the type of load and on the type and depth of filling. 

It is commonly assumed that a filling distributes a concentrated load 
through a cone of 90° apex angle so that a point load acting on a filling of 
12 inches depth would be spread over a circular area of 12 inches radius at 
the bottom of the filling. Thus a point load on a barrel arch with this depth 
of filling could be assumed to be resisted by a rib 24 inches wide. This is, 
of course, only an assumption and is quoted simply to show one method of 
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dealing with the problem ; special problems will require individual treatment 
and, unfortunately, very little data are available to assist the designer. 
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CHAPTER 17 


THE BEAM CURVED IN PLAN 

17.1. Torsional effects. —When a beam is subjected to a pure bending 
moment, transverse sections which were originally plane before strain 
occurred remain plane and even when shearing force is present the modifica¬ 
tion of the stress distribution is in most practical cases so small that the 
engineer’s theory of bending based on the Bernoulh assumptions gives results 
of sufficient accuracy for most purposes. If a bar is subjected to a twisting 
moment, however, the assumption of planarity is totally incorrect except 
for sohd circular sections and for hollow circular sections with concentric 
inner and outer boundaries. Any other section warps when twisted and the 
effect is to modify the stress distribution to such an extent that calculations 
based on the assumption of planarity give hopelessly misleading results. 
The torsional stiffness is also seriously affected by this warping ; if originally 
plane sections remained plane after twist the torsional rigidity could be 
calculated simply as the product of the polar second moment of area of the 
section and the shear modulus of the material, i,e. where l^x and 

lyy are the second moments of area about the principal axes through the 
centroid and N is the shear modulus. This result is accurate for the circular 
sections mentioned before ; for all others it is an over-estimate, in many 
cases to an enormous extent. In some structural sections of quite usual 
proportions, for example, the true value of the torsional stiffness as deter¬ 
mined experimentally is only one or two per cent, of that calculated from 
the second moments of area. Various methods are available for estimating 
the torsional stiffness of non-circular sections (Case), but they are all long 
and tedious and in general only approximate ; an experimental determina¬ 
tion is more refiable and should be used where possible in preference to 
calculations. Table 17.1 gives a number of experimental values deter¬ 
mined by Gibson and Ritchie (1914), expressed as the ratio of the fiexural 
rigidity (El) to the torsional rigidity (NJ). This ratio, y, will appear in all 
the subsequent work of this chapter and it should be remembered that for 
the comparatively deep and narrow sections used in structural practice its 


Table 17.1. 


Section 

Y= EI/NJ 

Incorrect 

Experimental 

8 inches X 6 inches Joist section 


218-6 

3 inches x 3 inches ,, ,, 


93-1 

4i inches x IJ inches ,, ,, 


287-0 

3*16 inches x 1-66 inches ,, ,, 

2-446 

220-8 

2 inches X 1 inch ,, „ 

2-485 

98-9 

IJ inches X f inch „ „ 

2-446 

68-9 

2 inches x 1 inch Channel section 

2-415 

74-9 
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value will be large. In this table the stiffness of certain sections have been 
calculated on the incorrect basis of the polar moment, and the effect of cross- 
sectional warping is very evident from the disparity in results obtained. 

At the end sections of a member subjected to torsion warping may be 
modified by the constraints and, further, if there is symmetry of design and 
loading the centre section will remain plane. The stresses at these particular 
sections will then differ from those based on the assumption of free warping ; 
at the centre there will be a plane section distribution and at the supports a 
distribution lying between those based on the assumption of free and com¬ 
pletely restrained warping respectively. Since, however, the axial stresses 
which produce these modifications constitute a system having zero resultant 
it follows from the principle of Saint Venant that the stresses, except in the 
immediate vicinity of the end and ctmtre sections, will be determined from 
the solution based on free warping. For the same reason, except in special 
cases, the torsional rigidity will be calculated on the same assumption. 

When a straight member is subjeeted to transverse loading the resultant 
actions at any section are a bending moment and a shearing force. If, 
however, the member is curved in plan form, in which case it must be firmly 
held at the supports, there is a twisting moment in addition, and this twisting 
action considerably complicates the arithmetical work of stress calculation. 

In Fig. 17.1 AB represents in plan a horizontal cantilever firmly built in 
at A and carrying a load W at the end B. The beam at A is supposed to 



be normal to the wall to which it is fixed. If a line BC be drawn from B 
perpendicular to the wall the resultant actions at A will consist of :— 

(а) A shearing force W tending to move the beam downwards at the wall 

section, 

(б) a bending moment Wa tending to bend the beam convex upwards at 

the wall section, 

(c) a torque W6 tending to twist the beam counterclockwise at the wall 
section. 

The presence of the torque differentiates this problem from that of the 
straight beam. 

At any other section such as X the resultant actions are similar. Through 
X a normal plane is drawn, its trace being XD. From B a perpendicular 
BD is drawn to XD. If the distances XD and DB are x and y, the bending 
moment and torque at X are Wy and Wx respectively. 

17.2. The circular-arc cantilever. —^As a prehminary to the analysis of the 
circular-arc bow girder, it is convenient to consider the behaviour of a 

14 
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cantilever of circular plan form and to obtain expressions for the displace¬ 
ments of the free end in terms of general external actions. 

Let AC in Fig. 17.2* represent such a cantilever of radius R firmly held 
at A and subtending an angle (f) at the centre 0. At an angular distance 0 
from OC a load W acts downwards and the free end of 
^ A the girder, C, carries a bending moment Mq, a twisting 

,, moment Tq and an upward vertical force Fq. Mq will 
N. be taken as positive when it produces convexity of the 

beam upwards ; Tq will be taken as positive when it 
R /\\ Y W produces clockwise rotation of the section C viewed 
from the free end and Fq will be taken as positive when 
Q ^ it tends to raise the free end. In all diagrams through- 

j j out this chapter downward loads acting on the girder 

j will be represented by open circles and upward loads 
by solid circles. It is convenient in writing the long 
Mq formulas which arise in the analysis to represent the 
angle x* where x is any angle, by the symbol 
Fig. 17.2. Thus the load point in Fig. 17.2 is defined either by 

0or 0'=<^-0. 

At any point X on the cantilever shown in the figure, at an angular 
distance a from OC, the resultant actions consist of a bending moment M, 
a twisting moment T and a shearing force F given by the expressions 
M==Mq cos a+To sin a—FpR sin a-f[WR sin (a—0)], 1 

T = —M^sin a+ToCos a+FQR(l —cos a)—[WR{1 —cos (a—0)}], I (17.1) 

F=Fo~[W], J 

In these expressions the terms in W only occur when a>0. The angular 
movement of the end C in the direction of Mq is 

au 1 r aM , i f^9T , 

“aMo “ El J J J 

where U is the strain energy in the cantilever due to bending and twisting. 
The effect of the energy due to shearing is very small and is neglected. 
The integrals in Mq, Tq and Fq extend over the whole length of the cantilever, 
that in W only over the range a=0 to a=<^. 

Similarly the clockwise twist of C, i.e, in the direction of Tq, and the 
upward vertical displacement of the end of the cantilever are, respectively, 


?E-_L ’ 

^q~EI. 


or, from (17.1), 

1^® T?T 


—^ IM COS ada- 


, 1 
1 


T sin ada, 


aT 

w 


M sin ada+—IT cos ada, 


Aq = -~— IM sin ada+— \T(1 —cos a)da = — Rtq+- 


* In this and subsequent figures the axes of the couples are shown. Positive couples 
act clockwise when viewed along the direction of the arrow. 
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Expanding the terms in M and T as in (17.1) and integrating produces the 
following results, in which y represents EI/NJ, 

^S"-®=Mo[(y+ 1)2<^-(Y-1) sin 2 ^]-To(y-1)(1-cos 2^) 
+FoR[(y-1)(1 -cos 2^)-4y(1 -cos ^)] 

+2WR[8in (f) sin 0'—0' sin 0+y(2 cos 0—2 cos (f) 

—sin (f) sin 0'—0' sin 0)] 

Mo(y-1)(1 -cos 2^)+To[(y+1)2(^+(Y-1) sin 2^] 


4EIto 


(17.2) 


R 

+FoR[(y —l)(2</>—sin 2(/»)—4 y(^— sin ^)] 

+2WR[0' cos 0—cos (f) sin 0 '—y( 2 sin (^—2 sin 0 

—cos <f) sin 0'—0' cos 0)], 

R2 

Ao=-Rto-j^j[Mo(1-cos </>)-To sin <^-FoR(<^-sin 
_|_WR(0'-sin0')]. 

If the cantilever carries a continuous uniform load 
of intensity w over the segment between a—0^ and 
a ==02, instead of the concentrated load W, the terms 
in Mq, To and Fq in the above equations remain 
unaltered but those in W must be replaced by 
corresponding terms in w. 

In Fig. 17.3, which shows the assumed loading, 
let p define any point between 0^ and 02- The 
element of load at this point, produces at 

X a bending moment ?/;R2 sin (a—P)dp, a twisting 
moment —^(;R2{1—cos (a—and a shearing 
force — i^Rdp. 

The resultant bending moment, twisting moment and shearing force at 
X due to the load will therefore be, if a>02, 

fOa 

sin (a—icR2{cos (a— 02 )—cos (oc—0i)}, 

J0i 

r02 

{1 —cos (a—p)}dp = —w;R 2 { 02 — 01 +sin (a— 02 ) 

'* J 01 

—sin (a—0i)}, 

(*02 

fz=—wll\ —— i^^R(02— 0 i). 

J 01 

When a lies between 0^ and 02 the limits of integration are a and 0i, and then 

m~^cR2{l—cos (a—0i)}, 

^ = —t()R2|(x—0^_sin (a—0i)}, 

/-^--w;R(a—0i). 



When a<01 there are no terms in w in equations (17.1). Substituting the 
above expressions in equations (17.1) and in the resulting equations for 
displacements, it is found that the terms in W are replaced by the following, 
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in which 2 e represents the arc covered by the loading, 62 — 61 , and 6 is the 
angular distance of the centre of the load, 1 ( 61 + 62 ), from OC : 

in the expression for 4 EI[jLo/R, 

4teR2[(Y + l){sm £(2 cos 6 — 6 ' sin 6 )~£ cos e cos 6 } 

+(Y— 1 ) sin £ cos ( f ) cos 6 '— 2y£ cos <^] : 
in the expression for 4 EIto/R, 

42^R2[(y f,l){sin £(2 sin 6 | 6 ' cos 6 )—£ cos £ sin 6 } ^ ^ 

^+(Y — 1 ) sin £ sin ^ cos 6 '— 2 y£: sin (f)] : 
in the expression for Ao, 

2 ieR^(£ 6 '—sin £ sin 6 '). 

In the limit when 2£ is made very small the expressions in (17.3) give the 
terms in the general displacement equations for a load concentrated 

at 6 , and if this load is represented by W the expressions of (17.3) reduce to 
the W terms of (17,2). 


17.3. The circular-arc bow girder with a concentrated load. —The results 
obtained in the previous paragraph for the circular-arc cantilever will now 
be applied to the analysis of the bow girder built in at both ends. Fig. 17.4 
shows such a girder subtending an angle 2(f) at the centre and carrying a 
single concentrated load 2W at an angular distance 6 from the mid-point C. 

This girder has three degrees of redundancy since it can be cut at any 
section and still carry any loads placed on it. If the three redundant 
elements are the bending moment, twisting moment and shearing force at 



any section, an analysis may be made by a straightforward application of 
the principle of minimum strain energy, but this treatment leads to three 
simultaneous equations which are so involved that their solution in general 
terms is impracticable. The difficulty can, however, be avoided by using 
the method of superposition and dividing the loading into a symmetrical 
and a skew-symmetrical system as shown at (b) and (c) in Fig. 17.4. These 
are dealt with separately and the results summed algebraically to obtain the 
complete solution required. Instead of three simultaneous equations a 
direct solution is found for one of the redundant actions, and a pair of 
simultaneous equations for the determination of the other two which are 
then readily obtained explicitly. 
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In the symmetrical system (6), equal loads W act downward at the same 
distance 6 from the centre line OC and the resultant actions at the centre 
reduce simply to a bending moment Mq ; both the twisting moment Tq 
and the shearing force Fq zero. In the skew-symmetrical system (c) 
a load W acts downward at 0 from OC in the segment CA and a load W acts 
upward at 0 from OC in the segment CB. The resultant actions at C are a 
twisting moment TJ and a shearing force Fq ; there is no bending moment. 
The total actions at C under the specified system (a) are then 

rp _T*' _L T''_T" 

f;+ fs==f;;. 

Considering the symmetrical system the conditions are 

To-F'==0; M'^M, 

and, since there is no rotation of the centre section in the plane of action of 

Po—O. 

Substituting these conditions in the first equation of (17.2), 

Mo (y + 1)0'sin 64 -(y —1) sin sin 0'—2 y(cos 0—cos (^) 

2WR"" (Y + l]^-(Y-d)rsin2^ “ ' ' 

Under the skew-symmetrical system (c), 

FS=Fo; T;;^To 
and Ao=To=0. 

Substituting these values in the second and third equations of (17.2) we 
obtain 


To[(y + 1)2</) + (Y“- 1) 2^] f FoR[(y -l)(2^-sin 2^)-4Y(<j4—sin (j>)] 

f-2WR1 (y +1 )0^ cos 0 + (y~ C cos (f> sin 0' — 2Y(sin ^ —sin 0)] —0, 
T" sin (/) + F;;R((^-sin <^)-WR(0'-sin 0')-O, 
and the solution of these gives 

Fq 2(y +1 )(0' cos 0 sin sin 0' —0<^} +4 y sin 0 sin (^ — (y ~ 1) 0 sin 2(f) 

_= 4 \y'r])2(f, 2 +(^11“)^ sitr2^^^i -cos 2^ 

.... (17.5) 

Y^==|o'—sinO'—;^(^-sin(^)|co.scc<^. . . . (17.6) 


The resultant actions at the ends of the girder are found from (17.1) by- 
putting a=^ and using the appropriate values for the centre section actions. 
The support reactions must balance these end resultant actions. 

For the symmetrical loading (h) 


M;=M;,=Mn cos <f> fWR sin O', 

T;= -Tb = -M; sin <f> -WR(1 -cos O'), 

n=-n=-w. 

For the ske-w-symmetrical loading (c) 

M; = -MJ^=TS sin ^-F^R sin .^+WR sin O', 
T 4 =Tb=To cos i^4-FoR(1 —cos ( f >)— WR(1 — cos O'), 
F;=F^==F,':-W. 


(17.7) 
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Superposing these, the total resultant actions are 
Ma —^0 ^ +To sin (/> — FqR sin +2WR sin 0', 

Ta=— MQsin c^+ToCOs (^+FoR(l—cos <^)~2WR(1—cos6'), 
Fa-Fo-2W, 

Mb=Mq cos 0~To sin <^+FoR sin <^, 

Tb=Mq sin (I>+Tq cos (/>+FoR(l —cos <^), 

Fb-Fo. 


(17.8) 


The resultant actions in the girder at the point of application of the load 
are found from (17.1) by putting a=0 in the two loading cases (6) and (c) 
and superposing the results. This leads to 

Mw=Mo cos 0 +Tq sin 0 —FqR sin 0, 1 

Tw- -Mo sin 0+To cos 0+FoR(l -cos 0), I (17.9) 

Fw-Fo-2W. J 

When the load is placed at mid-span these become 


AT AT WR{(y- 1)(1—cos2,^)-4y(l-cos^)} 
Mw-Mo- (Y+l)2<^-{Y-l)sin2<^ 

Tw= To=0, 
rw = -Fo=-W. 


17.4. The semi-circular bow girder with a concentrated load. —In particular, 
for the semi-circular bow girder 2(^=Tr, and when this value is substituted 
in equations (17.4), (17.5), (17.6) and (17.8) the following general expressions 
are obtained for the resultant actions at mid-span and supports due to a 
load 2W at 0 from the centre. 


M 1 

^0 (y+1)(7^^~207t— 40 cos 0)—8 y( 1 —sin 6) 

m "" 2{(y + 1)7i:2-8y} ’ 

2^ = i(^-2®-2 Q-O ’ 

Ma=2WRcos0+To-FoR ; Mb = -To+F„R ; 

TA = -2WR(l-sinO)-Mo+FoR': Tn=Mo+FoR ; 

Fa=Fo-2W; Fb=Fo. 

When the load 2W is at the centre of the girder, 6=0 and then 


(17.11) 


Mo=Mw=- 

To=Tw=0, 


2WR 

TT 


Fo=-Fw=W. 

The resultant actions in the girder at the supports are, from (17.8), 


Ma=Mb=WR, 


T.—T„-2Wr(J-!), 

Fa = -Fb=-W. 
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At any other point in the girder the resultant actions are, from (17.1), using 
the particular values of Mq, Tq and Fq above, 

, 

M =-(2 cos a—Tu sin a), 

71 

T=-{2 sin a—7r{l —cos a)}, 

TC 

F=-W. 

Table 17.2. —Centrally Loaded Semi circular Girder. 


a° 

M/2WR 

T/2WR 

F/2W 

0 

-0-318 

+ 0 

-0-5 

15 

-0-178 

+ 0-065 

-0-5 

30 

-0-026 

+ 0-092 

-0-5 

45 

+ 0-128 

+ 0-079 

-0-5 

60 

+ 0-274 

+ 0-026 

-0-5 

75 

+ 0-401 

-0-062 

-0-5 

90 

+ 0-500 

-0181 

-0-5 


It should be noticed that for the centrally loaded semi-circular bow girder 
the resultant actions are independent of y, i.e. of the shape of the cross- 
section. Table 17.2 gives calculated values of these actions and curves of 
bending and twisting moments are shown in Fig. 17.5. 



When the load is not central, the value of Mq is still independent of y but 
Fq and Tq are both affected by it and hence also the resultant actions at all 
points. 

17.5. Approximate solutions for circular-arc girder with concentrated load. 

—Calculations of the values of Mq, Tq and Fq for a number of circular-arc 
girders with a concentrated load show that if y is fairly large, e.g. above 50, 
its absolute value is not of serious importance. The terms y + 1 and y —1 
may be replaced with little error by y, which then vanishes since it occurs 
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in all terms in both the numerator and denominator. The experimental 
values given in Table 17.1 indicate that for many, if not most, common 
structural sections y is hkely to be large, and since its exact value is not easy 
to determine accurately, there is little justification for attempting to distin¬ 
guish between the values of y± 1 and y* A useful and justifiable approxima¬ 
tion is therefore possible for many practical purposes and the substitution 
of y for y±l in (17.4), (17.5) and (17.6) gives 

Mg 0 ' sin 6 +sin sin 0 ' — 2 (cos 0 —cos (fy) 
mR"" ^~sin2^ 

Fq 1 0 {siri<^(cos 0 +cos<^)+^}—sin 0(2 sin cos (^) 

m sin 2 ^”-^- 

2 ^=M 6 '-sin ^)}cosec 4>. 

The general expressions of (17.8) and (17.9) are then valid for calculating the 
resultant actions at the ends of the girder and under the load, while equations 
(17.1) give the resultant actions at any point. In particular, if the load 2W 
is at the centre of the girder, 

Mo (l-cos(^)2 Fo I 

2 WR“ 2 (/)-sin 2 ^’ ® ’ 2 W 2 ' 


(17.12) 


17.6. The circular-arc bow girder with distributed load. —The circular-arc 
bow girder shown in Fig. 17.0 {a) carries a uniformly distributed load of 
intensity 2iv over the segment between a— 0 | and a—O 2 and, as for the single 
concentrated load, this will be split into the symmetrical and skew-sym¬ 
metrical systems shown in the same figure at {h) and (c) respectively. In 
(/j) a load of intensity iv acts downward over the arcs between 0 ^ and 02 
on each side of OC, and in (c) a load of intensity w acts downward over the 
same arc in the segment CA and upward over the corresponding arc in CB. 
Superposition of the resultant actions at any section due to these systems 
calculated separately will give the result required for the specified loading. 
As in paragraph 17.2, let 20 — 01+02 and 2£— 02 —Oi- For the symmetrical 



Fig. 17.(5. 


load system the conditions at mid-span are, as for the concentrated load dealt 
with in paragraph 17.3, 

Tq =F q=[Xo 
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4 \^ 


and the first equation of (17.2), when the term in W is replaced by that in w 
from (17.3), gives directly 

"sin e{( y+ 1)(2 cos 0 —0' sin 0)+(y—1) cos <f> cos 0'} 






""s 


—e{(Y+l) cos £ cos 0+2 y cos <^} 


(Y+l)2<^-(Y-l)sin 2f 


'] 


(17.13) 


For the skew-symmetrical system shown in Fig. 17.6 (c) the conditions at 
mid-span are 

Mo=To”Ao=0 ; 


the second and third equations of (17.2) and (17.3) then give 

2[(y + 1 ){sin 0 sin <^(2 sin e—e cos e) -fsin e(0' cos 0 sin 
—<f> sin0')—£0(^} + (Y —1) sin <^(sin e sin0—e0 cos <^)] 

(Y + 1)2(/>^+(Y — !)</> sin 2 < f )—2y(1 —cos 2^) 

.... (17.14) 

To=[ 2?/;R^(£0'—sin £ sin 6 ')—FqR(^— sin <f>)] cosec cf) . (17.15) 

In the limit when 2£ is very small a point load W ^2niRz acts at 0 from OC, 
and the above three resultant actions at C reduce to the values given by 
equations (17.4), (17.5) and (17.6). 




Uniformly distributed load over girder .—If the whole length of the girder 
is covered by a uniformly distributed load of intensity 2w, the bending 
moment at mid-span is twice the value of given by (17.13) when 6=e—<^/2, 
since that result is for an intensity 2iv over half the span and therefore also 
for w over the whole span. Hence, 


2i6'R‘ 

T„-0 ; Fn 


f jill ^j J 


L (y+1)2.^-(Y 

-0. 


-1) sin 2(f) 



Then at any point a from the centre, from (17.1) and p. 417, 

“4 cos a{(Y+l) sin (^— Y<^ cos <^} “1 

(Y+lj2<^—(Y~1) sin2<^ 

4 sin a{(Y+l) sin (f>~y<f> cos <f)} "] 

“J' 


M=-2m.’R* 


T= 2wRa 
F=—2u?Ra. 


(Y+1)2<^—(Y—1) sin 2<f> 


14 * 
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For the semi-circular bow girder 2<^=tc, and when a uniform load 2w acts 
over the whole length the resultant actions at a from the centre are 

M = —2m’R2 ( -1, 

^ sin a—a7r\ 

T=22^;R2f —-1, 

F ——2iyRa. 

From these results the data of Table 17.3 were calculated and the bending 
moment, twisting moment and shearing force curves are shown in Fig. 17.7. 


Table 17.3. —Semi-circular Girder with Uniform Loading. 


a° 

M/2w;R2 

T/2m;R2 

F/2i/;R 

0 

-0-273 

0 

0 

10 

-0-244 

0-047 

-0-174 

20 

-0-196 

0-086 

-0-349 

30 

-0-102 

0-113 

-0-524 

40 

-fO-025 

0-121 

-0-698 

50 

0-181 

0-102 

-0-873 

60 

0-363 

0-055 

-1-047 

70 

0-565 

-0-026 

-1-222 

80 

0-779 

-0-152 

-1-396 

90 

1-000 

-0-298 

-1-571 


As for the single concentrated load the results for the uniformly loaded 
arc-bow girder can be simplified if y is reasonably large by putting y + 1 and 
y—1 equal to y and so eliminating these terms from the expressions for M, 
T and F. 

17.7. General case of a curved cantilever. —So far the circular-arc girder 
only has been considered. If the plan form is any other shape the general 
method of approach is the same ; the resulting expressions cannot usually, 
however, be integrated by exact mathematical process but must be cal¬ 
culated approximately by graphical or arithmetical methods. 



Consider the curved cantilever AC shown in Fig. 17.8 which is rigidly held 
at A and carries a bending moment Mq, a twisting moment Tq and a shearing 
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force Fq at the free end C, and a downward load W at any point G. Let 
AO be the normal to the curve at A and CO the normal at C, the angle 
between these being (f>. The resultant actions at A consist of a bending 
moment, a twisting moment and a shearing force given by 
Ma=Mo cos 0+To sin 0-Fo(CK)+W(GJ), 

Ta=—Mq sin 0+To cos <^+Fo(AK)—W(AJ), 

Fa=Fo-W, 

where CK and GJ are the perpendicular distances from C and G to the 
normal AO. 

At any other point X in the cantilever, where XM is the normal and 
GD and CE are the perpendiculars from G and C upon it, the resultant 
actions are 

M-Mo cos a+To sin a-Fo(CE)+[W(GD)], 

T = -Mo sin a+To cos a+Fo(XE)-[W(XD)], 

F==Fo-[W]. 


a is now the angle between the normals at X and C and the term in W only 
occurs when X lies between G and A. In order to plot the curves of M, 
T and F the values of a, CE, XE, GD and XD are required for points all 
round the cantilever and generally they can only be found by scaling from 
a drawing. 

If, as in the case of the circular-arc girder, the movements of the free end 
under the loading specified are Tq and Aq, we have 


aMo J aMo j aMo 
au L,aM, 

~9To~ J 

T.TA 3u f, 9M, r^aM, 


(17.16) 


and, on substituting the general expressions above, these become 

EI[Xo=: |{M(, cos a+pQ sin a—F q(CE)+[W(GD)]} cos ads 

+Y|{MQsin a—T qCos a—F q(XE)+[W(XD)]} sin ads, 

EIto= IiMqCOs a+ToSin a—F q(CE)+[W(GD)]} sin ads 

+y|{—Mosina+Tocos a+FQ(XE)—[W(XD)]} cos ads, 

EIAo = -|{Mo cos a +To sin a -Fo(CE) +[W(GD)]}(CE)d5 

+Yj{-Mo8ina+ToCosa+Fo(XE)-[W(XD)]}(XE)ds. 

These integrals cannot be evaluated directly and the terms in them must 
be dealt with separately. The expression for ElfXo can be expanded in the 
form 

rA rA rA 

EI[Xo=Mo cos^ads+Tpl sin a cos ads—F^l (CE) cos ads 
Jc Jc Jc 


r f r 

+ W (GD) cos ads +yMo I sin^ ads —Y^o 1 ^ ocds 

Jg Jc Jc 

—Y^ol (XE)sinads+YW| (XD) sin ads 
Jc Jg 
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and the other expressions of (17.16) are similar. Each of the integrals must 
be evaluated and this is best done graphically. The curve CA is divided 
into a number of small equal lengths, 8s, and at each division point the 
values of a, CE, GD, XE and XD are scaled. The products under the 
various integrals are calculated for each point, e.</. (CE) cosa, cos^a, etc., 
and are plotted on base lines representing the appropriate parts of the 
perimeter of the curve. The areas between these curves and the base line 
corrected for the scales of the plots are the numerical values of the integrals 
required. A detailed example of the procedure will be given later to explain 
the method. 

17.8. The non-circular bow girder. —The non-circular bow girder may be 
symmetrical or unsymmetrical about its centre line. If the former, the 
method of superposition as used for the circular-arc girder enables the 
resultant actions at the mid-point to be evaluated by the solution of one 
simple equation for Mq and a pair of simultaneous equations in Tq and 
but if the girder is unsymmetrical the redundant resultant actions at a 
particular point can only be found by the solution of three simultaneous 
equations. 

In the first instance consider the symmetrical girder shown in Fig. 17.9 
which carries a load 2W at any point G. This can be replaced by the 


C C C 



Fig. 17.9. 


symmetrical arrangement of (b) superposed on the skew-symmetrical one 
of (c). 

The conditions at C under these loads systems will be the same as for the 
circular-arc, viz., 

for (6) (JLy -O; T„-0; ; 

and for (c) 0 ; Mo=0. 


The first equation of (17.16) then gives a solution for in the form 

^ [ (GD) cos (XD) sin cuds 

Jg Jg 


cos^ (xds l y 1 sin2 cuds 


(17.17) 


The other two equations of (17.16) give a pair of equations which enable Tq 
and Fq to be found, but nothing is gained by attempting a solution in general 
terms ; the various integrals must be evaluated and a numerical result 
found for any particular problem. 

If the girder carries a distributed load of intensity 2w over any part of 
its span, it should be divided into a number of small elements, 2w^s, each 
of which is then treated as a separate concentrated load. 

If the girder is not symmetrical in plan form about the centre, the analysis 
must be approached rather dijfferently (Pippard and Barrow, 1926). Suppose 
that the cantilever shown in Fig. 17.8 represents a girder encastre both at 
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A. and C and carrying a load W at G.* The bending moment Mq, twisting 
moment and shearing force Fq are no longer arbitrary actions applied 
to the free end of a cantilever but are the restraints imposed at C by the 
fixing. Since the girder is assumed to be fully encastre C will be fixed both 
in position and also directionally about both axes so that [Xq, Tq and Aq will 
all be zero. 

The necessary equations are therefore given by (17.16) if the right-hand 
side in each equation is made equal to zero ; these must be solved simul¬ 
taneously for Mq, Tq and Fq. To illustrate the analytical procedure the 
girder shown in Fig. 17.10 will be considered in detail. This girder is actually 
symmetrical about its centre line and could be treated rather more simply 
by superposition, but the longer method is given to illustrate the general 
approach which is applicable to any plan form. 

The girder is encastre at A and C and carries a single load W at the point 
G. The plan form of the girder is set out accurately and the perimeter 
divided into a number of equal parts ; these should be as many as practicable 



since the larger the number the more accurate will be the result. At each 
of these division points normals to the curve, such as XE (at point 13), are 
drawn and from C perpendiculars such as CE are drawn to these normals. 

The angle between the normals at X and C is a. Perpendiculars, GD, are 
drawn from G to the normals at all division points between G and A. 

When the equations of (17.16) are expanded it will be found that fifteen 
separate integrals have to be evaluated. They are all functions of a and 
the lengths CE, XE, GD and XD ; these quantities must therefore be scaled 
from the drawing for every division point. The fifteen integrals are listed 
in Table 17.4 together with their numerical values for the girder under con¬ 
sideration. As examples of the process of evaluation we shall consider the 

rA rA 

two integrals I CE sin cuds and I GD cos aids. 

Jc Jo 

The values of a, CE and GD measured for each division point are entered 
in Table 17.5. From these the products CE sin a and GD cos a are calculated. 
Upon a base line representing the perimeter of the girder as shown in Fig. 
17.11 the values thus calculated are plotted as ordinates at the appropriate 

* Note that W is now the total load. In cases where superposition was used 2W was 
taken for convenience. 
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Table 17.4. 


Integral 

Value 

Integral 

Value 

Integral 

Value 

1 cos® oids 

Jc 

14*19 

\ GD cos ads 

J 0 

-139*3 

1 XD cos ads 

Jo 

-143*9 

1 sm® Oids 

Jc 

25*63 

l XD sin ads 

J Q 

118*4 

j CE'ds 

6122*0 

r*. 

1 sin a cos ads 

Jo 

0 

1 CE sin ads 

Jc 

374*8 

XE2t/« 

8951*9 

1 CE cos ads 

J c 

-67*86 

1 XE cos ads 

J 0 

-215*33 

[ GD.CEd^.9 

J Q 

4540*3 

1 XE sin ads 

Jc 

339-12 

j GD sin ads 

J 0 

243*54 

f XD.XEri.9 

Jg 

4726*7 


points. Curves are drawn through the points thus obtained and the areas 
between them and the base measured by planimeter or other method. These 



Fia. 17.11. 
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areas are corrected for the scales to which they are plotted and the required 
values of the integrals are obtained. 


Table 17.5. 


Point 

a° 

sin a 

CE 

feet 

CE sin a 

cos a 

GD 

feet 

GD cos a 

C 

0 

0 

0 

0 




1 

16*5 

0-2672 

1-95 

0-52 




2 

30-0 

0-5000 

3-78 

1-89 




3 

43-8 

0-6922 

5-44 

3-74 




4 

53-0 

0-7986 

7-00 

5-59 




5 

60-7 

0-8721 

8-50 

7-42 




6 

67-5 

0-9239 

9-92 

9-17 

0-3827 

0-82 

0-31 

7 

73-8 

0-9603 

11-29 

10-84 

0-2790 

2-79 

0-77 

8 

79*6 

0-9835 

12-60 

12-40 

0-1805 

4-75 

0-86 

9 

84-8 

0-9959 

13-84 

13-80 

0-0907 

6-63 

0-60 

10 

90-0 

1-0000 

15-00 

15-00 

0 

8-54 

0 

11 

95-2 

0-9959 1 

16-05 

16-00 

-0-0907 

10-38 

-0-94 

12 

100-4 

0-9835 

16-92 

16-65 

-0-1805 

12-07 

-2-18 

13 

106-2 

0-9003 

17-55 

16-87 

-0-2790 

13-61 

-3-80 

14 

112-5 

0-9239 

17-85 

16-50 

-0-3827 

14-98 

-5-74 

15 

129-3 

0-8721 

17-66 

15-40 

-0-4894 

16-06 

-7-90 

16 

127-0 

0-7986 

16-95 

13-53 

-0-6018 

16-76 

-10-10 

17 

136-2 

0-6922 

15-13 

10-48 

-0-7217 

16-70 

-12-06 

18 

150-0 

0-5000 

11-31 

5-65 

-0-8700 

15-39 

-13-37 

19 

164-5 

0-2672 

6-27 

1 -68 

-0-9636 

12-41 

-11-98 

20 1 

180-0 

0 

0 

0 

-1-0 

8-23 

-8-23 


The values of the integrals are substituted in (17.16) and the resulting 
expressions equated to zero. For the sake of illustration we take y —10 and 
obtain the following equations : 

270 • 5Mo -3323Fo +1045W =0, 

167- 5 X 0 -2528Fo+1683W=0, 

• -3323M„-2528To+95641Fo-51807W=0. 

The simultaneous solution of these gives 

Mo-6* 14 W, 

To =2 *24 W, 

Fo=0*814W, 

and the bending moment, twisting moment and shearing force at any point 
in the girder can be obtained from the general equations for M, T and F, 
on p. 415. 

17.9. The transversely loaded circular ring.—The equations developed 
earlier in this chapter provide means for an analysis of the circular ring 
under any system of transverse loading. Let Fig. 17.12 represent a ring 
carrying a system of loads, W^, Wg, W 3 . . . . . . W^. These will all 

be taken as downward in the analysis but clearly to satisfy the conditions 
of equilibrium of the frame some of them must act upward. Any radius 
OA is taken as a datum and the loads act at angular distances, Oj, Og . . . 
... 6 ^ measured from it. For equilibrium, the sum of the forces and their 




420 


ANALYSIS OF STRUCTURES 


moments about two axes must be zero. If we resolve about the axis OA 
and one at right angles to it, the equilibrium conditions are 

SW, = 0 , ' 

sin 0,-0, I .(17.18) 

2 W, cos 0,-0. 

The resultant actions in the ring at A are a bending moment Mq, a twisting 
moment Tq and a shearing force Fq, and by the second theorem of 
Castigliano we have 

auauau 

aMo“9To“aF„^ ’ 

where U is the total strain energy of the ring. These conditions lead to the 
expressions of (17.2) but with each of the right-hand sides now equated to 



A 


Fig. 17.12. 

zero. Putting 0=27: and SW, in place of the single term in W in those 
equations we obtain 

0=(yH 1)27:Mo-RI[W,{(y + 1 )(27:~-0,) sin 0, + 2 y( 1 -cos 0,)}], 

0=Tq—6 ,/) cos0,;+sinO,,}], A 

0=27:Fq—S[W,( 271—0,+sin 0,)]. 

Making use of the conditions of equilibrium in (17.18) these reduce to 

27:M 0 +RDW,0, si n 0, = 0 , 
27:(To-FoR)-R 2:WA cos 0,=O, 

27rFo+SW,0,=O, 

and the solution is 

-^= -LW,0, sin 0„ 

Fo=-^2WA, .... (17.19) 

—^SW,6,/1 —cos 0,). 

In particular when the loading is symmetrical about the axis OA, Fq=Tq= 0 
and Mq is as given in (17.19). 
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For a ring carrying loads and resting upon three supports, equations 
(17.18) are sufficient to determine the reactive forces provided by the 
supports, and equations (17,19) then give the resultant actions at any 
selected section. If there are more than three supports the reactions from 
all but three of them are redundant, and if the redundant reactive forces 
are represented by R^, Rg, etc., acting upward, the additional conditions 
necessary for analysis are 

R-k 

where 8 ^, 82 , etc., are the amounts by which the supports rise. 

Suppose, for example, that Fig. 17.13 represents a ring of radius R carrying 
loads of 2, 3 and 5 tons at 60°, 120° and 270° from an arbitrary datum OA. 
It rests on three supports, C, D and E which are 90°, 180° and 300° from the 


D 



Fi(i. 17.1.3. 


datum line respectively. Let the upward reactions at these points be Rc, 
R]) and Rk. Then, from equations (17.18), 

Rc “|-Rd+Re — 10 = 0 , 

Rc sin 90 °+Rd sin 180 °+Re sin 300°—2 sin 60°—3 sin 120 °—5 sin 270°=0, 
Rc cos 90 °+Rd cos 180°+Re cos 300°~2 cos 60°-3 cos 120°~5 cos 270°=0, 
which become, on substituting the values of the trigonometrical functions, 

Rc+Ri)+Re-10=0, 

Rc - 0 • 860Re 4 0 • 670 = 0 , 

-Rd +0 • 5Re +0 • 500 = 0 . 

The simultaneous solution of these is 

Rc^3 • 05 tons ; Rd =2 • 65 tons ; Re * 3 tons. 


The resultant actions at A in the ring can now be found from (17.19), the 
calculations being set out as shown in Table 17.6. From the summations 
of columns ( 6 ), (5) and ( 8 ) respectively we have 


Mo 

R 


: +0 • 255 tons 


Fo=0*588 tons ; ^=—0*206 tons. 

xv 


The diagrams of bending moments, twisting moments and shearing forces 
can be plotted if required from the general expressions of (17.1). 
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Fig. 17.14 shows in diagrammatic form an example of a ring used in actual 
construction. This ring, supported on six equally spaced stanchions about 
27 feet high supports a lime kiln of 16 feet overall diameter and about 53 
feet high. It was designed by Imperial Chemical Industries (Alkali) Ltd., 
and is reproduced here by the courtesy of their chief engineer. 


Table 17.6. 


1 

2 

3 

4 

5 

6 

7 

8 

Load 

0 

sin 0 

cos 0 

wo 

we sin 0 

wo cosO 

(S)-(7) 

2 

7U 

3 

0-866 

0-5 

2-094 

1-813 

1-047 

1-047 

-305 

TT 

2 

1-000 

0 

-4-791 

-4-791 

0 

-4-791 

30 

271 

3 

0-866 

-0-5 

-f6-283 

5-441 

-3-141 

9-424 

-2*65 

7T 

0 

-1-0 

-8-325 

0 

8-325 

-16-650 

5-0 

3Tr 

T 

-1 

0 

+ 23-562 

-23-502 

0 

23 - 520 

-4-3 

671 

Y 

-0-8(36 

0-5 

-22-515 

19-498 

-11-257 

-11-257 




M 

-3-692 

-1-601 


1-293 


Since the loading is uniformly distributed to the ring the slope at the 
stanchions is zero and each section between stanchions may be treated as a 


99**radius 



Fig. 17.14. 


bow girder carrying one-sixth of the total weight of the ring, the kiln and 
the contained lime. The equations on p. 413 are then directly applicable. 

The approximate value of I, the second moment of area, is 5,570 inch 
units. The torsional stiffness of the section is derived almost entirely from 
the hollow box portion which is 22 inches X 12 inches in overall dimensions 
and has a uniform wall thickness of ^ inch. The value of J for such a 
2m\a\ 


section is 




(Timoshenko, 1925) where and are the dimensions of 
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the box measured between the centre lines of the flanges and webs, i,e, 
21*5 inches and 11*5 inches in the present example, and c is the wall thick¬ 
ness. Hence, J=1,850 inch units, and if N is assumed to be fE, the value 
of Y is 7*5. 

Now (f) =7r/6, and if W=27 t:R( 22^7) is the total load on the ring, the equations 
on p. 413 give 

Mo=-0-00606WR, 

Ma= 0-0161WR, 

Tb--0-000755WR. 

R is 84 inches and if W is assumed to be 600 tons, 

bonding moment midway between stanchions =305 inch-tons, 
bending moment over stanchions =811 inch-tons, 

twisting moment at stanchions = 38 inch-tons. 

The maximum bending stress over a support is by the usual method, 
1 • 6 tons per square inch. The shearing stress due to torsion in a thin-walled 
section is constant and if q is this constant value the twisting moment of 
resistance in the present example is 2qca^a2 (the Batho-Bredt result). 

So g=T/ 2 caia 2 ~ 0 '15 tons per square inch. 
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CHAPTER 18 


THE DESIGN OF STEEL FRAMED BUILDINGS 

18.1. Introduction. —So far in this book little evidence has been presented 
to show that structures do behave as simple theory indicates. In the past 
twenty-five years the development of reliable strain gauge techniques has 
made possible the study of the behaviour of actual structures under load 
and considerable data are now available (Conference, 1955). Only one form 
of structure however, the steel building frame consisting of lines of vertical 
stanchions joined by horizontal beams which support the floors and panel 
walls, has been studied comprehensively and this chapter will be devoted 
to a short account of that work which has been described more fully else¬ 
where (Baker, 1954). 

As far back as 1909 regulations were drawn up governing the use of steel 
frames in London. These regulations, contained in the London County 
Council (General Powers) Act, 1901), not only served as the model on which 
the Codes of Practice governing the use of steel in buildings of almost all 
other countries in the world were based, but remained in force for twenty- 
three years. Long before the expiration of that period, the development 
in the manufacture of steel and the advance in the technique of steelwork 
made engineers feel that the regulations w(^re unduly restrictive and that 
they did not allow full advantage to be taken of the excellent qualities which 
steel possesses as a material for building constructiom It was in response 
to this feeling that the British Steel Industry and the Department of 
Scientific and Industrial Research collal)orated in 1929 in setting up the 
Steel Structures Research Committee. 

The first task undertaken by the Committee was a review of the regula¬ 
tions governing the design of steel framed buildings throughout the world. 
This showed that, although the method of design implied in every case was 
the same, there were some striking discrepancies in detail. It was felt 
desirable, therefore, in view of the considerable j)eriod which would ela})se 
before the results of the full research programnu? were available, to draw up 
recommendations for a Code of Practice based on knowledge existing then, 
which would remove many restrictions. It must be emphasised that these 
recommendations, which were contained in the First Report of the Steel 
Structures Research Committee, published by H.M. Stationery Office in 
1931, were not based on any new research but on the available knowledge 
and experience of practising engineers. The Code was accepted practically 
unchanged by the London County Council and was embodied in the original 
British Standard 449, issued in April 1932, by the British Standards 
Institution. 

18.2. Orthodox design method. —The Clauses of tlie Code of Practice and 
of B.S.449 (1932), gave the magnitudes of the superimposed loads to be 
assumed in designing a building of a particular class, the permissible working 
stresses and other information. They did not set out the actual method to 
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l)e used in proportioning the members of the frame, which consists in the 
main of lines of horizontal beams connected to vertical stanchions by 
brackets attached to the top and bottom flanges of the beams (Fig. 18.1), 
but what was implied there is now defined closely in the “ simple design ” 
of the current B.S.449 (1948). In this method, which must be considered 
orthodox since it is still used almost exclusively for the design of multi¬ 
storey frames, the beams are assumed to be simply supported or connected 
to the stanchion by perfectly free hinges which apply no bending restraint. 
This assumption makes the choice of the necessary beam section easy, the 
vertical loads being known. Since it is assumed that the ends of the beams 
are attached to the vertical stanchions by hinges the only force exerted on 





-f + 





+ -f 
+ + 



a stanchion by a beam is taken to be a vertical reaction. When the beam 
is attached to the flange of a stanchion of I-section this acts at some distance 
from the centre-line ; conservative engineers take it to act 2 inches outside 
the face of the stanchion, representing approximately the position of the 
centre of the bottom bracket on which the beam rests, but B.S.449 (1948) 
allows the distance to be reduced to the thickness of the angle bracket, that 
is I inch in the case of the connexions illustrated in Fig. 18.1. The stanchion 
is designed to carry the eccentric reactions assumed to be applied in this way. 

The permissible loads per unit area on stanchions, or “ working stresses ” 
as they are called in the Specification, were deduced from the Perry formula 
which is derived and discussed in paragraph 7.7. These loads are based on 
the consideration of a hinge-ended compression member. The stanchion 
lengths in a steel frame are not hinged at their ends but are continuous 
through many floors. If a truly axial load is applied to this continuous 
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member then, as it deflects under the load, restraining moments are induced 
at the ends of each storey length where the beam-to-stanchion connexions 
have sufiicient rigidity to allow the beams, which frame in at each floor, to 
offer resistance to the change of slope of the stanchion. These restraining 
moments allow a member of given section to carry safely a greater axial load 
than would have been possible had it been hinge-ended. To take these 
restraints into account the orthodox method assumes that the member has 
an “ efiective length ” less than its actual length and allows it to be designed 
as a hinge-ended strut having a length equal to this “ effective length.” 
Thus when designing a beam, and when calculating the moments it applies 
to the stanchions, the beam-to-stanchion connexions are assumed to have 
no rigidity but when designing a stanchion the real rigidity of the connexions 
is conveniently remembered. Faced with such contradictory assumptions, 
the Committee decided that no advance in design could be made until a 
study of the real behaviour of framed structures had been undertaken. 

18.3. Preliminary investigations. —The first step in the investigation was 
the erection of an experimental frame, the stress distribution in which could 
be measured, to serve as a guide to the derivation of a sound method of stress 
analysis. 

The frame consisted of six stanchions, the bases of which were bolted 
down to a concrete raft, and twenty-one beams, all 8-inch by 4-inch by 



Fig. 18.2.—Maximum Fibre Stresses due to Bending in Plane of Frame. 

Load ; 2 tons at centre of DjE^. 

18-lb. steel joists. Provision was made for the use of various types of bolted 
and riveted beam-to-stanchion connexions. Three of the stanchions were 
arranged with their webs parallel to the length of the frame and three with 
their webs perpendicular to the length of the frame, so that a large variety 
of one- and two-bay, three-storey frames could be built up. 

The object of the tests on this frame was the determination of the stress 
distribution in the members due to the application of external loads. It was 
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arranged that a central concentrated load could be applied to each beam 
in turn by means of a spring and turnbuckle and the stress distribution was 
found by measuring the strains at a number of sections of the members. 

One of the first tests carried out was on the symmetrical single bay frame 
shown in Fig. 18.2. The beams were connected to the webs of the stanchions 
by type A connexions consisting of top and bottom flange-cleats made up 
of 3^-inch by 3-inch by /^-inch angle, 4 inches long and secured with |-inch 
diameter bolts. The distribution of observed stresses when a central con¬ 
centrated load of 2 tons was applied to the beam at the first floor is shown 
in Fig. 18.2 and in Table 18.1. The Table gives the maximum stresses 


Table 18.1.— Comparison of Bending Stresses. Symmetrical Single Bay Frame, 

FITTED WITH TYPE A CONNEXIONS. CONCENTRATED LOAD OF 2 TONS AT CENTRE 
OF Beam DiE^. 


Section 

Observed, with 
type A 
connexions : 
lb. per square inch 

Calculated, with 
semi-rigid joints 
(observed 
slip constants) : 
lb. per square inch 

1 

Calculated, with 
rigid joints : 
lb. per square inch 

DqDi 

+ 3,100 

+ 3,345 

+ 5,176 

DiDo 

-6,075 

-5,775 

-10,352 

DjDg 

+ 5,800 

+ 5,354 

+ 9,916 

DgDi 

-2,450 

-2,364 

- 4,302 

D 2 D 3 

- 850 

- 890 

- 831 

E3D2 

+ 200 

+ 244 

+ 350 


(+denoting tension, —compression, at the inside edge of the member) at 
the top and bottom of each stanchion length due to bending about the YY 
axis of the stanchion. The stresses in the stanchion for this condition of 
loading have been calculated on the assumption that the joints are perfectly 
rigid. They are shown in Fig. 18.2 and Table 18.1 (column 4). The fact 
is revealed that, although the bending stresses actually induced in the 
stanchion lengths are smaller than those which would have been found had 
the joints been perfectly rigid, the distributions of stress in the two cases 
are exactly similar in form, with the result that appreciable bending stresses 
are found in the top length 2-3 of the stanchion which is two storeys above 
the applied load. The magnitude of the observed bending stress is con¬ 
siderable. It must be remembered that the beam-to-stanchion connexions 
were not of a particularly rigid type and would in any case have been 
assumed in the orthodox design method to have been pin-ended so far as 
vertical loads on the beam were concerned. As the connexion was made 
to the web of the stanchion the eccentricity would have been taken by many 
designers as zero and by the conservative designer as not more than 2 inches. 
In actual fact the “ equivalent eccentricity ” of the connexion to stanchion 
D at the level of the first floor (that is to say, the distance from the axis of 
the stanchion at which the reaction arising from a similarly loaded simply 
supported beam would have had to act to produce the observed bending 
stresses in the stanchion) was 9*3 inches. The form of the bending stress 
or bending moment diagrams observed for these stanchion lengths is typical 
for a frame in which sway, relative horizontal deflexion of the beams in the 
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plane of the frame, does not exist. The condition of bending in such 
stanchion lengths may be defined as “ double curvature ” bending. 

A different condition is found when sway is present and this can be most 
easily seen from the results of tests on an asymmetrical frame, Fig. 18.3, in 
which the beams were joined by type A connexions to the flange of one 



stanchion U and to the web of another stanchion A. The stresses observed 
in stanchions D and A due to the application of a central concentrated load 
of 2 tons to the beam at the first floor are shown in Fig. 18.3 and Table 18.2. 
It will be seen that the bending stress diagrams in the two stanchions are 
quite different, due to the sway which has arisen from the lack of symmetry 
in the structure. In the lengths 0—1 1-2 of stanchion A, double curvature 
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Table 18.2. —Observed Bending Stresses. Asymmetrical Single Bay 
Frame Fitted with Connexions of Type A. 

Concentrated load of 2 tons at centre of Beam D^Aj. 


Section 

Observed, with 
type A 
connexions: 
lb. per square inch 

AqAj 

+ 4,500 

AiAo 

- 8,120 

AiAj 

+ 8,100 

A 2 A 1 

-4,520 

A 2 A 3 

- GOO 

A 3 A 2 

- 200 

DqDi 

- 700 


-2,275 

D 1 D 2 

+ 2,000 

D 2 D, 

+ 525 

D 2 D 3 

+ 250 

D3D2 

+ 150 


bending has resulted as before from the application of the load to the beam, 
whereas in stanchion D the form of bending can be designated “ single 
curvature ” bending. The difference in these forms was found to be of the 
first importance when the rational design of a stanchion length was under 
consideration. 

In addition to measurements of strains in these frames the characteristics 
of the beam-to-stanchion connexions were found. Relative rotation of the 
ends of the members joined was measured by a simple arrangement of dial 
indicators and a curve obtained showing the relation between the moment 
transmitted by a connexion and the relative rotation of the members joined. 
It was found that this relation (the characteristic curve for the connexion) 
was by no means linear, and that, on the removal of load from a beam, 
reverse bending moments remained at the ends of the beam. These points 
are discussed in paragraph 18.5 where it is also shown how the methods of 
stress analysis given in paragraph 9.4 can be used when the characteristic 
curves for the connexions are not straight lines. An example of the stresses 
calculated in this way is shown in Table 18.1 (column 3). 

One other test carried out on the experimental frame must be mentioned. 
A horizontal load of 349 lb. was applied to the top of the symmetrical single 
bay frame (Fig. 18.2). It was found that, while the distribution of stress 
was of the same form, the maximum bending stress observed at the foot of 
each stanchion was greater than would have been predicted on the assumption 
of perfectly rigid joints. 

A reliable method of design could only be produced if the behaviour of 
the complex structure, consisting of the steel frame and the clothing of walls 
and floors which makes up the finished building, was understood. It was 
decided, therefore, in view of the success of the work on the experimental 
frame, to test actual buildings. Since full details of these important tests are 
available (Baker, 1954) only a review of the data collected on two buildings, 
an hotel and an office block, will be given here. 
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18.4. Review of tests on buildings. —The buildings tested behaved in much 
the same way as the experimental frame. Appreciable restraining moments 
were developed at the ends of the beams and corresponding bending moments 
in the stanchion lengths. It was found that the method of stress analysis 
evolved could be made to give a reliable estimate of the stresses in a frame 
even when it was clothed. 

The magnitudes of the restraining moments can be gauged from the fact 
that the equivalent eccentricity of a connexion lay between 30 • 0 and 44 • 6 
inches for the bare frame of the hotel building and between 16*0 and 34*3 
inches for the office building. These restraining moments, while reducing 
the maximum stresses in the beams by from 17 per cent, to 25 per cent, of 
those which would be found in similarly loaded simply supported beams, 
were at the same time responsible for large bending stresses in the stanchions, 
in some cases as much as 9 times those which would be estimated by the 
orthodox method. 

Sway of the bare asymmetrical frames was detected but it was eliminated 
after the addition of floors and casing. The presence of sway makes it 
difficult to formulate simple expressions for the bending moments in the 
members of a frame adjacent to a loaded beam. In frames which are not 
to be clothed, therefore, great care must be exercised in drafting design rules, 
particularly for stanchions, since the distribution of bending stresses will 
depend very largely on the proportions of quite distant members. Evidence, 
both from these tests and by calculation, shows that it should be safe, in all 
but the most extreme cases, to neglect sway when the frame has floors of 
hollow tile or similar construction, brick walls and even light stanchion 
casings. 

Among the many smaller matters illustrated by the tests was the con¬ 
siderable local stress which can be set up in a stanchion by unequal bearing 
on its base. The foot of one stanchion in the hotel building rested on a 
5-inch thick steel slab. Strain readings taken 12 inches above the foot of 
the stanchion indicated that the stress at one corner of a flange was 17 times 
as great as that at any other corner. It was found that the holding-down 
bolts had not been screwed home as far as they might have been. A further 
test, made after these bolts had been tightened, showed that some re¬ 
distribution of stress had taken place over the cross-section but that the 
stanchion was still unevenly bedded since at the one corner the stress was 
still more than three times that at any other. The load applied to this 
stanchion length by the placing of the floors must have been sufficient to 
produce local yielding in the foot of the stanchion, since when a test was 
carried out after the floors were in position the distribution of stress at the 
section 12 inches above the base was quite normal. 

A knowledge of the other effects of the clothing added to the steel frame 
is essential. The placing of floors influences the stanchion stresses in three 
ways as follows :— 

(а) The presence of beam casing or of hollow-tile floors increases the 

effective stiffness of the beam in the frame, and so, other influences 
being unaltered, tends to decrease the bending stresses in the 
stanchions. 

(б) The concrete which is placed around the connexions when the floors 

are laid increases, to some extent, the rigidities of these connexions, 
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with the result that the moments transmitted to the stanchions 
and the bending stresses induced in them tend to increase. 

(c) The floors form slabs connecting all the bents of the framework, so 
that the effect of a load on one beam is felt not only in the stanchions 
into which the beam frames, as in the bare framework, but in 
adjacent stanchions also. Due to this slab effect, the stanchion 
stresses produced by the application of a concentrated load to a 
beam are likely to decrease. 

It was not easy to study all these influences separately. 

In the single bay portion of the hotel building the addition of floors 
decreased appreciably the bending stresses induced in the stanchions when 
a central concentrated load was applied to a beam framing into them. In 
ten of the twelve stanchion lengths tested the decrease in maximum bending 
stress varied from 37 • 5 to 21 • 1 per cent. Since in practice the applied load 
would be distributed over a considerable floor area it was essential to 
evaluate the slab effect. This was done by measuring the stresses in adjacent 
stanchions when a concentrated load was applied to a beam. From such 
measurements it was deduced that, in this particular structure, had a 
distributed load been applied to the whole floor area, the maximum stanchion 
bending stresses in the frame with floors laid would, with two exceptions, 
have varied between 10*8 per cent, less and 14*7 per cent, more than the 
corresponding stresses in the bare frame under the same load. In two 
stanchion lengths, however, increases of as much as 40 per cent, and 62*5 
per cent, would have been found. Where the internal stanchion of the hotel 
was concerned the presence of floors decreased in every case the bending 
stresses induced when a concentrated load was applied to the beams framing 
into it. 

A very different state of affairs was found in the office building, a con¬ 
siderable increase in stanchion bending stress occurring when the floors were 
in position. As measured by the equivalent eccentricity of a connexion, an 
increase of 53 per cent, was found in one stanchion of the single bay portion 
when a concentrated load was applied to a beam, that is to say without 
allowance for slab effect. When, as was fortunately possible in this building, 
a distributed load was applied to the floor so that the slab effect was 
automatically included, the increase in stress was as much as 66 • 5 per cent, 
over that which would have been estimated in the bare frame carrying the 
same load. 

When the floor was laid in the two-bay portion of the office building, 
casing was at the same time poured around the internal stanchion. In 
spite of this and the fact that the floor was continuous past the internal 
stanchion, the increase of stanchion bending stress was no less than 61*3 
per cent. 

Although these effects are so different from those in the hotel building the 
reason is not difficult to find. In the hotel the bare beam-to-stanchion 
connexions were much less flexible than those of the office building. The 
addition of concrete would therefore increase the rigidity of the former far 
less than that of the latter and would make it much more likely for the 
decrease in stress, due to the added stiffness of the beams, to prevail. 

Floors are not the only clothing likely to affect the stresses in the steel 
framework ; the fire-resisting casings added to the stanchions and the 
external walls will also play their part. 
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Apart from any effect due to the reduction in sway, the presence of casings 
and walls tends to stiffen the stanchions and so increases the moments 
developed in them. These increased moments may not, however, produce 
increased bending stresses in the steelwork since the total section of the 
stanchion is increased by the addition of casing. For the investigation of 
these effects additional tests were carried out after walls and stanchion 
casings had been built. 

Although the stanchion casing of the hotel building was very light in form, 
two tests made on the fully clothed single bay portion showed that its presence 
decreased the maximum bending stress in each stanchion length below that 
observed when the floors alone were in place. The decrease in the five 
stanchion lengths concerned varied from 10 per cent, to 35*5 per cent. In 
one test, strain measurements were made on adjacent stanchions also, so 
that the slab effect could be evaluated. It was found that the stresses in 
the bare frame would have been approximately 31 per cent, more than the 
corresponding stresses in the completely clothed frame subjected to a 
distributed load. Only one test was carried out on the internal stanchion 
of the hotel building after the casing was in position. There, again, small 
but quite definite reductions in the stanchion stresses were found. From 
this it appears that the addition of clothing to this particular frame relieved 
the stresses in the steel framework appreciably. 

Once more very different conditions were found in the office building. 
In one test on the single bay portion the presence of walls and casing, which 
were more substantial than those of the hotel building, brought about an 
increase in the total bending moment in the steel core of 19 per cent, of the 
value it would have had in the frame with floors alone in position. In one 
stanchion length the increase in the maximum bending stress was 47*2 per 
cent. 

In the two-bay jiortion of the office building the irujrease in stress was 
more striking. In one length of the internal stanchion the maximum 
bending stress increased by 97 per cent, above the value it would have had 
in the frame without external walls and external stanchion casing. In 
other lengths of the same stanchion the corresponding increases were 41 and 
27 per cent. 

These tests have shown that the effect of clothing cannot be ignored. 
In a frame such as the hotel building, with a rigid type of bare steelwork 
connexion, the effect of the clothing may, in general, be to reduce the stresses 
somewhat below the values which would be estimated, by an accurate 
method of analysis, in the bare frame. In a frame, such as the office 
building, with more flexible connexions the stresses may be very appreciably 
increased. The bending stress found in a certain stanchion length of the 
fully clothed building was 2-89 times that which would have been set up 
in the bare frame. In other cases the increase in bending stress was as much 
as 60 per cent. It appears from this that, until more is known of the effect 
of cased connexions, the assumption must be made in the design of stanchions 
that, where a frame is encased in concrc^te, all connexions are perfectly rigid. 

18.6. Behaviour o! connexions. —The observations made on the experi¬ 
mental frame and on the office building showed that when a beam having 
end connexions of the simple bottom bracket and top cleat type of Fig. 18.1 
is loaded, a curve similar to GAB, Fig. 18.4, represents the relation between 
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M, the moment transmitted through a connexion, and 6—<^, the relative 
rotation of the members joined by the connexion. It may be well to point 
out here that if the members had been joined by a frictionless pin the curve 
would have coincided with the axis OX, while if they had been rigidly 
connected it would have coincided with the axis OY. When load is removed 
from the beam the relationship between moment and rotation is as shown 
by BCDE. The moment has dropped to zero at D before the whole of the 
load has been removed from the beam and as the remainder of the load is 
removed a reversed moment comes into operation (D to E). When the load 
has been completely removed (E) there remains an end moment OM tending 



to cause sagging of the beam and a residual relative rotation, ON. On 
reloading the curve traced out will be EFB, the point B being reached under 
the same load as before. If still more load is now added the first loading 
curve OAB will be continued to G. 

It will be seen from these curves that the connexion does not behave 
elastically. This fact may have an important bearing on the frame as a 
whole and some knowledge of the cause of the deformations suffered by the 
connexion is essential to the designer. A complete analysis of the behaviour 
of a connexion is difficult and no attempt will be made here to give more 
than a descriptive treatment. 

When, due to the application of load to the beam, a small moment is 
transmitted through the connexion, the legs of the bottom bracket and top 
cleat forming the connexion will bend as if they were beams clamped firmly 
to the members at the rows of rivets nearest the roots of the angles. If the 
vertical leg of the bottom bracket were perfectly fitted to the face of the 
stanchion it would be unable to bend. It is always found in practice, 
however, that the fitting is not good and under small transmitted moments 
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the bottom bracket bends as freely as the top cleat so that the end of the 
beam rotates about its centre of depth. In these circumstances the relation 
between rotation and transmitted moment is a straight line. As the trans¬ 
mitted moment increases, the pull in the rivets connecting the vertical leg 
of the cleat to the stanchion also increases. These rivets clamp the cleat 
efficiently until the pull in them exceeds their initial tension when they begin 
to extend elastically, increasing the flexibility of the connexion and giving 
the relation represented by AB in Fig. 18.4. This continues until, as the 
moment increases further, the distortion of the top cleat is such that yield 
occurs in it ; the flexibility then increases still more as shown by BG. This 
is the inelastic range during which the rate of change of moment decreases 
in a pronounced way. 

Actually the behaviour is much more complex than this description 
indicates. Over no part of the range does there appear to be a true linear 



relation between moment and rotation ; some inelastic deformation occurs 
under the smallest moment. Other influences affecting the behaviour are 
the closing in of the vertical leg of the bottom bracket and the relative 
movement between the horizontal leg of the cleat and the beam. As the 
vertical leg of the bracket bends it comes sooner or later into contact with 
the face of the stanchion and is restrained. Thus after a certain, and 
generally small, transmitted moment has been reached, the centre of 
rotation of the end of the beam moves down from the axis of the beam until 
eventually, when the whole of the vertical leg of the bracket is in close 
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contact with the stanchion, it is at the level of the bottom flange of the beam. 
This change in the position of the centre of rotation tends to increase the 
rigidity of the connexion. Relative movement between the horizontal leg 
of the cleat and the top flange of the beam may also occur. Sometimes, 
more particularly when bolts are used, this “ slip ” is sudden, the relative 
rotation increasing considerably for a very small increase in transmitted 
moment. 

First loading curves for two bracket and top cleat (flange cleat) connexions 
are shown in Fig. 18.5, each curve being marked with the size of angle used 
for the cleats. In each case the connexions were 5 inches long, the beam 
12 inches deep and the rivets J inch diameter. 

Another form of steelwork connexion consists of a pair of angles connecting 
the web of the beam to the stanchion. Such a web cleat connexion behaves 
in much the same way as the flange cleat type discussed above but is more 
flexible. A typical curve for a web cleat connexion made up of 6 X 3| x f 
inch angles 9 inches long joined to a 12-inch deep beam and to a stanchion 
by f-inch rivets is shown in Fig, 18.5. 

Though the web cleat connexion alone is very flexible the addition of 
angles connecting the web of a beam to a stanchion already joined by flange 
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cleats increases the rigidity of the connexion considerably above that for 
the flange cleats alone. This is shown in Fig. 18.5 by the curve for a 
connexion made up of 6 X 6 X |-inch flange cleats and |-inch web cleats to a 
12 -inch deep beam. 

A type of connexion sometimes used when large moments have to be 
transmitted is the split I connexion (Fig. 18.6). Two large T’s made by 
cutting one flange from a length of I section join the top and bottom flanges 
of the beam to the stanchion. It will be seen that this type of connexion 
is likely to be more rigid than that made up of flange or web cleats. Until 
the moment transmitted is considerable the only deformation which takes 
place is that due to stretch of the rivets through the flange of the split I and 
the small amount of flexure of this flange. A typical curve for such a 
connexion made with T’s cut from a 15 in. x6 in. x 45-lb. R.S.J. 7f inches 
long and fitted with |-inch rivets (Fig. 18.6) is shown in Fig. 18.5. It will 
be seen that the relation between moment and relative rotation is almost 
linear ; this continues until a moment of 9x 10^ lb.-in. is reached. Above 
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this the rate of increase of moment decreases, due probably to slip between 
the web of the split I and the flange of the beam. 

Steelwork connexions differ in one important respect from the rest of the 
structure of which they form part. They are, under normal loading condi¬ 
tions, overstrained ; that is to say the yield point of the material has been 
passed. This is not a source of danger when the material used is as ductile 
as structural steel, since tests have shown that the relative rotation needed 
to cause fracture is many times greater than that which can occur under 
normal circumstances in a steel frame. 

The curves shown in Fig. 18.5 are for bare connexions. In many frames 
the connexions are encased in concrete. The tests on buildings showed that 
when the casing is of unreinforced concrete, such as that formed by the 
pouring of the floor slab, the rigidity of the connexion under working loads 
is increased to such an extent that in certain cases the connexion behaves 



very nearly as a perfectly rigid joint. Laboratory tests on encased con¬ 
nexions showed that the flexibility is reduced to a very small value until a 
moment is transmitted which cracks the concrete. Under greater moments 
the curve is similar to that for the uncased connexion. It seems probable 
that the addition of a small percentage of reinforcement running just above 
the top flange of the beam and hooked around the stanchion would ensure 
the increased rigidity under all working conditions. 

It will be seen from the curves of Fig. 18.5 that the relation between the 
moment transmitted by a connexion and the relative rotation between the 
members is not linear and this complicates the analysis of the stresses in the 
framework. It means that no exact analysis can be obtained by the method 
given in paragraph 9.4 where the assumption is made that such a linear 
relation exists. Fortunately the stresses can be calculated accurately 
enough for many practical purposes if the curves are replaced by a straight 
line. For example it is clear from Fig. 18.5 that a straight line passing 
through the origin can be chosen which will represent the curve for the split 




DESIGN OP STEEL FRAMED BUILDINGS 


437 


I connexiop without serious error. For the more flexible connexions a 
suitable substitute line can be plotted if an approximate preliminary 
estimate of the moment transmitted through the connexion can be made. 
If the connexion is made of 6x6x^-inch flange cleats the line OA, Fig. 
18.7, will lead to a fairly accurate analysis of the stresses so long as the 
moment through the connexion lies within the range 3*5x10® to 4x10® 
Ib.-in. 

Where a more accurate analysis is required the curve for the connexion 
can be replaced by its chords. Thus for the 6 x 6 X i-inch flange cleats great 
accuracy will result from the use of the chords OB, BC. 

In certain simple cases the stresses in beams fitted with flexible connexions 
can be found more exactly by a construction due to Professor C. Batho, to 
whom we owe much of our detailed knowledge of the behaviour of con¬ 
nexions (Batho and Rowan, 1934). 


-M 



Suppose a beam of uniform cross-section and length I carries a uniformly 
distributed load of intensity iv per unit length and is connected to rigid 
abutments by identical connexions having a flexibility defined by the curve 
OPQ in Fig. 18.8. 

If (f) is the change of slope and M is the moment at the end of the beam 
then from equation (9.3) the relation between the end moment and the end 
rotation is 
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This is a straight line and can be drawn as AB in Fig. 18.8. The curve OPQ 
showing the relation between transmitted moment and angular rotation for 
the connexion is already plotted so that P, the intersection of AB and OPQ, 
gives the moment present at the end of the beam. The bending moment 
and the bending stress at any point in the beam can then be determined. 

It is much more usual for a beam to be connected at its end to a stanchion 
which is flexible and will therefore change its slope when a moment is applied 
to it. Suppose the beam considered in the last example is connected at its 
ends to identical stanchions, the flexibility of which is known, so that on 
Fig. 18.8 it is possible to plot the line ON showing the change of slope of a 
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stanchion at the level where the beam is attached, due to any moment 
applied to it at that level. If, as before, the curve OPQ defines the fiexibility 
of the beam-to-stanchion connexion the change of slope suffered by the end 
of the beam when any moment M is transmitted from it through the con¬ 
nexion to the stanchion is given by the sum of the abscissaa of ON and OPQ 
corresponding to M. The curve representing this sum is OP'Q' and, as in 
the first example, the moment at the end of the beam when a uniformly 
distributed load of intensity w is applied is given by the intersection of OP'Q' 
with the beam line AB. 

The curve OP'Q' need not be drawn if the following construction is used. 
Join B to N' a point on NA produced such that N'A=AN. Then P^, the 
point where N'B cuts the curve OPQ gives the end moment on the beam. 

This graphical method was extended by Batho to cover unsyrnmetrical 
arrangements of load and structure (Baker, 1954). 

18.6. The problem of design. —The more important points demonstrated 
by the experimental investigations can be summarised as follows :— 

(a) Standard types of riveted and bolted connexions are capable of 

transmitting large bending moments, and appreciable restraining 
moments are developed at the ends of a loaded beam in a steel 
framed building. 

(b) Although there was some variation due to workmanship in the 

behaviour of connexions made to the same design, it was possible 
to produce a lower-limit curve for each type of connexion similar 
to those shown in Fig. 18.5, enabling a safe estimate of the restrain¬ 
ing moment to be made. 

(c) The moment transmitted through a connexion from a loaded beam 

develops bending moments in the stanchion which are many times 
greater than those usually taken into account. 

(d) The bending moments developed in a stanchion due to load applied 

to a beam are appreciable, not only in the stanchion lengths to 
which the beam is attached but also in those more remote. 

(e) The addition of floors, walls and stanchion casing to a frame does not 

bring about any fundamental change in the behaviour of the frame. 

(/) Concrete casing can appreciably increase the rigidity of connexions in 
the working range. 

(g) The presence of clothing decreases the maximum stresses in the steel 

beams of a frame but it may increase the bending stresses in the 
steel cores of the stanchions. 

(h) The methods of stress analysis developed could be depended upon to 

give a true picture of the distribution of stress in the steelwork of a 
frame even when it was clothed. 

The investigations thus showed that the stress calculations made by the 
orthodox method give a very faulty representation of the distribution of 
stress in a frame. They emphasise shortcomings in stanchion design and 
the extravagance of the present method of beam design, in which restraining 
moments are neglected. They also disprove the assumption that the worst 
conditions are provided for each member when every member carries its full 
load. 

It is not easy to calculate the stresses in such a complicated structure as a 
building frame. Simplified assumptions must be made but if they are so 
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sweeping that the true behaviour of the frame is disguised, economy of 
material and evolution of the method of construction are impossible. The 
Steel Structures Research Committee endeavoured to produce a method of 
design which, while simple enough to be applied in ordinary practice, was 
based on an accurate estimate of conditions in the structure. 

It is not difficult to see that the restraining moment developed at the end 
of a loaded beam joined to a stanchion by a certain connexion depends not 
only on the characteristics of the connexion but on the stiffness of the 
stanchion. If the stanchion can be assumed to be rigid, the restraining 
moment developed will have its maximum value ; as the stiffness decreases 
so does the restraining moment. The maximum stress in the beam is in¬ 
fluenced by the magnitude of the restraining moment so that the suitability 
of a beam to carry a given load depends on the connexions at its ends and on 
the stanchions to which it is attached. In the same way the bending moment 
applied to the stanchion by a loaded beam is influenced by the proportions 
of the beam. 

As a designer cannot afford to make a tentative design of the whole 
structure and then to modify each member as the effect of the remainder 
of the frame is appreciated, some means had to be found which would 
enable one member to be designed economically without reference to the 
actual properties of the rest of the structure. It was found that, while the 
stresses in each member are affected to some extent by the conditions of 
the rest of the frame, the maximum stress in a loaded beam fitted with a cer¬ 
tain semi-rigid beam-to-stanchion connexion is not particularly sensitive to 
changes in the stiffness of the members into which it frames. A safe design 
without serious loss of economy would, therefore, result if a lower limit was 
assumed for the stiffnesses of these members when the restraining moment 
on the beam was estimated. It was found that the sum of the stiffnesses 
of the stanchion lengths into which a beam framed would not, except in 
special cases, be less than two-thirds of the stiffness of the beam. Assuming 
the stiffness of the stanchion lengths to be two-thirds that of the beam, it 
was possible to find, by the graphical method described on p. 437, the 
restraining moments at the ends of any loaded beam fitted with any type of 
standard connexion and therefore, taking account of the relief given by 
these moments, to design a beam which would be safe and more economical 
than those obtained by existing methods, whatever the actual sizes of the 
adjacent members in the structure. With the beams designed in this way 
the design of the stanchions could be approached with some confidence. 

The difficulty in designing a stanchion length is to decide what conditions 
give rise to the greatest stress in the member. Fig. 18.9 gives diagrams 
showing the bending stresses in a symmetrically placed stanchion length, 
AB, deduced from the results of the tcvsts on existing buildings, due to 
various arrangements of superimposed load on the beam. In the orthodox 
method of design it is usual to choose a stanchion section from a considera¬ 
tion of the conditions existing when all floors are loaded. Fig. 18.9 (a). This 
load will not, however, give rise to the greatest stress in the stanchion since, 
by removing load from the floors below on alternate sides of the stanchion, 
as shown in (b), considerable end bending moments are developed in AB. 
This removal does not reduce the magnitude of the end load on AB, but it 
does appreciably increase the maximum bending stress in the stanchion 
length. 
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The conditions shown in (6) do not necessarily develop the absolute 
maximum stanchion stress. If load is removed from part of the floor 
immediately above the stanchion length as shown in (c) the end bending 



Fig. 18.9. 

stresses are increased further and the decrease in axial end load arising from 
the removal of the load from the floor above may not compensate for this 
increase, leaving the maximum total stress greater than in (6). A further 
increase in end bending stress arises if other floors are unloaded as in (d), 
but in most structures the reduction in axial end load which follows out- 








DESIGN OF STEEL FRAMED BUILDINGS 441 

weighs this further increase. In these last three arrangements of load, 
shown in (6), (c) and (d), the bending moments applied by the beams to the 
ends of the stanchion length bend it in double curvature. Another condition 
has to be considered in which the stanchion length bends in single curvature. 
An arrangement of load which brings this about is shown in (e), together 
with the resulting form of the bending stress diagram. As before, the 
removal of further load, (/), increases the bending stress but decreases the 
axial stress. 

It is impossible to say from inspection which of the arrangements of load 
shown in (b)~{f) will give the absolute maximum stress in the stanchion 
length, but it is certain that one or other of them will give a greater value 
than the arrangement of load hitherto used, Fig. 18.9 (a). It is clear that, 
for a complete treatment, the behaviour of a stanchion length under axial 
end load and end moments, producing both single and double curvature, 
must be studied. The arrangement of load which must be used in design 
depends on the relative values of the end moments for the various cases 
which in turn depend on the layout and dimensions of the frame concerned. 
This will be dealt with later. 

The design of a stanchion length, therefore, resolves itself into two steps, 
(1) the determination of the end reactions applied to the member by that 
arrangement of load on the structure which produces the worst conditions 
in the member, and (2) the estimate of the maximum stress developed in the 
member by those reactions, which enables the suitability of the member to 
be judged. 

18.7. Evolution of a method of design for beams. —Before the details of 
design for either beams or stanchions could be settled, a method of obtaining 
a definite margin of safety in the structure had to be considered. It will be 
seen from the discussion of the behaviour of the bcam-to-stanchion con¬ 
nexions that if the load on a beam in a steel building frame is doubled, the 
maximum flexural stress in the loaded beam occurring at some section 
remote from the ends is more than doubled. The same conditions exist in 
the stanchions as is recognised in the orthodox method of design. To 
obtain an approximately uniform margin of safety it was decided, therefore, 
to adopt the basis of load factor commonly used in aeronautical engineering 
and to design each member so that if the design load was increased in a given 
ratio (the load factor) failure would be imminent. The simplest way of 
ensuring this would be to design the structure so that when it carried a load 
equal to the design load multiplied by the load factor, the yield stress of the 
material would be reached. This was considered to be too radical a depar¬ 
ture from existing ideas, but the same result was obtained by other means. 
As a basis of strength the load factor was taken as 2 and the yield stress of 
the material as 18 tons per square inch. 

In the orthodox method of design it is usual to assume a beam to be 
simply supported, to calculate the maximum bending moment produced in 
it by the application of the full dead and superimposed load, and to design 
the member to a given working stress. It was felt to be desirable to retain 
this general method but since a constant load factor had to be maintained 
it was impossible to use, in calculating the maximum moment, the real 
values of the restraining moments given by the lower limit curves. The 
following method, due to Mr. E. W. Butler of H.M. Office of Works, was used 
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to obtain, from the lower-limit curves, other curves which would give the 
required load factor. 

As explained in paragraph 18.5 a curve OP'Q' (Fig. 18.8) can be drawn 
giving the relation between the moment and rotation at the end of a sym¬ 
metrically loaded beam from which, by the use of the beam-line AB, the 
restraining moment under the full design load can be found. If the load on 
the beam were doubled the restraining moment Q'N' (Fig. 18.10) would be 
given by the new beam-line A^B^ parallel to AB and such that OAi—20A. 
OQ' is drawn, cutting AB in R. Then, if the end restraining moment 
allowed for in the design of the beam is RN and if a nominal permissible 
flexural stress of 9 tons per square inch is worked to, the stress in the beam 
when the load is doubled will be 18 tons per square inch. A curve ORR' 
can be drawn by this construction to be used as the standard in design to 
replace the lower-limit curve. 



The lower-limit curves, and those of the type ORR', were deduced from 
the behaviour of connexions on beams of 12 inches depth. Since it was 
found that the moment required to produce a given deformation in the 
connexion was approximately proportional to the depth of the beam and 
that the angle of rotation for a given deformation was very nearly inversely 
proportional to the depth of the beam, it was possible to plot from each 
curve another showing the behaviour of the same connexion when attached 
to a beam of any depth. This was most easily done by plotting M/D against 
D(0— (f)) where D denotes the depth of the beam ; this gives a curve showing 
the relation between the nominal pull P, equal to M/D, on the top cleat and 
the relative linear movement of the ends of the upper and lower faces of the 
beam. The restraining moment provided by a connexion attached to a 
beam of depth D can be found, using such a curve, by the beam-line method, 

the intercepts on the axes being OA, equal to Mp/D, and OB, equal to 

where Mp denotes the fixed-end moment (that is, the moment present at the 
end of a similarly loaded beam with completely fixed ends), and equals 
when the load is uniformly distributed and of intensity iv. As the 
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restraining moment is being determined so that the beam can be designed, 
it is undesirable to have the second moment of area appearing in the expres¬ 
sion for OB. Trial designs can be avoided at a slight sacrifice of economy 
by the use of a simplified method due to Professor Batho if a lower limit 
is taken for OB independent of the actual section of the beam. 

If /f is the maximum flexural stress in the beam section produced by the 

D 


moment Mp, then Mf —- 


and 


OB- 


MyD^ 


hi 

E' 


When a single concentrated load acts on the span, /f has its lowest value, 
equal to /«/2, where fs denotes the maximum stress which would be found 
in the beam if it were simply supported. This stress fg cannot be less than 
9 tons per square inch when the yield stress of the material and the load 



Fig. 18.11.—Standard Design Curves giving Restraining Moments at End of Beam 

for Class C Connexions. 


factor are taken to be 18 tons per square inch and 2 respectively so that if, 

ri 

in drawing the beam-line, OB is made equal to and fg has the value of 


9 tons per square inch, a safe restraining moment is found, depending only 
on the length of the beam, the depth of the section and the load carried 
expressed in the form of My. By drawing beam-lines in this way it is a 
simple matter to prepare tables or to plot families of design curves for each 
type of connexion showing the relation between Mf/2D, I and P. Such 
design curves for a standard connexion of class C, formed of 6-inch by 4-inch 
by |-inch flange-cleats, are given in Fig. 18.11. 

The argument given above was based on the consideration of a beam 
carrying a symmetrical load and with equal restraints at its ends. The 
results can, however, be applied when this symmetry does not exist. If the 
load is unsyrnmetrical but the restraints are equal, safety will be ensured if 
My is taken as the mean of the two fixed-end moments, so that the design 
curve of Fig. 18.11 gives the mean of the end moments, which is taken to 
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be the restraining moment at each end of the beam. When the restraints 
are unequal and the load is unsymmetrical an error on the unsafe side may 
occur, but even in an extreme case it is so small as to be negligible. 

The lower-limit and standard curves described above give the restraint 
provided by a bare beam-to-stanchion connexion. When the connexion is 
encased in concrete it is possible that the restraint will be considerably 
greater but owing to doubts about the load at which the casing would crack, 
it was decided to make no allowance for the added restraint. 

The main clauses dealing with the design of beams in the Steel Structures 
Research Committee’s Recommendations were as follows :— 


Clause 2.—Where a beam of uniform web depth throughout its length is 
attached at one end to the flange of a stanchion, allowance may be made 
for the restraining moment present at that end of the beam in the following 
manner :— 


Mf 

The value of shall be calculated, D being the depth of the beam and 

jU xJ 


Mf the mean of the fixed-end moments and the appropriate table or curve 
(for example Fig. 18.11) used for the determination of the restraining 
moment M at the end of the beam. 

Where in extreme cases, such as the upper storeys of certain frames, 
Kb 

(Kb is the stiffness of the beam and Ku and Kl are the stiffnesses 

1vu+Kl 

of the stanchion lengths above and below the beam) is found to exceed 1 *5, 
no allowance shall be made for the restraining moment unless the procedure 
of Clause 3 (1) is followed. In calculating the stiffness of a member the gross 
second moment of area shall be used, no deduction being made for rivet holes. 
For a plated beam the stiffness shall be taken as the maximum gross second 
moment of area of the beam divided by its length. 


Clause 3.—Where a beam is connected to the web of a member, either 
stanchion or beam, no allowance may be made for the restraining moment 
at that end except in the following cases :— 


(1) Where a beam frames into one side of the web of a stanchion, there 
being no beam on the other side, and special provision is made to stiffen the 
web of the stanchion, allowance may be made for the restraining moment 


provided that the value of 


Kb 

Ku+Kb 


does not exceed 1-5. 


If 


Kb 

Kx;+Kl 


exceeds 1 • 5 the value of 



1 

2Kb 

3(Ku+Kl) 


shall be calculated, the restrain¬ 


ing moment M being determined as in Clause 2, being substituted for 


Mf. 


2D 


in the appropriate table or curve (for example Fig. 18.11). 


(2) Where the connexion is balanced by a connexion of the same class 
to a beam on the opposite side of the member, the rivets or bolts in the 
vertical legs of the cleats serving both connexions, allowance may be made 
for the restraining moment as set out in Clause 2, the fixed-end moment 
being taken as that portion which is balanced by the fixed-end moment due 
to dead load only in the beam on the opposite side of the member. 
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18.8. Evolution of a method of design for stanchions. —Reference has 
already been made to the arrangements of live or superimposed load which 
are likely to produce the most rigorous conditions of stress in a stanchion 
length. The worst possible moment that can occur in any stanchion length 
is made up of two parts, one due to the dead load on all the beams and the 
other due to the most unfavourable combination of live loads, Fig. 18.9. 
The first step in the production of a method of design is, therefore, the 
collection of data which will enable these moments to be estimated. The 
magnitudes of the moments are affected by the proportions of the members 
making up the frame and by the characteristics of the connexions joining 
the members. The tests on existing buildings, while indicating that the 
methods of stress analysis derived earlier in the investigation were reliable, 
showed that the casing of a connexion could increase its rigidity very con¬ 
siderably. Since the end moments in a stanchion length increase as the 
rigidity of the connexions between the members increases, it was decided 
that, for the normal type of clothed steel frame, it would be necessary, in 
estimating stanchion moments, to assume that the joints in the frame were 
perfectly rigid. Making this assumption, which while giving the maximum 
possible moments had the additional advantage of removing one of the 
variables from the calculations, it was possible to draw up tables giving the 
desired information in a fairly compact form. Any exact determination of 
these worst moments can only be made, however, if the proportions of all 
the members in the frame are known. As the whole structure is not yet 
designed these proportions cannot be known, so that the data to be provided 
must be such that an upper limit value of the moment can be estimated from 
the meagre knowledge of the frame already possessed by the designer. All 
that has been determined at this stage is the sizes of the beams. It has been 
shown that the moments developed in the stanchions depend on the relation 
between beam and stanchion stiffness so that, if an economical upper-limit 
value for the moment is to be found, the designer must, as he does in the 
orthodox method of design, first choose a stanchion section and then, by 
the methods to be described later, find whether his choice 
is satisfactory. The sections of the beams at one floor 
level and of the stanchion lengths above and below that 
level being known, it was found possible to cora 2 )ile tables 
giving the maximum value of the bending moment which 
could be applied to the stanchion at that level, no matter 
what the arrangement of loaded beams or the proportions 
and layout of more distant members in the structure 
might be. 

The calculations which had to be made before the tables 
of worst moments could be compiled were somewhat 
arduous and only a brief account of them can be given 
here. 

The first step was to derive general expressions for the 
bending moments in all the members of a frame due to a 
load on any beam. For this the symmetrical single bay 
frame shown in Fig. 18.12 was considered. It was 
assumed that the stanchions were of uniform section, continuous through an 
infinite number of storeys and that all the beams were of the same section. 

If uniformly distributed loads are applied to all the beams, the intensity 

15 * 
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on the rth being it is found, using the method and notation of paragraph 
9.3, that the moment in stanchion A just below the rth beam is 

= . . . a(2a+l)i^;(r_2) + (2a4-l)w’(y._i) 

+(2-^a)wV"h^(2+u)w’(r+i)4' ‘ J 

Kstiffness of beam 
—Q+'Ij ~Ka stiffness of stanchion length 

-D + a/D^ 


where 

and 


This moment, though determined from the consideration of an infinite 
frame, is a close approximation to the moment in any intermediate stanchion 
length of a finite frame. Similar expressions can be obtained for the 
moments in bottom and topmost stanchion lengths. 

The assumption that each member of a frame is most severely stressed 
when the structure is fully loaded is incorrect as Fig. 18.9 shows. The 
worst possible moment that can occur in any stanchion length is made up 
of two parts, one due to the dead load on all the Ix^ams and the other to the 
most unfavourable combination of live load. From equation (18.1) and 
from the similar expressions for bottom and topmost length moments it is 
a simple matter to determine the sum, 2M, of the greatest bending moments 
due to live or dead load at the sections of a stanchion just above and just 

E B 

below a beam for any value of ^as set out in Tables 18.3 and 18.4 

Kti +Kl 

where and are the fixed-end moments of the beams due to dead and 
live load respectively. 

In practice a stanchion will rarely be of the same section in all storeys as 
assumed in Fig. 18.12. Fortunately, SM depends almost entirely on the 


ratio ^ at the beam level under consideration so that the tables may 
Eu+El 

be used even though the stanchion changes section at that level. The 
designer is, of course, not interested in 2M so much as in the individual 
moments in the stanchion lengths ; these can be found with sufficient 
accuracy by dividing SM between the upper and lower stanchion lengths in 
proportion to their stiffnesses. 

Tables 18.3 and 18.4 refer only to a single bay frame carrying symmetrically 
disposed loads. It was found possible, however, to represent any multi-bay 
frame by a number of equivalent single bay frames and to make allowance 
for any arrangement of load on a beam. In this way the moments in an 
internal stanchion were obtained from the data already given. Table 18.5 
gives the total moments due to the arrangements of live load causing double 
curvature or single curvature bending in an internal stanchion in terms of 
and MJijj the fixed-end moments due to live load on the beams, having 
stiffnesses Kbl and Kbr, to left and right of the stanchion. The table for 
the total dead load bending moments is, of course, the same as Table 18.3 
but with (Kbr+Kbl) substituted for Kb and (Mpj—Mpg), the difference of 
the fixed-end moments due to dead load, for M®. 

The reactions at the ends of the stanchion length are now known and the 
next step is to find a convenient way of checking the suitability of the section 
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chosen for the member. This entails finding the maximum total stress in 
the member or, more conveniently, demonstrating that the maximum stress 
does not exceed a certain permissible value. The method of checking 
adopted is based on the work set out in paragraph 7.19. There equation 
(7.47) shows the necessary values of the end bending stresses, /a and /b, 
arising from end moments Ma and Mb in the plane in which buckling would 
occur, acting on a practical strut subjected also to a given end load P, if 
the total maximum stress is not to exceed a certain permissible value p'. 


Table 18.3. —SM/M® due to Dead Load. 


Kn 

Bottom length 

Intermediate 

length 

Topmost length 

Kn + K, 

0 

0-8616 

1-0000 

1-0000 

0-5 

0-6970 

0-8648 

0-8217 

10 

0-5886 

0-7536 

0-7041 

20 

0-4516 

0-6012 1 

0-5646 

4-0 

0 - 3098 

0-4286 

0-3958 

8-0 

0-1910 

0-2728 1 

0-2557 


Table 18.4. —ZM/MJ due to Live Load. 


Kb 

Bottom length 

Intermediate 

length 

Topmost length 

Kb + Kj, 

0 

1-1488 

1-3590 

1-0000 

0-5 

0-8712 

1-0810 

0-8338 

1-0 

0-7064 

0-9044 

0-7197 

2-0 

0-5162 

0-6870 

0-5699 

4-0 

0-3380 

0-4676 

0-4068 

8-0 

0-2010 i 

0-2872 

0-2614 


As explained in that paragraph the expression is too complex for design 
purposes, but it is a simple matter to present the results in families of curves 
showing, for any ratio of/B//A and therefore of Mb/Ma, the maximum value the 
end bending stress /a can have without raising the total maximum stress 
above the permissible value. When Mb and Ma are known from Tables 18.3 
and 18.5, together with P, the axial load, which is easily estimated, the 
suitability of the section can be tested. 

This method of testing is complicated by the necessity of determining the 
ratio Mb/Ma and it is worth while to introduce a simplification by considering 
only the moment at the top end of the stanchion length which, in the type 
of frame under consideration, is always greater than that at the bottom end 
and by assigning to the moment at the bottom end a limiting value such that 
safety is ensured. It is not difficult to see that for single curvature bending 
the limit is given by assuming Mb/Ma=1. For double curvature bending 
the value to be assumed is not so obvious. Reference to Fig. 18.9 shows 
that when the loads are so arranged as to produce bending in double 
curvature a decrease in the magnitude of the moment at the lower end 
of the stanchion length may increase the maximum stress in the stanchion. 




Bending Moment due to Live Load. 
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For safety in this case the ratio /b//a must be based on a consideration of 
the conditions which make the ratio of the corresponding end moments 
a minimum. This minimum (— 268) is found in the topmost length of an 
external stanchion when the topmost beam only is loaded and when the 
ratio of beam to stanchion stiffness approaches zero. The relevant informa¬ 
tion given by the families of curves can now be embodied in two sets only, 
Figs. 18.13 and 18.14. The former refers to single curvature bending and is 
made up of curves for /i}//a==1, while the latter refers to double curvature 
bending and is made up of curves for/nZ/A — — *268. Both sets are based on 
a load factor of 2 and a yield stress in the material of 18 tons per square 
inch, that is to say the curves are plotted from the expressions 



l8—2p+f sin(i,(Z—x) sinfix 2/b+/' 

2/a 4-/' sinfxZ siiifiZ 2/a+/' 

. (18.2) 

and 

,r2/B+/' ,1 

tan [LX —cosec yj J • 

. (18.3) 




where 

El 



and the notation is that of paragraph 7.19. 

With these curves, which also make allowance for the effects of imperfec¬ 
tions in the stanchions not included in the calculation of the end moments, 
and with the list of end moments given in Tables 18.3 and 18.5, a stanchion 
can be designed with comparative case. The method will be most easily 
appreciated if an intermediate length is considered, the stanchion lengths 
above it having been already designed. 

The first step is the choice of a provisional section for the stanchion length 
and the determination of the axial load per unit area (p) arising from the 
loads applied to the structure. The beams will have been designed by the 
method already described, so before a start is made with the stanchion 
design the stiffnesses of the beams framing into the upper end of the stanchion 
length, the fixed-end moments, Miq and Mf 2 , and the reactions at the ends 


of these beams, will be known. 


The stiffness ratios — ^ 

Ku + f^L 


about both 


axes of the stanchion can also be calculated. These enable the total bending 
moments on the stanchion due to dead load and to both critical arrangements 
of live load to be obtained from Tables 18.3 and 18.5, and it is essential that 
the ability of the section selected to sustain both these arrangements of load 
should be checked. 

Single curvature loading will first be considered. Using the appropriate 
value of the stiffness ratio, the total bending moment about the XX axis 
of the stanchion at the top end due to live load is taken from Table 18.5 
(column 4), and to this is added the dead load total bending moment 
from Table 18.3. The dead load will actually cause bending of the stanchion 
length in double curvature, but if serious complications are to be avoided 
some economy must be sacrificed and the dead load moment be assumed to 
produce bending in single curvature. The sum of these total moments is 
now divided between the stanchion length under consideration and that 
above in the ratio of their relevant stiffnesses, thus giving the end moment 
in single curvature about the XX axis at the top end of the stanchion length. 
The maximum fibre stress due to this end moment is calculated and similarly 



460 


ANALYSIS OF STRUCTURES 



Fig. 18.13.—Permissible end bending stress. Single curvature bending. 
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the maximum fibre stress due to that arrangement of load producing bending 
in single curvature about the YY axis of the stanchion. The sum of these 
fibre stresses is the maximum single curvature end bending stress in the 
stanchion length. If this stress is less than the permissible end bending 
stress (/a) given in Fig. 18.13 for the stanchion length, as defined by its 
slenderness ratio (L/r) and axial load per unit area (p), the section selected 
will be adequate to carry the forces imposed on it when the loads are such 
as to produce bending in single curvature. 

The suitabihty of the section to resist double curvature bending is checked 
in a similar way. The sum of the total bending moments about the XX axis 
of the stanchion at its top end due to live loads (Table 18.5, column 3) and 
dead loads (Table 18.3) is, as before, divided between the stanchion lengths 
in proportion to their relevant stiffnesses, thus giving the bending moment 
and hence the bending stress in double curvature about the XX axis at the 
top end of the stanchion length. In the same way the bending stress, due 
to double curvature loading, about the YY axis of the stanchion, is deter¬ 
mined. The sum of these stresses is the maximum double curvature end 
bending stress and the suitability of the section is checked from Fig. 18.14. 

It might be thought that two other combinations of load, producing single 
curvature bending about one axis and double curvature about the other, 
should be considered. A comprehensiv^e investigation, in which the true 
maximum stress in the stanchion under such loading has been found in a 
number of particular cases, makes it appear that those dealt with above 
will always be critical. 

The fact that the end bending stresses about both princi])al axes are added 
in the above needs some explanation. Equations (18.2) and (18.3), refer 
only to bending in the plane in which buckling would ocxuir but it can be 
proved that, if the end stresses arising from bending in a plane at right 
angles are assumed to arise from bending in the plane in which buckling 
would occur, safety is ensured. 

A design method is of little value, however sound it may be, if it is too 
complex to be used conveniently in the design office. A number of practising 
engineers who gave the method described above a trial in their offices 
were of the opinion that while designers had no difficulty in applying it, the 
time taken in proportioning a stanchion was prohibitive. The reason was 
that the two critical loading conditions had to be considered separately for 
each stanchion length. To produce a method acceptable to the designer 
further simplification was essential. 

It was desirable to arrange the data so that, while the principle of the 
original method would not be sacrificed, only one loading condition would, 
in effect, have to be considered. It was found possible, without serious loss 
of economy, to prepare a single set of curves giving the permissible end 
bending stress, which would ensure safety whether bending was in single or 
double curvature. 

For a symmetrical frame in which the bending moment in 

single curvature is never greater than 1/1-7 times the moment in double 
curvature. If, therefore, the ordinates of Fig. 18.13 for any value of p are 
multiplied by 1-7, the composite lower-limit curve, formed from this and 
the corresponding double curvature curve of Fig. 18.14 by taking that 
portion of each which gives the lower value of the permissible end bending 
stress (/a), will, if used in conjunction with the double curvature moments. 
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Fig. 18,15.—Permissible end bending stress (composite curve). 
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ensure safety in all cases whether the critical loading is such as to produce 
bending in double or single curvature. Such composite lower-limit curves 
are shown in Fig. 18.15. 

These composite strut curves are so drawn that safety is ensured provided 
that the moment in single curvature is not greater than 1/1*7 times the 
moment in double curvature. It must be remembered that the curve giving 
the permissible end bending stress (/a) in single curvature is based on the 
assumption that the bending moments at the ends of the stanchion length 
are equal. This is important since as a result, although in an asymmetrical 
frame the bending moment for single curvature loading may be more than 
1/1*7 times that due to double curvature, the composite strut curves are 
always satisfactory. 

Some further consideration must now be given to the moments of Tables 
18.3 and 18.5. It is not easy to assess the axial load in a stanchion length 
resulting from the arrangement of load on the beams which produces these 
moments, but it is known to be less than that when all beams are loaded. 
The conditions arising when a stanchion length is subjected to this full axial 
load, together with the end moments deduced from the tables, are therefore 
more rigorous than the actual worst conditions. The combination of circum¬ 
stances giving rise to the latter is likely to arise but rarely in practice, so that 
if rather worse conditions are assumed, a satisfactory stanchion section 
could be produced if the load factor chosen was reduced, for example, from 
2 to 1*25. The stanchion, while safe under these impossibly rigorous 
conditions, would have a load factor greater than 1*25 under more normal 
loads. It was considered inadvisable to set out the method of design in this 
way ; instead, it was decided to retain the load factor of 2 used in plotting 
the curves in Figs. 18.13, 18.14 and 18.15, but to follow the lead set by 
earlier codes, and to reduce the specified live axial load assumed in all 
storeys below the topmost. If this reduction in the live axial load is justifi¬ 
able, similar reduction is justifiable in the end moments due to the live load. 
This was arranged by omitting all the terms in Miog from Table 18.5, thus 
giving a reduction which varies with the stiffness ratio but which never 
exceeds 20 per cent. This omission of the Mpg term is merely a device to 
secure a reduction in the total moment, while at the same time simplifying 
the calculation of that moment, and does not mean that the critical arrange¬ 
ments of load, which form the whole basis of this work, have in any way 
been altered. 

The moments in to]3most lengths of internal stanchions and in external 
stanchions need special treatment, which will not be discussed here, but it 
was not difficult to produce a table of suitably reduced moments which, if 
used in conjunction with the composite strut curve, brings about a con¬ 
siderable saving of labour. The amended moments are given in Tables 18.6 
and 18.7. 

In addition to the foregoing, provision had to be made for designing frames 
of all types. The Tables given above could only be compiled in their simple 
form on the assumption that all stanchion lengths in the same storey were 
of the same stiffness. It was found possible to specify correction factors 
for use when this condition did not exist, by which the tabulated moments 
could be multiplied to give safe values of the moments in any unsymmetrical 
frame (Clause 18 below). A further correction factor was needed when the 
intensity of load on the beam framing into the lower end of a stanchion length 
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X^ble 18.6. —Total Bending Moment due to Dead Load. 


Ku + Ki, • 

Bottom length ; 

^ total moment \ 

! 1 

Intermediate 
length; ' 

/'total moment 
\ M? 

Topmost length ; 
/'total moment^ 

\ M? )■ 

\ M? )' 

0 

0-8()2 

1-000 

1-000 

0*1 

0-820 

0-975 

0-957 

0-2 

0-783 

0-950 

0-918 

0-3 

0-752 

0-920 

0-882 

0-4 

0-725 

0-893 

0-852 

0-5 

0-697 

0-865 

0-822 

0-6 

0-671 

0-842 

0-794 

0-7 

0-648 

0-820 

0-769 

0-8 

0-627 

0-798 

0-745 

0-9 

0-606 

0-776 

0-722 

1-0 

0 • 589 

0-754 

0-704 

1-25 

0-545 

0-709 

0-659 

1-5 

0-511 

1 0 - 669 

0-619 

1 • 75 

0 - 482 

' 0-632 

0-583 

2-0 

0-452 

0-601 j 

0-555 

2-5 

1 0 - 405 

0-546 ! 

0-503 

3-0 

0-367 

! 0-500 

0-461 

3-5 

0-336 

0-462 

0-426 

40 

, 0-310 

i 0-429 1 

0-396 

50 

0-268 

0-375 

0-349 

0-0 

0-236 

0-333 

0-310 

7-0 

0-211 

! 0-300 

0-279 

8-0 

0-191 

0-273 

0-256 

10-0 

— 

— 

0-227 

12-0 

.... 


0-197 

14-0 

-- 


0-174 

16-0 



0-156 


was greater than that on the beam framing into the upper end (Clause 17 
below). 

The more important clauses in the Committee’s recommendations setting 
out the method of stanchion design are :— 

(11) For each stanchion length a steel section shall be chosen and its 
adequacy shall be tested by the method set out in Clauses 12-18. 

(12) The total load (P) carried by each stanchion length shall be determined 
on the assumption that all beams are freely hinged at their ends. 

(13) For the purpose of calculating the total load the live load for the roof 
and topmost storey shall be calculated in full, but for the lower storeys 
a reduction of the live loads may be allowed in accordance with the 
following Table :— 


Next storey below topmost storey . 

10 per cent, reduction of live load. 

? > ? ..... 

20 „ 

? 1 U ’ J ..... 

30 „ „ „ „ „ 

?» ?» M ..... 

40 „ „ „ „ „ ,. 

All succeeding storeys .... 

50 „ „ „ „ „ „ 

No such reduction shall be allowed on ally floor scheduled for an applied 


loading of 100 lb. or more per square foot. 
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Table 18.7. —Total Bending Moment due to Live Load, 


l^BR + Kbl 
Ku-f-K^ 

Bottom length ; 

^total moment'^ 

\ Mlt /* 

Intermediate 
length ; 

^total moment^ 

Topmost 
(total mom 

Internal 

stanchion 

length ; 
lent/Mp). 

External 

stanchion 

\ /' 

() 

1149 

1-359 

1 - 360 

1-000 

0-1 

1-080 

1-290 

1-261 

0-961 

0-2 

1017 

1-230 

1-175 

0-925 

0-3 

0-9()l 

1-175 

1-098 

0-892 

0-4 

0-912 

1-125 

1-031 

0-861 

0-5 

0-871 

1 -082 

0-968 

0-834 

0-6 

0-834 

1-043 

0-915 

0-807 

0-7 

0-796 

1-004 

0-869 

0-781 

0*8 

0-763 

0-9()8 

0-823 

0-759 

0-9 

0-732 

0-9.34 

0-782 

0-738 

10 

0-706 

0-904 

0-746 

0-720 

1-25 

0-648 

0-837 

0-669 

0-673 

1-5 

0-596 

0-780 

0-602 

0-635 

1-76 

0-554 

0-729 

0-548 

0-601 

20 

0-510 

0-687 

0-503 

0-570 

2-5 

0-456 

0-615 

0-431 

0-517 

30 

0-408 

0-5,56 

0-390 

0-474 

3 5 

0-370 

0-,508 

0-358 

0-436 

4-0 

0-338 

0-468 

0-334 

0-407 

5-0 

0-289 

0-404 

0-293 

0-357 

6-0 

0-252 

0-356 

0-261 

0-318 

7-0 

0-224 

0-318 

0-235 

0-287 

8-0 

0-210 

0-287 

0-214 

0-261 

10-0 

— 

— 

0-181 

0-222 

12-0 

— 

— 

0-157 

0-193 

14-0 

_ 

— 

0-139 

0-171 

16-0 

— 

— 

0-124 

0-153 


(14) The axial load in tons per square inch of gross cross-sectional area of 
steel (p) shall be determined. 

(16) Where the fixed-end moments of the beams framing into the upper and 
lower ends of a stanchion length are the same in each bay and where 
each of these beams is attached at its remote end to a stanchion having 
a relevant stiffness at least as great as that of the stanchion under 
consideration, the procedure shall be as follows :— 

(1) Mpxj fhe moment about the XX axis of the stanchion due to dead 
load on the beams attached to the upper end of the stanchion length, 
shall be calculated. M]?x shall be the algebraic sum of the resolved 
components, about the XX axis of the stanchion, of the fixed-end 
moments at the ends, attached to the stanchion, of these beams and of 
the moments about the XX axis of the stanchion due to the reactions 
at their ends. The total moment on the stanchion about its XX axis 
at the upper end of the stanchion length due to the dead load shall then 
be determined from Tabic 18.6 for the appropriate value of the stiffness 


ratio 


Kbr+Kbl 


, where Kl and Ku are the relevant stiffnesses, that is 


Ku+Kl 

in this case about the XX axis, of the stanchion length under considera¬ 
tion and of the one above, and Kbr and Kbl are the relevant stiffnesses 
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of the beams, that is in this case the stiffnesses of the beams framing 
into the upper end of the stanchion length at light angles to the XX 
axis of the stanchion. 

(2) In the same way the maximum moment Myx about the XX axis 
of the stanchion due to the most unfavourable arrangement of live load 
on the beams attached to the upper end of the stanchion length shall be 
calculated. The total moment on the stanchion about its XX axis at 
the upper end of the stanchion length due to live load shall then be 
determined from Table 18.7. 

(3) The end bending moment in the stanchion length about its XX 
axis shall be taken as the sum of the dead and live load total moments 
determined in Clause 16 (l)-(2) multiplied by the ratio of the relevant 
stiffness of the stanchion length under consideration to the sum of the 
relevant stiffnesses of that stanchion length and of the one above. The 
maximum bending stress in the steel section at the upper end of the 
stanchion length due to this end bending moment shall be calculated. 

(4) The same procedure as that set out in Clause 16 (l)-(3) shall be 
adopted for the determination of the maximum end bending stress due 
to the moments about the YY axis. 

(6) Where a beam makes a skew connexion to a stanchion the fixed- 
end moment at the end of the beam shall, for the determination of 
Mj? and be resolved into its components about the XX and YY 
axes of the stanchion, and the relevant stiffnesses of the beam shall be 
the stiffness of the beam multiplied by the sines of the angles between 
the axis of the beam and the XX and YY axes of the stanchion 
respectively. 

(6) The total end bending stress shall be taken as the sum of the 
maximum end bending stresses calculated under Clause 16 (l)-(5). 
The magnitude of this total end bending stress shall not exceed the 
value given for the stanchion length, as defined by its slenderness ratio 
(L/r^), by the curve of Fig. 18.15 appropriate to the axial load per unit 
area {p), 

(17) Where the fixed-end moment of a beam framing into the lower end of a 
stanchion length is greater than the fixed-end moment of the corre¬ 
sponding beam framing into the upper end, the fixed-end moment of the 


upper beam shall be increased in the ratio 


2-f-V 

3 


where V is the ratio of 


the fixed-end moment of the lower beam to that of the upper. This 
increased moment shall be used in the determination of the total end 
bending stress at the upper end of the stanchion length. The total end 
bending stress at the lower end of the stanchion length shall also be 
determined using the actual values of the fixed-end moments of the 
beams framing into the lower end of the stanchion length. The greater 
of these two end bending stresses shall then be taken as the total end 
bending stress to be used in determining the adequacy of the section 
as in Clause 16 (6). 

(18) (1) Where a beam frames at its remote end into the web of another 
beam, the fixed-end moment at the end of the beam attached to the 
stanchion shall be increased by the appropriate correction factor as 
given in Table 18.8. 
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Table 18.8.— Corbection Factor (Connexion to 
Beam at Remote End). 


Rbr + I^bl 

Factor 

K„ + K,, 

01 

1-47 

0-5 

1*36 

1-0 

1-29 

20 

1-20 

4-0 

113 

8-0 

1-07 

160 

104 


(2) Where a beam frames at its remote end into a stanchion of less 
stiffness than the stanchion under consideration, the fixed-end moment 
shall be increased by the appropriate correction factor (Table 18.9). 
Where the stiffness of the stanchion at the remote end is not less than 
one-half that of the stanchion under consideration no correction factor 
need be used. Where the beam frames into the flange of the stanchion 
under consideration and is attached at its remote end to the web of 
another stanchion, the section of which is not known, the ratio (S) shall 
be taken as iV- 

No mention has so far been made of the steps to be taken when dealing 
with horizontal or wind loads. 

It was recommended by the Steel Structures Research Committee that the 
method of design described above should apply “ to the steel framework of 
building structures formed with horizontal girders and vertical columns and 
provides only for the stresses caused by vertical forces. Any structure for 


Table 18.9.— Correction Factor (Connexion to Stanchion at Remote End). 


I^BR + ^BL 

Stiffness ratio S 







* 

1 

1 

i 

01 

1-27 

118 

1-10 

1-04 

0-5 { 

1-30 

1-25 

118 

1-09 

1-0 

1-25 

1-22 

117 

1-09 

20 

1-18 

116 

1 14 

1-08 

40 

111 

1 110 

1-09 

1-06 

8-0 

1-07 

1-06 

1-05 

103 

16-0 

1-04 

j 103 

1-03 

102 


Sum of stiffnesses of upper and lower stanchion lengths at remote end of beam. 
Sum of stiffnesses of upper and lower stanchion lengths at end under consideration. 


which the method of design is used must be so constructed as to resist 
horizontal forces due to wind or other causes, without significant horizontal 
sway, by means of its floor slabs in association with vertical walls or braced 
vertical frames.” 
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This decision was based on the evidence provided by a lengthy investiga¬ 
tion of the effect of wind loads on frames having semi-rigid connexions. It 
was found that the bending moments in the stanchions due to wind loads 
increased rapidly in magnitude as the connexions departed from the condi¬ 
tion of complete rigidity. It was considered desirable to relieve such frames 
of the stresses arising from wind shear and therefore, where floors and walls 
do not supply adequate bracing, special wind bents are demanded. 
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CHAPTER 19 


THE THEORY OF MASONRY DAMS 

19.1. Function and types of dams. —In the conservation of water, either 
for domestic or power purposes, it is often necessary to form an artificial* 
lake by building a barrier across a valley. This barrier or dam can be made 
in various ways. One type is an earthen embankment with a central core 
wall of impermeable clay or concrete carried in a trench down to a sound 
rock foundation. The design of such dams is largely a matter of experience, 
although the increase in knowledge of soil mechanics in recent years has led 
to a much better appreciation of the principles underlying their behaviour 
and resulted in the establishment of a scientific basis of design. A different 
type of structure is the dam built of masonry or concrete ; this may be a 
gravity dam which relies upon the weight and disposition of the material to 
resist the water pressure ; an arch dam consisting of a single arch spanning 
the valley and abutting on its sides, or a dam consisting of a number of 
arches with artificial buttresses of masonry to take the thrusts of inter¬ 
mediate spans. Since the design of earth banks can be more suitably 

treated in works on soil mechanics than 
in those dealing with general theory of 
structures and the theory of the arch dam 
is very complicated and demands lengthy 
design computations, attention will be 
mainly directed in the present book to the 
theory of masonry dams of the gravity 
type. Fig. 19.1 shows the profile of such 
a dam; the water pressure acts on the face 
AB which is known as the back of the dam. 
The downstream face, CD, is the front of 
the dam. The points at which a horizontal 
section such as EF cuts the front and back 
of the profile are, respectively, the toe and 
heel of that section. The height of the 
top of the dam above the spillway level, 
a, is known as the freeboard. 

19.2. Development of design principles. —The earliest enunciations of the 
principles underlying the design of gravity dams were made by French civil 
engineers of the nineteenth century. In 1853 Sazilly suggested that only 
two types of failure needed consideration ; the first was the possibility that 
the section of the dam above any plane such as EF in Fig. 19.1 might slide 
relative to the section below it, and the second that the compressive stress 
developed when the reservoir was full of water might be greater than the 
material could stand without crushing. The first of these conditions was 
not considered to be of primary interest, since there was no record of any 
failure of this type, and so control of compressive stress became effectively 
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Fig. 19.1. 
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the only canon of design. A third danger was, however, envisaged, namely 
that the dam might overturn about the toe of any section under the pressure 
of the impounded water. 

These simple criteria were considered sufficient until, in 1870, Professor 
W. M. Rankine was consulted about the design of the Periyar dam in India 
and took the opportunity to make a study of the general problem. In a 
report of historical importance (Rankine, 1872), he introduced two new 
ideas into the theory. The first of these related to the allowable compressive 
stress : it had been customary, and is still the practice, to calculate only the 
vertical component of such stresses and the French engineers, Graeff and 
Delocre, had assumed that the same permissible value could be assigned to 
both the heel and toe. Rankine, however, pointed out that the principal 
stress was larger than that calculated by usual methods, and, since the 
batters of the back and front of the dam were different, it was unreasonable 
to adopt the same value for the allowable vertical components at both points. 
The front of the dam has a much flatter slope than the back, which is usually 
nearly vertical, and so the vertical component at the toe must be less than 
that at the heel if the masonry is to bo equally stressed for the two conditions 
of the reservoir full and empty. 

Far more important, however, than this correction of current ideas about 
compressive stresses was the dictum that since mortar was weak in tension, 
no tensile stresses ought to be allowed anywhere in the dam. The acceptance 
of this view leads to the formulation of the middle-third rule with which 
Rankine is usually credited. In fact, Navier had enunciated it in 1826 and 
Mery in 1840 applied it to arch design, but Rankine appears to have been 
first to adopt the no-tension condition as a criterion in the design of dams. 
The particular profile which he proposed as a result of his investigation will 
be dealt with later in this chapter. 

In 1895 the failure of the Bouzey dam near Epinal in France, directed 
attention to the dangers of providing inadequate strength in such structures. 
Unwin, after investigation, recorded his opinion that Bouzey was the first 
and only case on record of a high dam failing by overturning (Unwin, 1896). 
The failure assumed particular importance in this country in view of interest 
in the new Vyrnwy dam for the Manchester and Liverpool water supply, 
and considerable controversy developed upon the criterion of safety which 
ought to be adopted. 

In 1904, Atcherley and Karl Pearson propounded a completely new and 
startling theory. They suggested that tensile stress might be developed on 
vertical planes as well as on horizontal and that if such a possibility were 
taken into account, as it ought to be, the profile would be considerably 
modified. The discussion aroused by this theory has been summarised 
elsewhere (Pippard, 1950), and by the time it had ended in 1908 with the 
rejection of the new ideas, the theory of gravity dams seemed to have been 
placed on a reasonably sound scientific basis, and it was generally accepted 
that the principal factors in safeguarding such structures were to ensure 
that the compressive stress did not at any point exceed the safe value, 
either when the reservoir was full or empty, and, secondly, that at no point 
in the structure was tensile stress allowed. Since the second criterion 
meant that the resultant force fell within the middle third of the base, the 
danger of the dam overturning was automatically eliminated. 

An American engineer based a complete design method on these principles 
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(Wegmann, 1888) and this appeared to be the last word on the subject. 
Later, however, another factor assumed importance which will be discussed 
in the next paragraph. 

19.8. Uplift in masonry dams. —Since masonry and concrete are porous, 
water will percolate through a dam from the back to the front, and this 
percolation is increased by small cracks or fissures in the material. This 
occurs at all levels, but is probably most pronounced at the base section 
where the dam meets the foundation rock. At the heel of any section the 
pore water pressure corresponds to the head of water above the section, and 
at the toe it is equivalent to the head of tail water there, or if above tail 
water level, it is zero : there is a drop from one to the other through the dam. 
The pressure in the pores exerts uplift on the structure and must be taken 
into account in design. This question was discussed in a course of lectures 
given at the University of London (Hellstrom, 1936), and we cannot do better 
than quote the lecturer. He says in reference to concrete dams :— 

“A controversial question in connexion with the design of gravity dams 
is the uplift pressures. It is no exaggeration to say that many failures of 
such dams are due to the fact that no account was taken of uplift pressure. 
In my opinion, it is a crime not to pay due attention to uplift pressure, even 
if the foundation of the dam is first-class hard rock without visible fissures, 
and even if grouting has been carried out. ^ 

“ The measures generally taken to reduce the uplift pressure are as follows : 
providing the dam with a cut-off trench filled with concrete near the up¬ 
stream face of the dam, placing drains along the downstream side of this 
trench and along the foundation where fissures exist and providing drainage 
in the dam itself, either in the form of vertical drain pipes near the upstream 
face at a comparatively short distance from each other or arranging for large 
drainage galleries through the whole body of the dam. 

“ Measurements of uplift pressure at existing dams have shown con¬ 
clusively that, so far as foundation level is concerned, uplift forces do exist, 
even in cases where the foundation reck has been grouted and drainage 
has been provided. 

“ The uplift force with which the designer of dams is principally concerned 
is a product of pressure and area. It is often argued that the latter factor 
is of greater importance than the former, but the determination of the area 
over which u 2 )Uft pressure is exerted is far more difficult than the measure¬ 
ment of the pressure itself. So far no satisfactory information has been 
obtained regarding the proportion of the total horizontal base area on which 
the measured uplift pressures act. All that is known is that they cannot act 
on more than the full area, but nothing is known of the effective area at the 
base of the dam where concrete comes into contact with rock.” 

After a discussion of suggested methods for allowing for uphft, Hellstrom 
continues :— 

“ Other American engineers calculate with 100 per cent, uplift intensity 
at the upstream face, reducing it to 50 per cent, at the drainage gallery, if 
any, near the upstream face, and taking it as varying by a straight line to 
zero or tail water pressure at the downstream face, assuming the uplift 
pressure as acting on the full area at all points (Houk, 1932). 

“ Terzaghi has made certain interesting experiments to determine the 
uphft pressure (1934). These experiments and investigations have shown 
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that the effective area on which uplift may act in concrete is practically 
100 per cent. 

“ Horizontal construction joints in a dam are always vulnerable points. 
Moreover, there is never any guarantee that some more or less horizontal 
layers in a concrete between such joints may not occasionally be of inferior 
quality and more or less porous. Water may get into such layers directly, 
or through vertical cracks which are often found in dams near the foundation. 
As it has been found that also horizontal cracks may occur, and that, as will 
be referred to later, deterioration of the concrete particularly near the 
upstream face is possible, there seems to be no reason why, if all these cir¬ 
cumstances are taken into account, safe assumptions should not be made for 
the design of all dams and especially for such important dams where large 
quantities of water, if suddenly released, would cause appreciable damage. 
In Sweden for the last three decades or so, gravity dams have been designed 
to withstand uplift pressure varying in a straight line from 100 per cent, 
water pressure at the upstream face to 100 per cent, tail water pressure at 
the downstream face, acting upon 100 per cent, of the base area. The 
additional quantity of concrete required to make the dam able to withstand 
such uplift pressure calculated over the whole area is not considerable, and 
the extra margin of safety from failure that may thereby be attained is to 
be recommended.” 

More recently, a report has been published by a Sub-Committee of the 
American Society of Civil Engineers (1952) who reviewed the data available 
for masonry dams and made certain suggestions. Unfortunately, the 
evidence was not sufficient for the Committee to prepare a specific code for 
dealing with the effects of uplift, and to this extent their report is inconclusive. 
A majority came to the opinion that when designing a new dam it was 
advisable to assume that the uplift pressure affected the whole area of the 
dam at any level and that in small structures, at least, it would be advisable 
to assume, that this pressure varied linearly from the full hydrostatic head 
at the heel to the actual pressure at the toe. If, in a large structure, founda¬ 
tion conditions were such, in the opinion of the engineer, as to justify the 
same assumption, the Committee considered that these conditions should be 
improved by grouting, drainage and other measures. Some members, 
however, expressed the view that these proposals, which are the same as 
those suggested by Hellstrom, were too drastic. There is thus no consensus 
of opinion in this matter but it would appear j)rudent, in the absence of 
adequate drainage in a dam, to adopt the conservative view indicated. It 
should be observed in this connexion that in the opinion of the American 
Committee no credit for drainage systems should be allowed unless there is 
adequate assurance that the drains will be prox3crly inspected and maintained. 

The American report deals only with masonry dams and concrete structures 
are specifically excluded. The Committee in fact recommended that a new 
Committee should be set up to deal with the problem of uplift in such dams. 
The remarks quoted from the lectures by Hellstrom, on the other hand, relate 
to concrete dams so that in the absence of further data it would appear that 
the same assumptions can be applied to both masonry and concrete. 

19.4. Assumptions as to stress distribution in masonry. —If a masonry dam 
and its foundation be assumed to consist of a homogeneous mass of elastic 
material the stresses at any point in it can be calculated, provided that the 
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conditions of loading on all the faces are known exactly. The calculation 
is laborious and difficult and in general is unnecessary. 

It may be assumed with reasonable accuracy for all sections of a dam 
except in the immediate neighbourhood of the abutments that there are 
little or no shearing forces on transverse vertical sections, or, in other words, 
any section of the dam between two such sections may be assumed to be in 
equilibrium under its own weight, the water pressure on the back and the 
reactive forces from the foundation. 

The forces due to the water pressure are known accurately, and since the 
face of the dam is exposed to the air there can be no normal or tangential 
stresses at any point on this boundary. There remain the reactive forces 
from the foundation and, from the nature of the problem, it is quite impossible 
for these to be known accurately. 

If the dam is assumed to be rigid it can sink bodily or rotate under the 
action of the forces on it but no movements it may undergo can distort the 
base boundary ; if this was initially a straight line it will remain straight. 
If the foundation is perfectly elastic it follows, since the reaction at any point 
is proportional to the displacement, that the vertical reactive stresses upon 

the base of the dam follow a linear law. 
If the dam is not rigid, or the foundation 
not perfectly elastic, this distribution will 
be modified, but since it is impossible to 
know the elastic condition of the founda¬ 
tion an exact distribution cannot be 
determined. It is therefore customary to 
assume a linear variation of normal stress 
across any horizontal section of the profile. 
It should be realised that this is no more 
than assumption and that the whole of the 
existing theory of masonry dams is built 
upon it. 

Evidence obtained by more exact 
methods will be referred to later and the 
justification for this assumption discussed. 

In Fig. 19.2 let AB be any horizontal 
section of a dam and let the resultant of 
the weight and water pressure for unit 
length of the dam be R, the line of action 
of R cutting AB at u from A. Let the 
length of AB be Z. 

R can be resolved into its two com¬ 
ponents W, acting normal to AB and P, 
acting along BA. P is a shearing force and its effect will be considered later. 
W is a load applied normally to a rectangular section of width unity and 
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depth I ; the eccentricity is 


The direct compressive stress on this base 


section is 


W 


and the maximum stress due to the bending moment 


m/ 

- 
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2W / Su\ 

Hence the maximum compressive stress, at A, is and the 

minimum compressive stress, at B, is u^ljS the 

compressive stress is zero and the maximum compressive stress is ^ 

21 3 

If the stress everywhere is compressive and if u<ll3 tensile stress 

o l 


minimum 
2W 


is developed at the point B. The three cases are shown in Fig. 19.2. 

Hence, if tensile stress is to be eliminated, the line of action of the 
resultant force must cut the base section within the middle third of its length. 

A simple illustration of the application of the middle-third rule is to be 
found in the determination of the necessary base width B of a trapezoidal 
dam of height H and top width b. The back is vertical and water is 
supposed to reach to the top of the dam. By taking moments about the 
vertical back, the centre of gravity of the profile from that datum is 


B2+B6+fe2 

3(B+6) ■ 


The weight of one foot length of the dam is 


W 


(B+6)H'm;^ 

2 


where is the density of the masonry, and the over-turning moment due 
to the water pressure on one foot length of the dam is 


where w is the density of the water. 

When the reservoir is full the line of resistance must cut the base section 
at 2B/3 from the heel if there is to be zero stress at the heel. The distance 
between the lines of resistance for the reservoir empty and full is therefore 

2B _ B2+B6-62 
3 

Equating the overturning moment of the water pressure to the restoring 
moment due to the weight of the dam, i,e, M—Wv, we find 

H 2 =P(B 2 +B 6 - 62 ), 

where p is the specific gravity of the masonry. 

Or, if a be written for 6/B, 

^ H 1 

V p "Vl -f a—a2 

The value of the denominator is the same for a—a^, and for a —1—aj so 
there are two trapezoidal profiles of given height H and the same base width 
B which comply with the no-tension condition. One of them has a top 
width b and the other a top width B— b. The minimum value of the base 
width occurs when and is 2H/V5p. If a=0 or I the base width is 
H/Vpj extreme complementary trapezoidal sections are triangular 

and rectangular with the same base widths. 
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The middle-third rule follows directly from the assumption of a linear 
stress distribution : it is not true for any other. It was pointed out in a 
paper referred to previously (Atcherley and Pearson, 1904), that if this 
assumption is adopted it follows with almost equal validity that the distribu¬ 
tion of shear stress across the horizontal section arising from the pressure 
is parabolic. This will be dealt with in paragraph 19.8. 

19.5. Analysis of an existing profile. —Before discussing various profiles 
which have been suggested it is advisable to examine a method for analysing 
a section already proposed since it is quite usual procedure to draw a profile, 
analyse it to determine whether the essential points have been adequately 



covered and modify it by a process of trial and error until a satisfactory 
design is achieved. 

If the profile in Fig. 19.3 is to be analysed, the procedure is as follows. 
Divide the profile into a number of sections by horizontal lines 11, 22, ... etc., 
sufficiently closely spaced for the front and back of the dam to be considered 
as formed by straight lines between successive sections. 

Find the centre of area of each of the trapeziums thus formed : this may 
be done graphically as shown for 5566 by making 5a—56=66 and 6c=6d=56 
and joining ad and 6c. The intersection of these lines at is the centre 
of area. 

Consider now a length of one foot along the dam and calculate the weights 
of the portions of the dam between successive sections : these weights act 
through g^, etc., and will be denoted by etc. If a vertical from g^ 

meets 11 at e^, is the point where the resultant of the weights above 11, 
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acts when the reservoir is empty and its position determines the distribution 
of stress across 11 for this condition. The resultant of and acting 
through gi and respectively, must now be found and this is done most 
accurately by taking moments of these weights about a line such as AB. 
It may be found graphically by a link polygon but direct calculation is 
preferable. This resultant cuts 22 at and the process is continued for 
each section in turn to find 63 , 64 . . . The line through 63 . . . is 
known as the line of resistance for the reservoir empty and must cut any 
section within the middle third of its width if tension at the toe is to be 
avoided when the reservoir above that section is empty. 

A corresponding line of resistance for the reservoir full must also be found 
and section 55 will be taken to illustrate the method. The resultant weight 

above this section, acts through the centre 
of area of 0055 which has already been found. The pressure on the back 

wR^ 

of the dam above section 55 is Ps —where w is the density of the water, 

and this acts at H/3 above 55. It is usual to assume this to be always 
horizontal and to make no allowance for the fact that there is a downward 
component due to the batter of the back ; this assumption is on the side of 
safety. The line of action of the pressure Pg is produced to cut that of Wg 
at ; uv and uz are made proportional to Pg and Wg respectively and the 
resultant given by ux cuts the section 55 at /g which is a point on the line of 
resistance for the reservoir full. This is done for all sections and the com¬ 
plete line /i, /2 • • • /ii is obtained. 

For the elimination of tension at the heel when the reservoir is full this line 
must cut every section within the middle third. 

The maximum compressive stress at any section can be obtained once 
these lines of resistance arc found : let the appropriate line of resistance 
for the reservoir empty cut any section, say 55, at c from the mid-point of 
the section. Then if is the width of that section the direct compressive 
stress on it is Wg/^g lb. per square foot, since we consider one foot of the 
dam. 


The bending stress is 


My GcWg 

I ““/r = 


and the total maximum compressive stress is 



19.6. The Rankine profile. —Reference has already been made in para¬ 
graph 19.2 to the report made by Professor W. M. Rankine upon the choice 
of a profile for the Periyar dam in India, and his work in this connexion will 
now be considered in more detail. The profile is often referred to as if it 
were of general application but in fact it was designed for a particular height 
and upon certain specific assumptions. In the Report, after a preliminary 
discussion on methods of construction, allowable stresses, etc., Rankine 
summarises the conditions to be satisfied in his design as follows :— 

(1) The vertical intensity of compressive stress at the back of the dam is 
not to exceed that due to a column of masonry 160 feet high. 

( 2 ) The vertical intensity of compressive stress at the front is not to exceed 
that due to a column of masonry 125 feet high at the point where it is a 
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maximum and is to diminish below that point. This was to allow for the 
steadily increasing batter. 

(3) The lines of resistance when the reservoir is full and empty respectively 
must lie within or near to the middle third of the thickness of the dam. 

The limits set to the compressive stresses were determined by reference to 
the dam across the River Furens. 

Rankine points out that these conditions do not specify exactly any 
particular profile but are limits which must be satisfied in the chosen design. 
He thus makes it clear that a number of different profiles can be found to 
comply with the specification and explains that in his selection of a particular 
form which will fulfil the conditions he was guided by the consideration that 
one which lent itself to easy calculation of areas and centres of gravity was 
preferable to a more complex one if equally satisfactory in other respects. 
Ho therefore chose logarithmic curves to define the front, back and centre 
lines of the profile and the result is shown in Fig. 19.4. The thickness at a 
depth of 120 feet was made 84 feet of which one-fourteenth, or 6 feet, lies 
upstream of OX, the common asymptote of all three curves, and thirteen- 
fourteenths, or 78 feet, lie downstream of OX. 

The thickness of the dam at any depth ;r below tlie top is given by 

X~Xt 

t=t^e «.(19.1) 

where is the specified thickness (84 feet) at the depth (120 feet), a is 
the constant sub-tangent, common to all three curves, and is 80 feet. 

The formula can be expressed in common logarithms in the form 

log<=log<i+0-4343^^^^.(19.2) 

The total width of the dam at any depth can then be calculated, and at every 
section one-fourteenth of this width lies upstream and the remainder down¬ 
stream of the vertical asymptote OX. 

Putting x==0 in the equation, the top width of the dam Iq is found to be 
18*74 feet and the fact that the formula gave a width suitable for a roadway 
was one of the factors which influenced Rankine in his choice. 

The area of any section of the dam from the top down to a depth x is 

[ tdx=a{t—tQ). 

Jo 

Rankine shows from the properties of the logarithmic curves chosen that the 
vertical line through the centre of gravity of a section above a given level 
is midway between the middle of the thickness at that level and the middle 
of the top thickness. 

The moment of the water pressure, assuming the back of the dam to be 
vertical, acting on a section x below the top is wx^jQ and so the distance 
between the lines of pressure for the reservoir full and empty at any depth x 
is this moment due to the water pressure divided by the weight of the dam 
above the section, i.c., 

wx^ x^ 

6wjnjtdx dpait—tg) 

where p is the specific gravity of the masonry. This was assumed by 
Rankine to be 2 and as a result the distance between the two lines of resist¬ 
ance was x^ll2a(t—tQ), and both can be plotted very easily. The mean 
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intensity of pressure on the masonry at any section is, from the equation 
for the area, ^ 1 — and on the usual assumption of linear stress distri¬ 
bution across the section the maximum intensity of compressive stress is 

^=*^”•“( 1 - 7 ) (i+t)’ 

where r is the distance of the line of resistance from the middle of the section. 

Rankine concluded his report by giving rules for profiles of other depths 
and these will be summarised. The profile shown in the figure can be 
used economically for depths of 180 feet to 110 feet. Between this latter 
depth and 80 or 90 feet the waste of material is unimportant but for depths 



W5K 


Fia. 19.4. 


much less than 90 feet there is excessive strength. As an example, if the 
profile be used for a dam only 50 feet high, 40 per cent, more material than 
necessary will be required. For a dam less than 120 feet in height he suggested 
the following method. Construct a profile for 120 feet “ with all the thick¬ 
nesses and ordinates diminished in the same proportion with the depth. 
The intensity of the vertical pressure at each point will be diminished in the 
same proportion also, but this does not imply waste of material, the whole 
strength of the material being required in order that there will be no 
appreciable tension in any part of the wall.” 

As a final check on the design to discover to what extent the conditions 
prescribed by himself had been satisfied, Rankine made calculations of the 
stresses at different levels. He found that the compressive values were 
equivalent to heights of masonry of 154 and 124 feet at the back and front 

16 
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of the dam respectively, instead of the prescribed values of 160 and 125 feet, 
and that there were some small deviations outside the middle third indicating 
a small amount of tension but not sufficient to be of practical importance. 

The necessary dimensions for plotting this profile are given on Fig. 19.4. 

19.7. The Wegmann profile. —A direct method for determining the profile 
of a gravity dam is, as already stated in paragraph 19.2, due to E. 
Wegmann and was used by him in the design of actual structures. It is 
claimed that this method gives the minimum weight of material to withstand 
any specified head of water. The equations are in some instances rather 
cumbersome, but their solution is quite simple. Every dam, according to 
its height, is divided into five or fewer stages, the controlling condition in 
each stage being a different one. 

Stage /.—This is a top section, rectangular in profile. The top width of the 
dam, fixed by practical considerations such as the roadway to be built 
across it, will govern the height of this section. The limit of this stage 
will be reached when the line of resultant action for the reservoir full cuts 
the base section at the middle-third point since, if the rectangular profile 
be continued beyond this, tensile stress will be developed at the heel. 

Stage II .—In this stage the front of the dam is battered sufficiently to ensure 
that the line of resultant action for the reservoir full always cuts a 
horizontal section at the front middle-third point. The limit of this 
stage is reached when the line of resultant action for the reservoir empty 
cuts the base at the back middle-third point. If the back of the dam 
is made vertical below this section, tensile stress will be developed at the 
toe when the reservoir is empty. 

Stage III .—The front of the dam is battered to comply with the condition 
in Stage II and the back to a sufficient extent to eliminate tensile stress 
at any section when the reservoir is empty above that section. The 
limit of this stage is reached when the compressi ve stress at the toe of the 
dam for the reservoir full reaches a prescribed value. 

Stage IV .—In this stage the batter on the front of the dam is increased 
sufficiently to keep the compressive stress at the toe at the prescribed 
value, while the batter on the back is made sufficient to eliminate 
tension at the toe as in Stage III. The hmit of this stage is reached 
when the compressive stress at the heel for the reservoir empty reaches 
its prescribed value. This value is generally higher than that for the 
toe for the reasons given earlier in this chapter. 

Stage V .—The batters for both front and back of the dam are governed in 
this final stage by the necessity of keeping the compressive stresses in 
the masonry to the prescribed values when the reservoir is empty and 
full. 

The general method of design is to fix the required top width of the dam 
and the necessary freeboard. An equation can then be obtained for deter¬ 
mining the height of Stage I. A horizontal section at some arbitrary depth 
below the bottom section of Stage I is next considered and another formula 
determines the width of the dam at this point. The process is repeated 
step by step, until a criterion for the position of the line of resultant action 
for the reservoir empty shows that the limit of Stage II has been reached. 
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Corresponding formulas and appropriate criteria for the other stages are 
similarly used until the required depth below top waterlevel has been 
reached. 

The details of the method will be best understood by a study of the 
worked example given later. 

Fig. 19.5 represents a section of the profile ^_^ 

of a dam in any stage. j i 

Let Iq be the width of the dam already [ \ 

determined, i \ 

Z, the width of the section to be cal- i \ 
culated, j \ 

h, the arbitrary distance between these j 

sections, » \ 

I \ 

u, the distance from the toe to the i 

line of resultant action for the j ^r \ 

reservoir full on the lower section, h-i/—► 

V, the distance between the lines of ^ u —4 -^ 7 ? 

resultant action for the reservoir J 1 ^ V 

full and empty measured along ^ r J/ —n— 
the lower section, ^ 

y, the distance from the heel to the line ^ 

of resultant action for the reser- Fio. 19 . 5 . 

voir empty on the lower section, 

1 /q, the corresponding distance for the upper section, 

Aq, the area of the profile above AB, 

A, the area of the profile above DC, 

Wq, the weight of masonry above AB per unit length of dam, 

W, the weight of masonry above DC per unit length of dam, 
p, the specific gravity of the material of the dam, 

tv, the density of water 
and H, the head of water above DC. 


Then .(19.3) 

A=A„+(^®)/i.(19.4) 

and W=pw|Ao+ j .(19.5) 

By equating the overturning moment of the water pressure about the 
point where the line of resultant action for the reservoir full cuts the lower 
section to the restoring moment of W about the same point, we have 


We can now deduce the equations for the different stages. 

Stage L —Let the top width of dam=L 
and the freeboard =a. 
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In this stage, which is rectangular, 

y=-ll2 

and u must not be less than Z/3. 

At a depth of water H let u reach the limiting value of Z/3. Then sub¬ 
stituting these values of u and y and that for v from equation (19.6) in 
equation (19.3) we have 



Also since ^=H+a, Ao=0 and 

we obtain H3=.pL2(H+a).(19.7) 

which determines H. 



Fig. 19.G. Fig. 19.7. 


In the special case when a=0 this reduces to 

K=hVp. .(19.8) 

Stage II .—^The back is vertical and the front battered to keep the line of 
resultant pressure on the middle-third point when the reservoir is full. 

So u=ll3 

and y>^l^ with a limiting value y—lj^. 

To determine an expression for y we take moments of the area of profile 
as shown in Fig. 19.7 about the vertical face and obtain 
Ay^Ao^Q-fmoment of trapezium ABCD. 

But moment of ABCD— 

A?/—AQl/Q-f--(ZQ^-|-HQ-[-Z2), 





which must be not less than i/3. 


(19.9) 




478 


THE THEORY OF MASONRY DAMS 

From equation (19.3) 

I jjs AQyo+g(Zj*-|-Zio+Z®) 

which reduces to 

• • • • { 19 - 10 ) 

This quadratic determines I for any arbitrary value of h. This is sub¬ 
stituted in equation (19.9) and if y is greater than Z/3 the value of h chosen 
is such as to lie within Stage II. 

This value of I is then taken as Iq for determining the length of the next 
section by repeating the calculation. The process is continued until a 
depth is reached for which the calculated value of I on substitution in 
equation (19.9) gives y=Z/3. The limit of Stage II has then been reached. 

Stage III .—In which the no-tension condition is observed both for the 
reservoir full and empty. At each section in this stage therefore the limiting 
values are 

and u=ll3. 



( 2A \ 

“^+^oj=p;.(19.11) 

When the reservoir is full, since there is no stress at the heel, the maximum 
compressive stress at the toe is 

, 2W 

p'=—~L^- 1 —I no ^9^ 

I t 

and this must not exceed the prescribed 
stress for the toe of p. 

As before, an arbitrary value of h is chosen 
and I calculated from (19.11), This is sub¬ 
stituted in the expression for p' and provided 
p'<p the calculated width is allowable. A 
new value of h is taken and the design carried 
a section lower. This process is repeated 
until p'—Py which indicates that the limit of 
Stage III has been reached. 

Stage IV .—In this stage the maximum 
compressive stress at the toe is limited to p. 

The line of resultant pressure for the reser¬ 
voir full will fall within the middle third as 
shown in Fig. 19.8 giving a stress distribution 
across the section under consideration as shown, p^ being the compressive 
stress at the heel and p that at the toe. 
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Let e be the middle-third point nearer the heel. Since the moment of the 
load which produces the given stress distribution about any point is equal to 
the moment of the diagram we have, by taking moments about e, 




pl^ 


since the moment of the triangle ACB about e is zero. 

2 W/^ 3u'^ 

21 pV^ 


So 




and 

Also 


^ 21 _ pP 

3 6Api^ 


3 (\Ap(r 
y=llS 

H3 


which gives 


<ip{A.+ ('4^)4 


p 






(19.13) 


The compressive stress at the heel when the reservoir is empty is, since 

, 2W 


q -- 


I ’ 


(19.14) 


and the limit of Stage IV is reached when I is of such a value that q' -~q, the 
prescribed stress for the heel. 

Stage V .—The compressive stresses at the heel and toe for the reservoir 
empty and full are kept to the values q and p respectively. 


As in Stage IV, 
and by analogy 


21 

3 6Ap?/;^ 


_21__ pP 
3 (jAptv 
2^_ qP 
3 6Ap?/; 


6 p<^ A 




+ 


21 _ qP 

3 6Apu’ 


or P 

from which I is found. 




ph 


(19.15) 


Distribution of batter between front and bach of dam .—In Stages III, IV and 
V both the front and back of the dam are battered and so, although the value 
of I has been found at any depth its position relative to Iq is not yet known. 

Fig. 19.9 represents a section of the dam in any of these Stages, O being 
the heel and t the projection of the lower section beyond the vertical through 
the heel of the upper section. 

If the trapezium is divided into the triangles OAB, CDE and the rectangle 
ACDB and moments are taken for the whole profile about 0, 

then Ay=Ao(2/o+<)+^'+;o^(<+|) . 
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In Stages III and IV, y^lJS and on substituting this value and that of A 
we obtain 


2AS-Syo)-hlo^ 

QAQ-\-h(2lQ-{-l) 



Fig. 19.9. 


(19.16) 


and since all the terms in the right-hand expression are known, t can be 
calculated. 


In Stage V, 




21 ql^ 
3 6 Ap?^ 


Ay=g ■{ Ao+ 




W- 


Qpiv 


which gives, on equating to the expression for Ay above, the result 

A„(4; -6y„) ( A - +loHl-h) 


_ P^(^/ 

6Ao+/^(2Zo-| /) 


(19.17) 


As an exam|)le of the use of Wegmann’s method a profile has been designed 
in detail from the following data :— 

Total head—218*65 feet. 

Freeboard = 6 feet. 

Top width— 20 feet. 

Specific gravity of masonry—2 *25. 

Density of water —62*4 lb. per cubic foot. 

Allowable compressive stress at toe — 8 tons per square foot. 

Allowable compressive stress at heel —10 tons per square foot. 

The work is arranged as shown in Table 19.1. In the first place the value 
of h is calculated for the rectangular portion of Stage I by the use of equation 
(19.7). The values of u, v and y for this value of h, namely, 38*65 feet, are 
entered in the appropriate columns. We are now able to design Stage II 
and h is chosen as 10 feet. The values of u, v, y, I and A for Zi=38*65 are 
the values of Uq, Vq, level we are now considering and 

are entered in the appropriate columns. The values of I and y are determined 
from equations (19.10) and (19.9) respectively, v is found from equation 
(19.6). A new section, still keeping ^=10 feet so that H=52*65 feet, is 
dealt with in the same way and the process is continued until the calculated 
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value of y becomes nearly J of the calculated value of Z. It will be seen 
that this occurs when H==62*65 feet. The next section is taken 1 foot 
below this level and y is then exactly Z/3, indicating that the limit of Stage II 
is reached with a head of water of 63*65 feet. We now enter Stage III and 
h is again taken as 10 feet. The value of I is calculated from equation 
(19.11). Uy V and y are all equal to J of this value and are entered in the 
appropriate columns. The maximum compressive stress at the toe is 
calculated from equation (19.12) and entered under p\ The process is 
continued in sections for which ^=10 feet until, when H=:123*65 feet, 
^'—8 tons per square foot, which is the allowable limit for the toe stress. 
Stage IV is now entered with a further increase in depth of 10 feet; Z, u and 
g' are calculated from the appropriate equations for this stage and the limit 
is reached at H=178 *65 feet at which depth g'=10 tons per square foot, the 



allowable compressive stress at the heel. In Stage V the values of Z are 
calculated from equation (19.15) and u, y and v from the equations for Stage 
V. The only remaining calculations to be made are those to determine the 
amount of batter, the appropriate equations being (19.16) in Stages III and 
IV and (19.17) in Stage V. The theoretical profile obtained in this way is 
plotted in Fig. 19.10 which also shows a faired profile which could actually 
be used. 

The modifications of the Wegmann equations due to the inclusion of 
uplift terms have been investigated by E. H. Brown (1956). The general 
result is to reduce the effective specific gravity of the masonry to p —1 and 
so continue Stage III to a considerably greater depth. 

19.8. Distribution of shearing stress in a masonry dam. —In a paper 
previously cited (Atcherley and Pearson, 1904), it was shown that the 
assumption of linear distribution of normal stresses on a horizontal section 
of a dam leads to a parabolic distribution of shear stress across that section 
except for the special case of a triangular profile, when the distribution is 

16 * 
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linear. Unwin subsequently gave a treatment (1905) which produced the 
same results and his method, somewhat modified, will be followed here. 

Fig. 19.11 represents one foot length of a dam ABC. Let ADEB be the 
normal stress distribution on the section AB, assumed linear. The weight 
of one cubic foot of masonry will be taken as the unit of force. The stress 
at any point in masonry units per square foot can then, be represented as a 
column of masonry and if this is drawn to the same scale as the profile, the 
area ADEB will be equal to the area ABC. 

If PT is any vertical section, the shearing force along PT is the difference 
between the weight and upward thrust on either side of PT, i.e. 

PTCB-PREB. 



Let HK be another horizontal section at a height h above AB and HFGK 
the stress distribution curve for this section. The shearing force on QT is 
then 

QTCK-QSGK. 

Therefore the shearing force on the length PQ is 

(PTCB -PREB) -(QTCK -QSGK) 
i,e. (PTCB-QTCK)-(PREB-QSGK) 

or PQKB -(PQKB +KNEB -RSGN) 

i.e, RSGN-KNEB. 

Hence the average shear stress on PQ is 

RSGN-KNEB 
h ' 

If h is small this is the vertical shear stress at P and therefore the comple¬ 
mentary horizontal shear stress at the same point. 

If the back of the dam is vertical over the length h as in Fig. 19.12 the area 

RSGN 

KNEB is zero and the shear stress is — 7 —. In modern dams the back is 

a 

either vertical or only sh’ghtly battered and so the area KNEB can usually 
be neglected. 
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Take the point N in Fig, 19.12 as origin. Then the equations of the lines 
ND and GF are 


and 

Let TP be x from N, 
then 

the area 

and the shear stress 


-m^x 


y='m^x+c, where c=NG. 


RS=(rngic+c) — 

{m^—m^x^ cx 


2h 


+■ 


h‘ 


This is a parabola except when ; it is then a straight hne. 



Let/li == normal stress at the heel on section AB, 

normal stress at the heel on section SA above it 
and /e=normal stress at the toe on section AB. 

Ji~h 

AB 

and /4 = —(Z^—/^)+S^. 

Since 8^ is very small 


Then 


m. 


m, 


and 


dm 


The area of RSGN obtained above can therefore be expressed in the form 


2 dh 


Isa 


and the shear stress 


x^ dm 
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In a triangular profile with vertical back of height h and base width nh 
W =— masonry umts 


and 


P=— masonry umts. 


The eccentricity of loading from the mid-point of the base is ^ * 


Then 

f-- 

pn* 


> 

11 

H-i 

and 

2 

m= — 

pn® 
dm ^ 

Also 

1 Q- 
1 

It 

^1=1 

and 

X 

^ 

pn* 


pn- 

1 

n 




which is a triangle with its maximum ordinate — at the toe where x^nh. 

pn 

If the profile is rectangular with base width b and height A, 

W =bh masonry units, 

j^2 

P=^ masonry units 

Zp 

and the eccentricity of loading on the base is given by 

h “W"2p6 
^~epb' 

dm 6A* 


t.e. 
Then 
and 
80 that 
and 
Also 
so that 


dh~ p6«’ 


3AV 


This is a parabola with «=0 at x=0 and at z=b and a maximum ordinate 
3A* 
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In any other profiles the curves of shearing stress can be obtained graphic¬ 
ally. It should be noticed that there can be no shearing stress at any point 
where the boundary of the profile is vertical. This is shown in the triangular 
section where the back is vertical and in the rectangular where both front 
and back are vertical. It frequently happens that the bottom part of a dam, 
which is under the ground, is rectangular in profile and horizontal sections 
will have shearing curves with zero values at both the toe and the heel. 

19.9. Stresses on vertical sections of masonry dams. —Reference was made 
in paragraph 19.1 to a theory put forward by Atcherley and Karl Pearson, 
who suggested that the method of guarding against tensile stress by a con¬ 
sideration of horizontal sections only was completely inadequate since in most 



existing dams an examination of stress distribution along vertical sections 
showed serious tensile stresses over a large part of the profile. Fig. 19.13 is 
the profile of a masonry dam of base width 26. The weight is W and the 
water pressure P. The line of resultant action for the reservoir full cuts the 
base at a distance e from the mid-point. 

The distribution of normal stresses on the base is assumed as usual to be 
linear and to be represented by the diagram ACGB. The stresses are in 
masonry units so that this diagram is the same area as the profile. 

CG is produced to cut the line of AB and the distance from the inter¬ 
section to the mid-point of the base is denoted by d. 

If the normal stress at the mid-point of the base is /, 


the stress at B is 
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and 


from which 



/ 



) 


d 


3e' 


The stress at a distance x from the toe is then 


W 

26 


/d-\-b—x 


)■ 


The assumption, which is very nearly true, that the front of the dam is 
linear for some distance from the base enables the height at the distance x 
to be expressed as 

y' =mx. 

The intercept between the front of the dam and the stress distribution curve 
is then, for this linear range. 


W(d+6) ( , W\ 


and this represents the resultant upward intensity of stress on the base at x 

from the toe. The upward force on a length x^ of the base is then 1 ydx so 

Jo 

that 




w(d+b)x^ 4 


2bd 


( w\ 
(,"*+ 26 dj- 


1 f" 


Its vertical line of action is given by x~— 1 yxdx^ or 

-^iJo 

\^M{d+b)-\x^(2bdm+^N) 

W(d+6)-K(2Ww+W) ■ 


The distribution of shear stress on the base is assumed to be parabolic in 
accordance with the principles discussed in paragraph (19.8) and to be 
represented by the equation 

ZV(2bx-x^\ 


Since this gives a zero value at the toe it would apply more accurately 
to a profile having a rectangular base section as indicated by the dotted line 
on the diagram. This is quite usual so that the assumed shear stress 
distribution is probably reasonably close to the actual. The total shearing 

r^o 

force over a length of base Xq is 1 sdx, or 

Jo 

3P/ 64-K \ 

* 46\ 6* /■ 

The forces F^, Fg and the resultant forces on the face EF are in equilibrium, 
hence :— 

Total shearing force on EF^Fj 
and total thrust on EF=F 2 . 
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If the line of action of the resultant of these two forces cuts EF at y from the 
base 

y Pi 

x^-x Fj 

which gives, upon substituting the values of x, and F^, 

. 6* W(d+6)-ia:o(26dm+W) 

■ h-\x^ 

This is the equation of the line of resistance for vertical sections for that 
portion of the dam over which the front face is approximately the straight 
line 2 /'=mx. It is a hyperbola, the asymptotes of which are 

x—Zb 

26dm+W 

and -p- 

F 

The average shear stress on the vertical section is —~ since mx^ is the height 

TTIXq 

of the section EF. If the reasonable assumption is made that the maximum 
shear on the section is 50 per cent, greater than the mean, 

3 W(d-f 6)—Ja:o(26dm+W) 

• u • • , .3W(d+6) 

which IS a linear expression having its maximum value oi - —— masonry 

units at the toe of the dam. This emphasises the importance of thickening 
the toe as indicated by the dotted line in Fig. 19.13. 

The maximum tensile stress on the section EF occurs at F and is 


where c=y- 


mxQ\mxQ ) 

is the eccentricity of loading on this section. 


If the value of t is negative it indicates that the stress at F is compressive. 
Substituting for c, Fg and j) the expression becomes 
3 3P 

which is a parabola with a vertical axis. 

The value of t when 

3W(d+6) 

® 26dm2 • 

The maximum value occurs when —=0, i.e. when 

dx Q 


or when 


and is 


;(26dTO-fW)=j 


62 /26dw+W\ 36 


c—1 1 — 


where 



484 


ANALYSIS OF STRUCTURES 


The values of Iq and ^max having been calculated the parabola can be plotted. 

After the front of the dam departs from the linear a graphical method 
must be used to determine further points on the curves if these are found 
to be necessary. The procedure is as follows :—a vertical section is taken 
and the area bounded by this section, the normal stress curve and the front 
of the dam is obtained by a planimeter or otherwise. This gives the value 
of Fj, its line of action being through the centre of gravity of the area which 
is determined graphically. Fg can be calculated directly from the formula. 
These two forces are compounded graphically and the value of y thus found. 
The stresses are then calculated in the usual way. 

The authors of the paper which has been outlined above also considered 
the effect of assuming a linear distribution of shear stress across the hori¬ 
zontal section and found substantially the same qualitative results, viz., 
that considerable tensile stresses existed in vertical sections for more than 
half the width of the dam measured from the toe. Their conclusions were 
tested by means of models. In one of these the profile was divided into 
horizontal laminae and in the other into vertical laminae. Under load 
applied to the back to represent fluid pressure the behaviour of these models 
was in accordance with their expectation from the theoretical considerations. 
Their general conclusions, given in the words of the paper itself, are as 
follows :— 

(1) The current theory of the stability of dams is both theoretically and 
experimentally erroneous, because :— 

‘‘ (a) Theory shows that the vertical and not the horizontal sections are 
the critical sections. 

“ (6) Experiment shows that a dam first gives by tension of the vertical 
sections near the tail. 

“ (2) An accepted form of profile is shown to be stable as far as the 
horizontal sections are concerned, but unstable by applying the same condi¬ 
tions of stability to the vertical sections. 

“ (3) The distribution of shear over the base must be more nearly parabolic 
than uniform, but as no reversal of our statements follows when we pass 
from the former to the latter extreme hypothesis, it is not unreasonable to 
assume the former distribution will describe fairly closely the facts until we 
have greater knowledge. 

(4) In future we hold that in the first place masonry dams must be 
investigated for the stability of their vertical sections. If this be done we 
feel pretty certain that most existing dams will be found to fail, if we accept 
the criteria of stability usually adopted for their horizontal sections. This 
failure can be met in two ways :— 

“ (a) By a modification of the customary profile. We think it probable 
that a profile like that of Vyrnwy dam would give better results 
than more usual forms. 

“ (6) By a frank acceptance that masonry, if carefully built, may be 
trusted to stand a definite amount of tensile stress. It is perfectly 
idle to assert that it is absolutely necessary that the line of 
resistance shall lie in the middle third for a horizontal treatment, 
when it lies well outside the middle third for at least half the dam 
for a vertical treatment.” 
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With the publication of these conclusions there began a controversy in 
which many distinguished engineers took part. It was concerned with the 
issues as to whether tension occurred on vertical sections, and how shearing 
stresses were distributed on horizontal planes. Several experimental 
researches were inspired by a desire to solve these problems, the most notable 
being that of J. S. Wilson and W. Gore (1908), whose experiments were 
directed to finding a solution of the “ mathematician’s dam ” by the help 
of indiarubber models. They claimed that very good approximate solutions 
had been found to a problem which was too complex for mathematical 
analysis. Their most important result, confirmed by other workers, was 
that although slight tension might occur on a plane near the heel of the base 
section at the junction with the foundation, there was no tension elsewhere 
in a dam of normal profile. 

It was not until many years later that the development of relaxation 
methods made possible a mathematical analysis of the stresses, but when 
this was done (Zienkiewicz, 1947) the conclusions reached by Wilson and 
Gore were found to be well justified. 

Zienkiewicz analysed a profile designed by the Wegmann method and found 
that the maximum compressive stresses when the reservoir was full did not 
generally exceed those calculated on the usual engineering assumptions, and 
that for the same condition some tension developed in the portion below 
ground level at the upstream side of the dam. In the upper portion of the 
dam engineering assumptions and elastic theory produced results which 
agreed well and when the reservoir was empty the agreement was very close. 
This result has since been confirmed independently in connexion with 
calculations made on an arch dam (Allen, Chitty, Pippard and Severn, 1956). 

Fig. 19.14 shows a comparison of the experimental results obtained by 
Wilson and Gore and those calculated by Zienkiewicz. The two profiles 
have been drawn to different scales, and the stress curves have been re¬ 
plotted in terms of masonry units for easy comparison of the important 
feature, which is the close agreement in the shajpe of the curves, both for 
vertical and shearing stresses. 

19.10. The arch dam. —The theoretical treatment of the arch dam 
presents great difficulties, and although many attempts have been made to 
obtain solutions of sufficient accuracy for design purposes which can be 
applied reasonably quickly, none of them has gained general acceptance. 
An outline of these methods has been given by Jaeger (1950), and a more 
detailed treatment by Bourgin (1953), but before referring specifically to 
any of them the problem must bo considered generally. Suppose then that 
an arch dam of circular plan form and constant height is located in a rigid 
vaUey without any shear connexion between it and the base or abutments. 
Under the action of gravity forces and water pressure all elementary vertical 
strips of the structure are in the same state of stress, and a complete solution 
of the problem is found if the values of these stresses can be determined at 
every point in a vertical section. The water pressure on the back and the 
gravity forces will, in any such strip, produce vertical direct stresses, shearing 
stresses on horizontal planes and circumferential direct stresses. If the 
base is assumed to be connected with the rigid rock, the problem will be 
complicated by the imposition of this extra shear constraint and whereas 
the first assumptions reduce the structure to what is in effect a segment of a 
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tube of varying thickness, the new condition requires that the same tube 
shall suffer no distortion of its base section. An elementary vertical strip 
is now in the condition generally assumed in the analysis of a gravity dam 


Vertical stress Ifert/ca/ stress 




with, however, the addition of hoop stresses. Upon the first set of assump¬ 
tions the end sections of the dam can slide radially, and upon the second set 
they can deflect about the fixed bases. If however, the ends are built into 
the abutment to provide resistance to shear, all strains at these sections 
will be prevented and elementary vertical strips will no longer all behave 
similarly. The centre strip of the dam will, from considerations of sym- 
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metry remain free from resultant shearing forces on its vertical faces. There 
will be a transition from the state of stress at the centre section to that at 
the abutments and a complete solution of the problem now demands the 
determination of all the stresses at any point in the structure and not only 
in a typical vertical strip. 

The real problem is even more complicated than this ; few valleys 
approximate closely to the shape assumed which gives a dam of constant 
height, but are irregular and unsymmetrical. If a dam in such a valley is 
assumed to be divided into a number of elementary vertical strips each of 
which is analysed on the assumption that the vertical faces are free from 
shear, the resulting strains will bo incompatible, i.e. the vertical face of one 
section will not be exactly the same shape when strained as the contiguous 
face of the next section. In the actual structure these differences are 
adjusted by the development of shearing stresses between adjacent strips. 

Another very important factor which makes an exact solution impossible 
is that the valley rock will not be rigid but will have elastic properties which 
are hard to assess and which will almost certainly vary considerably from 
point to point. Even if they were determinate, however, and were un¬ 
varying, the strains in an irregular mass of elastic abutment due to the 
reactive forces from the dam could not be accurately found ; yet upon these 
strains will largely depend the magnitude of the stresses, both in the struc¬ 
ture and in the rock of tlte abutments and foundation. These considera¬ 
tions show that approximate methods of design are all that can be expected 
but these are of varying degrees of complexity, and all that can be done 
here is to mention a few of those which have been used. 

The simplest assumption of all is that an arch dam can be divided into a 
number of completely separate horizontal rings free to move at the abut¬ 
ments. Since the arches are circular in plan form and the water pressure is 
radial at every point, the stress is purely tangential and is calculated from the 
thin ring formula 

where h is the head of water at the section under consideration, R is the 
radius of the ring and t is the thickness of the ring. The Bear Valley dam 
in California was designed and built on this assumption in 1884. 

An extension of this method is to assume that the water load is taken 
entirely on separate horizontal arch rings as before but to assume also that 
these arches are encastre at the abutments. This is the method used by the 
Italian engineers and has resulted in the spectacular structures in the 
Eastern Alps (Sernenza, 1952). The equations for the encastre arch under 
radial load are derived as for any other arch ring (Chapter 12), but it is 
important to take rib-shortening into account since this is the only effect 
which produces bending moments under such load conditions. 

These methods do not take any account of the load carried by vertical 
strips of the dam acting as cantilevers, and while this neglect may be 
reasonably justified for dams in narrow gorges, it leads to serious mis¬ 
calculation for those in wider valleys. 

The U.S. Bureau of Reclamation have developed a systematic method of 
analysis applicable to any valley, known as the trial load method (U.S. 
Bureau of Reclamation, 1950). This visualises the dam as consisting of two 
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inter-penetrating structural systems ; one of these is a series of vertical 
cantilevers and the other a series of arches. The load from the water 
pressure is divided by repeated trial between the two systems in such pro¬ 
portions that the displacements of both are the same at a number of selected 
points. The method is based on the following general assumptions :— 

1 . The foundation and abutments are uniformly elastic in all directions. 

2. The concrete in the dam is homogeneous and uniformly elastic in all 
directions. 

3. The dam may be considered as fixed to the abutments and the founda¬ 
tions. 

4. The vertical construction joints in the dam are grouted before the 
water load is applied so that the structure acts as a monolith and arch action 
begins as soon as the reservoir starts to fill. 

5. Material of the dam, base and abutments is stressed well below the 
limit of elasticity. 

6. All vertical loads are carried by the cantilever elements and each 
cantilever acts independently of its neighbours. 

More recently a solution of the elastic equations for a particular arch dam 
at Dokan on the Lesser Zab River in Iraq has been obtained by relaxation 
analysis (Allen, Chitty, Pippard and Severn, 1966) which has given all the 
stress components throughout the structure. 

It is usual to supplement calculations for impoitant dams of this type by 
tests on models. These are often made of plaster of paris or similar material 
and are loaded mechanically to represent both gravity and water loads. 
Such tests have shown that the margin of strength in an arch dam designed 
by the usual methods is considerable. In the work on the Dokan dam 
referred to above, a rubber model loaded by water pressure was used to 
provide an indication of the behaviour of the structure, to furnish data for 
analysis and to check the results obtained by the calculations. The results 
of the experiments on this model were also used to obtain independent 
estimates of the more important stresses in the structure (Chitty and 
Pippard, 1956). 

Reference has been made only to loads due to gravity and to water pressure 
but stresses of serious magnitudes can be caused by seasonable variations of 
temperature ; these cannot be determined with great accuracy but they 
must be allowed for as far as possible. Further, in districts subject to 
seismic activity a severe earthquake shock may also produce serious stresses 
and these also need consideration in design. 
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CHAPTER 20 


EARTH PRESSURE AND THE DESIGN OF EARTH RETAINING 

STRUCTURES 

20.1. The general problem o! earth pressure. —The problem of estimating 
the pressure to be resisted by earth retaining structures has exercised the 
minds of engineers since the publication of Coulomb’s well known wedge 
theory in 1776. The factors controlling earth pressure are, however, of a 
complex character, and include the relative rigidities of the soil and of the 
structure supporting it and the action of water pressure within the soil. 
It is only within the past 20 years that developments in the field of Soil 
Mechanics have enabled the relative importance of these various factors to 
be properly understood (see various references at the end of the chapter, 
p. 513), while the distribution of the force acting on a wall still cannot be 
theoretically predicted with accuracy owing to the difficulty of representing 
the stress-strain characteristics of the soil by simple parameters. Semi- 
empirical methods play an important part, therefore, in actual design 
procedures. 

In order to understand the factors controlling earth pressure it is necessary 
to consider first the state of stress in an undisturbed soil mass, and then to 
examine the extent to which this may be modified by lateral deformation. 

20.2. Earth pressure at rest. —The vertical 
stress p at a depth h in a homogeneous soil 
mass of unlimited lateral extent and bounded 
by a horizontal surface is where p is the 
density of the soil (Fig. 20.1). If ground 
water is present below a depth h\ the base 
of a column of soil of depth h will be acted 
upon by an uplift pressure u, which, in the 
absence of seepage, is equal to p,;,(^—i^'), 
where p^^ is the density of water. The stress 
carried by the granular structure of the soil 
is reduced by this amount ; the effective 
stress, j/, which controls the mechanical 
behaviour of the soil structure, is then equal to the total stress p less the 


uplift pressure u, 

p'=zp~u .( 20 . 1 ) 

or .(20.2) 


Soil above ground water level, with the exception of clay and silt, is 
usually not fully saturated and has a lower density than the saturated soil 
below ground water level. The appropriate value of p must be used 
accordingly. 

The horizontal stress q may similarly be divided into the hydrostatic 
component and the effective horizontal stress g', where 
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Fig. 20.1. 


(20.3) 
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It is then possible to relate the horizontal and vertical effective stresses 
by the expression 

g'-Kop'.(20.4) 

where Kq is known as the coefficient of earth pressure at rest. 

If the stratum of soil has been formed by natural sedimentation, or by a 
process of artificial deposition in which no lateral yield is permitted, Kq is 
found to be a constant depending only on the type of soil and the method of 
deposition. For loose sands the value of Kq is about 0-45, and for dense 
sands about 0 • 35. A wider range of values is encountered in clays, depending 
on the size and mineralogy of the particles, and may vary between 0*4 and 
0*7. If the stratum has been overconsolidated, by being subjected to a 
surcharge which has subsequently been removed, the values of Kq will be 
higher, as the deformation characteristics of soil are not fully reversible, 
and values exceeding 1*0 may be encountered. In a perfectly elastic 
medium Kq=v/(1— v) where v is Poisson’s ratio (Richardson, 1909). 

The total horizontal pressure is thus given by the expression 

^^-i^+Kqp' 

or ^r^p,,,(/i-^')+KQ{p^—. . . (20.5) 

20.3. Lateral deformation ; active and passive pressures. —If lateral yield 
of the soil is now permitted, the lateral pressure will decrease as the shear 
strength of the soil is progressively mobilised, until a condition of plastic 



Fig. 20.2. Displacements required to cause transition to active 
and passive states in sand (diagrammatic). 


equilibrium is reached when further yield leads to no further drop in pressure. 
This is the state of stress visualised by Rankine (1857) in his theory of earth 
pressure, and the pressure corresponding to it is referred to as the active 
pressure, as it represents the pressure still to be balanced when the shear 
strength of the soil is fully mobilised. 
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If on the other hand, the soil is subjected to lateral compression, the earth 
pressure will rise above the at rest value until the shear strength has been 
fully mobilised in the reverse direction. The corresponding earth pressure 
is referred to as the passive pressure, and represents the maximum resistance 
to lateral displacement which can be maintained by the soil. 

Rankine himself used the terms active and passive in a different sense ; 
the definitions above represent current practice in civil engineering. 

The relative magnitudes of the displacements required to cause the 
transition from the at rest state to the active and passive states in a sand 
stratum are shown diagrammatically in Fig. 20.2, and illustrate the influence 
of two factors. First, in a frictional material, the change in lateral pressure 
in passing from the at rest state to the passive state is many times greater 
than the reduction in stress in passing from the at rest state to the active 
state. Secondly, the soil does not obey Hooke’s law, and the modulus of 
deformation on reducing a stress (as in the transition to the active state) is 
much larger than that on applying an increase in stress for the first time 
(as in the passive case). 


20.4. Earth pressure coefficients for active and passive Rankine states.— 

In a semi-infinite soil mass bounded by a horizontal surface free from shear 

stress, the vertical normal stress p' will, by 
symmetry, be a principal stress. The active 
pressure, being by definition the minimum 
normal pressure in a horizontal direction, is 
therefore also a principal stress. The two 
principal stresses may be resolved into a 
shear stress t and a normal pressure a' acting 
on a plane inclined at an angle 0 to the 
horizontal, as in Fig. 20.3. 

Resolving in the direction of the shear 
stress, the value of t is found to bo 

T—(p'—g') sin 0 cos 6. . . . (20.6) 

Resolving in the direction of the normal 
stress, the value of a' is found to be 

a'cos 2 0+ 5 ^'sin 2 0.(20.7) 

Rankine assumed that limiting equilibrium would be reached when the 
ratio t/g' reached a maximum value given by the expression 

T=a' tan (/> .(20.8) 

where, in modern terminology, ^ is the angle of internal friction. This 
expression is found experimentally to be true for dry or submerged clean 
sand or gravel. For cohesive soils a more general failure criterion is required, 
as discussed in paragraph 20.12. 

From equations (20.6) and (20.7) the ratio t/o' is 



T 

a' 


p —g 


p' cot 0+g' tan 0.(20.9) 

Differentiating this expression with respect to 0 and equating to zero to 
obtain the condition for the maximum value of t/ct' we find 


f 

—=tan2 0, 
<1 


( 20 . 10 ) 
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Substituting this in equation (20.9) we have 

/t\ _ p'-^ 

Vo'/max 2's/pY 

( ^) =tan ^ 

\^ / max 

/ jp'— 

tan 6=^ ^ j= L :, 

^ 2 Vp'q' 

cosec^ (f>=-l +cot‘^ (f) 

( p-H' Y 

\p-q') 


( 20 . 11 ) 


In the active state 

i.e. 

Now 


sin (f) 


p -q 


i.e. 


p+q' 

q' 1 —sin <f> 


qa=-p 


j)' 1 +sin (j> 

This leads to the expression for the minimum or active lateral pressure 

' ( 1 -sin <f> \ 

\1 +sin (f)/ . 

Similarly, the maximum, or passive, lateral pressure is given by the 
expression 

, Vl-f-sin<;6\ 

. 


( 20 . 12 ) 


(20.13) 


(20.14) 


These expressions are usually written 

q'a =l<~ap' \ 

q'p-=^2>P'i . 

where Ka and are termed the coefficient of active earth pressure and the 
coefficient of passive earth pressure respectively. Typical values are given 
in Table 20.1. 

Table 20 . 1 . 


Valves of and fob the Rankine State with a Horizontal Ground 

Surface. 


4- 

2 .' 5 ° 

30 '’ 

35 ° 

40 '’ 

46 ° 

K„ 

0-41 

0-33 

0-27 

0-22 

017 


2-40 

3-00 

3-69 

4-60 

6-83 


By a simple trigonometrical transformation it follows that 
1 +sin cf) 


-sin (f) 
-sin (f> 


=:tan2(45^-h(^/2) 

=tan2(45°-(;^/2) 


(20.15) 


1 -j-sin (f) 

These values may be substituted for p'/q' in equation (20.10) to give the 
inclinations of the planes on which limiting equilibrium is reached in the 
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active and passive states respectively and lead to the values, illustrated in 
Fig. 20.4 : 

(a) active state, 0=45°+<^/2 

(b) passive state, 0—45°—^/2. 


Lateral yield —► —► Lateral compression — 



(a) Acti\/e (d) Pass/ 

Fig. 20.4. Rupture planes in active and passive Rankine states. 


Rupture planes at these angles may be observed in triaxial test specimens 
of sand when these are made to fail by lateral yield or lateral compression 
respectively. 

20.5. Influence of ground water.—It should be noted that although the 
expressions for Ka and Kp are identical in form with those obtained by 
Rankine, the stresses are here expressed as effective stresses. The total 
lateral pressure intensities, as in paragraph 20.2, will be 

a~\rU=Yia{^il —Pm;(^—^ ) • • • (20.16) 

/t')}+Pw'(^—^') • • • (20.17) 

The importance of the water pressure term can best be illustrated by a 
numerical example. For a typical loose sand the dry density may be taken 
as 95 lb. per cubic foot, and the saturated density as 122 lb. per cubic foot. 
The value of Kq will be 0-45, and for ^—30° Ka and will be 0*33 and 3*0 
respectively. Saturation has little influence on the value of (f> in cohesionless 
soils. The total lateral pressure at a depth h and the percentage due to 
water pressure, calculated from these data, are given in Table 20.2 for com¬ 
pletely dry sand and for sand with the ground water level at the surface. 


Table 20.2. 

Influence of Level of Wateii Table on Horizontal Pressure in Ground 
(pressures in lb. per sq. foot). 



At Rest 

Active 

Passive 

Sand 

Total 

Pressure 

% due to 
Water 

Total 

Pressure 

% due to 
Water 

Total 

Pressure 

% due to 
Water 

Dry. 

G.W.L. at 

43h 

0 

32h 

0 

290/t 

0 

Surface 

89A 

70 

S2h 

76 

241/t 

26 
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The results given in Table 20.2 illu^rate the following points : 

(1) The position of the water table exerts a most important influence on 
the magnitude of the total lateral pressure, and in the at rest and active 
states may lead to values at least twice as great as those for the dry material. 

(2) When the water table is near the ground surface, the major component 
of the lateral thrust is due to water pressure, and hence it is as important 
to know the water levels accurately as to know the soil properties. 

(3) A rise in the water table reduces the passive resistance. (This is 
particularly marked for higher values of K^.) 

It also follows from equations (20.16) and (20.17) that increase in total 
lateral pressure with depth is linear both above and below the water table, 
the rates of increase being Kp and {K(p—p^)+pw;} respectively. This leads 


Lateral pressure Lateral pressure 



Fio. 20.5. Pressure'depth diagrams for active and passive Rankine states. 


to the pressure-depth diagrams illustrated in Fig. 20.5, and enables the 
position of the resultant lateral thrust to be determined directly. 

20.6. Calculation of earth pressure on actual structures. —Conditions 
encountered in practice depart in several important respects from the 
assumptions on which the idealised active and passive Rankine states are 
based. This is a direct consequence of the fact that all changes in the state 
of stress in the ground are accompanied by finite deformations, as illustrated 
in Fig. 20.2. For a rigorous solution it is therefore necessary to achieve 
compatibility of both stresses and deformations within the soil mass and at 
its boundary with the structure. This is, however, not practicable as an 
engineering method, since the stress-strain characteristics of the soil are, in 
general, non-linear, and vary with the magnitude and direction of the stress 
increments. In practice simplified methods are used ; these have been 
checked by large scale model tests carried out by Terzaghi (1934), Tschebo- 
tarioff (1949) and Rowe (1952), and also by field measurements. 

Two principal factors lead to a modification of the Rankine state of stress : 
first, shear stresses due to friction at the boundary between the soil and 
the structure resulting from relative movement, and secondly, the mode of 
deformation of the structure which may result in the limiting state of stress 
not being achieved throughout the soil adjacent to it. 

20.7. The wedge theory : active pressure. —For the state of stress in the 
ground behind the vertical back AB of a retaining wall as in Fig. 20.6 (a) 
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to correspond with the Rankine active state, the vertical shear stresses on 
AB must be zero, and the vertical pressure on the horizontal plane BX must 
be the same as that beneath the ground behind the wall at this level. Under 
these conditions a series of rupture planes such as BC, B^Ci would occur, 
inclined at 45°+(^/2 to the horizontal. 



ra) (b) 

Fig. 20.6. (a) Rupture surfaces behind wall in Rankine active state. 

(6) Modification of rupture surfaces by wall friction. 

In practice lateral yield results in a tendency for the soil to settle relative 
to the wall, and friction at this boundary leads to vertical shear stresses in 
the soil. These decrease in magnitude with distance from the wall, and 
result in curved rupture surfaces, as in Fig. 20.6 (/;). 

The effect on the stability of the wall is twofold. The earth pressure is 
reduced by about 20 per cent, in a typical case and the resultant force on 
the wall is directed downward, which reduces the overturning moment 
significantly. Although the actual rupture surface is curved, the magnitude 
of the earth pressure can be calculated with sufficient accuracy by the wedge 
theory, first described by Coulomb in 1776. 



Fig. 20.7. 

The application of this principle to the simple instance of a horizontal 
ground surface behind a vertical boundary without water pressure is 
illustrated in Fig. 20.7. 

If S is the angle of friction mobilised between the back of the wall and the 
soil, and <!> the angle of internal friction of the soil, the resultant force Qa 
between the soil and the wall will be inclined at an angle S to the resultant 
normal force Qan, and the resultant force R on the assumed rupture plane 
will be inclined at an angle ^ to the normal. The relationship between Qa, 
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R and the weight W of the soil above the rupture plane is given by the force 
polygon in Fig. 20.7, from which it follows that 


Qan—, 


w 


For a wall of height H 


Hence 


tan S+cot (0—^)* 

W=|pH2cot 0. 

pH^ cot 0 


Qan — 


2{tan S+cot(0—0)}.(20.18) 

The value of 0 producing the maximum value of represents the surface 

dQan 


on which rupture will occur. By making 
found to be 


d0 


=0 this maximum value is 


where 


Q^=JpH2K« 


K«=| 


cos <^\/cos 8 


Vcos S+Vsin (S+^) sin 


It should be noted that when S=0 


. . (20.19) 

. . ( 20 . 20 ) 


^ cos* <!> 1 —sin (f) 

“”~(l+sin ^)2*“l+sin (/>* 

which is the value of Ka given by the Rankine theory as in equation (20.12). 

Values of Ka, the coefficient of active earth pressure, for typical values 
of <f> and 8 are given in Table 20.3. 


Table 20 . 3 . 

Values of fob Cohesionless Soil : Vertical Wall Supporting Ground with 

Horizontal Surface. 


a 

4- 

o 

O 

25 ° 

o 

O 

CO 

35 ° 

o 

O 

46 ° 

0 ° 

0-49 

0-41 

0-33 

0-27 

0-22 

017 

10 “ 

0-44 

0-37 

0-31 

0-25 

0-20 

016 

20 ° 

0-41 

0-34 

0-28 

0*23 

0-19 

016 

30 ° 

— 

— 

0-26 

0-21 

0-17 

014 


20.8. The use of active earth pressure coefficients in design. —^The values 
of Ka modified by wall friction may be used when ground water is present 
in an expression analogous to that obtained for the Rankine state, equation 
(20.16) i.e., 

gan=Ka{p/l-p^(^-~/^')}+Pr.(/^~^').(20.21) 

If the ground behind the wall is subjected to an extensive uniform sur¬ 
charge of intensity w per unit area, the vertical effective stress will be 
increased by this amount and the lateral pressure on the wall will be in¬ 
creased by KaW at all levels. The most general form for qan is thus 

gan=Ka{u;+P^-p«.(A~^')}+p,.(^-A') . . . (20.22) 
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The vertical component of stress on the wall is equal to the effective 
horizontal pressure multiplied by tan 8, i.e. 

T=Ka{t«^+p^—8 . . . . (20.23) 

For important structures both S and <f) should be measured for the actual 
materials involved. For less important work approximate values may be 
taken from the Code of Practice for Earth Retaining Structures (1951), from 
which the values of cf) in Table 20.4 are quoted. 

Table 20.4. 

Typical Values of for Cohesionless Materials : Dry or Submerged. 


Material 

<f> deg. 

Loose sand 

30 to 35 

Compact sand ... 

36 , 

, 40 

Sandy gravel ... 

35 , 

, 46 

Rock filling 

35 , 

, 45 

Ashes or broken brick 

36 , 

, 46 

Shale filling 

30 , 

. 36 


The value of S depends on three factors :— 

(a) The nature of the surface of the structure. The value of 8 is always 

less than <^, and in the absence of test data the Code recommends 
20° for concrete or brick, 15° for uncoated steel piling and 30° for 
steel piling coated with tar or bitumen. 

(b) The ability of the structure to support the vertical component. This 

is usually in doubt only in cases such as a strutted excavation where 
the sheet piling does not penetrate below the excavation sufficiently 
far to carry the vertical load, or in sinking a caisson, where the 
friction is directed in the opposite direction. 

(c) The presence of continual vibration. In such instances 8 should be 

taken as zero. 

20.9, The calculation of passive pressure. —The influence of wall friction 
on the passive earth pressure coefficient may also be examined by the 
use of the wedge theory, but the departure of the actual rupture surface 
from the plane assumed in the wedge analysis then leads to a more serious 
error in the calculated value of the coefficient. The error, which is on the 
unsafe side, increases as the ratio S/<^ is increased, and for a horizontal 
surface more elaborate methods of calculation must be used if this ratio is 
greater than one-third. 

The types of analysis used to obtain more accurate values of include 
the examination of curved failure surfaces by iterative methods (Packshaw, 
1946), and the numerical solution of the equations of plastic equilibrium for 
the appropriate boundary conditions (Caquot and Kerisel, 1948). The 
values in Table 20.5 have been obtained by interpolation from the tables 
published by Caquot and Kerisel. 

The relative movement required to mobilise full wall friction in the passive 
state is difficult to assess. As the value of 8 has a marked influence on the 
magnitude of K^, a conservative estimate of 8 is usually made unless it is 
clear that the wall will tend to move downwards relative to the ground. 
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A value of one-half that used in the active case is recommended in the Code 
of Practice. It is also obvious that the vertical component of wall friction 
on an anchor block, for example, cannot exceed the weight of the block. 

Table 20.5. 


Values of for Cohesionless Materials : Vertical Wall pressing against 
Ground with Horizontal Surface. 


8 


20° 

25° 

30° 

35° 

o 

O 

45° 

0° 

20 

2-5 

30 

3-7 

4-6 

5*8 

10° 

2-6 

3-2 

41 

5-3 

7*0 

9*6 

20° 

— 

3*5 

5*2 

7*0 

9*7 

14*2 

CO 

o 

o 

— 

— 

— 

8*4 

12*6 

19*4 


20.10. Wedge analysis for irregular boundaries. —Consideration has so far 

been given only to a vertical wall with a horizontal ground surface and a 
horizontal ground water table. The wedge analysis described in paragraph 
20.7 can, however, be generalised to apply to a battered wall and an inclined 
ground surface. 

The values of Ka and derived from this solution, and also from more 
accurate solutions involving curved rupture surfaces, are tabulated in the 
published earth pressure tables. 

These solutions are, however, only appHcable to practical problems under 
the following alternative special conditions, 

(a) the soil is completely free from water pressure 

(b) the soil is completely submerged, when the earth pressure can be 

calculated in terms of the submerged density of the soil, and added 
to the water pressure 

(c) the water pressure at any depth is constant throughout the slope. 

The instances in which practical conditions approximate to these condi¬ 
tions are so rare that the very elaborate analysis of the complete wedge 
theory is of little more than academic interest today and is not reproduced 
here. Solutions can, however, readily be obtained directly from the wedge 
analysis for any specified conditions using a semi-graphical procedure. Two 
examples will be considered. 

Fig. 20.8 illustrates a battered wall supporting ground whose surface 
cannot be represented by a single inclined line. The ground water table is 
horizontal. An arbitrary rupture plane BC is selected and the total weight 
of soil W above this plane is calculated. The reactions at the boundaries 
AB and BC are divided into hydrostatic pressure and effective stress com¬ 
ponents. If MN represents the water level within the wedge, the resultant 
force due to hydrostatic pressure normal to AB is JMB^ sin a per unit length 
of wall, and the corresponding resultant, R„„ normal to BC is JNB^ sin 0. 
The resultant of the effective stresses acting on AB is inclined to the 
normal at an angle S ; the corresponding resultant acting on BC is inclined 
to the normal at an angle (f). The force polygon can thus be drawn, as shown 
in Fig. 20.8. 
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Rupture is most likely to occur on the plane which gives the maximum 
value of Q^. It follows that this value corresponds to the maximum value 
of the total thrust Qa, which is the resultant of and since the term 
remains constant. This maximum may be found after three or four 
trials by plotting the values of Qa against the position of the point C as in 
Fig. 20.8. 



B 


Fia. 20.8. 

In many instances ground water conditions cannot be represented by a 
horizontal water table, corresponding to static ground water. Indeed, the 
presence of a retaining wall, particularly if it is provided with effective drains 
and weep holes, will modify the water-table in the ground behind it, and lead 
to steady seepage. The water-table will vary seasonally and the design of the 
wall should be based on the worst conditions. The loss in pressure head re¬ 
sulting from seepage flow means that the pressure at any point does not 
correspond directly with its depth below the water table, but should be deter¬ 
mined from the flow pattern obtained by one of the procedures described in 
standard text books on Soil Mechanics or Hydrauhcs. 

A typical flow pattern is illustrated in Fig. 20.9 by an orthogonal system 
of flow lines and equipotential lines (lines of equal pressure head). The 
water in a standpipe at a point would rise to the level at which the equi¬ 
potential through that point met the free surface or zero pressure hne. The 
resultant water pressure on BN can thus be obtained by graphical summa¬ 
tion. In the simple illustration of Fig. 20.9 the water pressure on the back 
of the wall will be zero if the drain is efficient, and the force polygon will be 
as shown. 

20.11. Influence ot deformation on pressure distribution. —It will be clear 
from Fig. 20.2 that the load due to earth pressure, unlike the more usual 
external load systems, is itself a function of the deformation of the structure 
and cannot be assigned a unique value without some qualification as to the 
movement involved. The values of active and passive pressure calculated 
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Fig. 20.9. 

by either the Rankine or wedge methods correspond to states of plastic 
equilibrium. 

This point is illustrated diagrammatically in Fig. 20.10. Curve 1 repre¬ 
sents the load-displacement curve of the soil mass supported by a waU, and 
curves 2 and 3 the corresponding load-displacement curves of two walls of 
different rigidities. The load due to earth pressure decreases from the value 



corresponding to the total at-rest pressure, equation (20.5), at zero lateral 
deformation (point A), to the value corresponding to the total active pressure, 
equation (20.22), at point B, and for larger displacements remains almost 
constant. 

For a relatively rigid wall, such as a basement strutted by floor beams and 
a heavy raft, the load-displacement curve will be very steep and is repre¬ 
sented by curve 2. The intersection C of this curve with curve 1 gives the 
load carried by the wall, and will lie close to A, the at-rest pressure. For a 

17 
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less rigid wall, represented by the load-displacement curve 3, the point of 
intersection D will lie to the right of B, and the wall will carry only the 
active pressure. 

For a wall tilting about its base or moving bodily forward, the tests 
described by Terzaghi (1934) and Rowe (1952) indicate that point B may 
be reached when the displacement of the top of the wall is 0-05 to 0*1 per 
cent, of its height, depending on the density of the soil. For design purposes, 
gravity walls are assumed to belong to this class and stability calculations 
are therefore based on the active pressure. This also applies to anchored 
sheet pile walls, for which Rowe (1962) has shown the elastic yield of the tie 
bars to be sufficient for the active state to be reached. 

When the soil adjacent to the wall is in the at-rest state, the pressure 
distribution is given by equation (20.5). In the absence of water pressure the 
resultant force would therefore act at a distance above the base of the wall 
of one-third of its height. When the soil adjacent to the wall has passed 
wholly into the active state, the magnitude of the pressure on a vertical wall 
is given by equation (20.22) for level ground with water pressure and uniform 
surcharge. In the absence of water pressure and surcharge the height of the 

centre of pressure should again be 
one-third that of the wall ; this has 
been confirmed by large scale model 
te«ts. 

The same result would be expected 
for the more general conditions of an 
inchned ground surface retained by a 
battered wall, if sufficient freedom of 
movement were allowed for the soil 
behind the wall to pass into the state 
of plastic equilibrium. Provided the 
boundaries ABC, AB^Ci, AB 2 C 2 , etc., 
Fig. 20.11. of the soil masses enclosed by each of 

the family of rupture surfaces in Fig. 
20.11 are geometrically similar, the pressure on the wall AB will increase 
linearly with depth, and the centre of pressure will be at the lower third 
point. This may be demonstrated by considering as an independent wall 
any section AB,^ above a slip surface B^C;i. 

The normal force per unit length of wall is 



where ABn=^h, 




(20.24) 


Hence 




(20.25) 


This reasoning applies whatever the shape of the slip surfaces, provided 
they are geometrically similar. 

Since the active pressure represents the lower limit of the pressure on the 
wall, it immediately follows (Southwell, 1932) that incomplete mobilisation 
of friction on the intermediate surfaces BjCj, etc., would involve higher 
pressures on the upper sections of the wall and a consequent rise in the level 
of the centre of pressure. This is confirmed by experiments in which the 
freedom of the upper part of the wall to deflect and thus allow the develop¬ 
ment of plastic equilibrium is restricted. 
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It would be out of place to discuss this aspect of the problem in detail, 
but since it is the condition commonly encountered in deep excavations, 
attention is drawn to two points. Such excavations are generally lined with 
relatively flexible timber or steel sheeting, and the upper strut is placed 
when the excavation is shallow and relatively little lateral yield has occurred. 
Before excavation has proceeded sufficiently for the next strut to be placed, 
the lower part of each exposed face is free to yield inwards, until it is 
ultimately restrained by the next strut. The resulting deformation for an 
excavation progressively deepened in this way leads to an incomplete 
development of the plastic state adjacent to the excavation. The pressure 
distribution is found to be approximately parabolic, Fig. 20.12, with the 
centre of pressure from 0 • 45 to 0 • 55 of the height of the sheeting above its 
base, while the resultant lateral thrust is about 10 per cent, higher than the 
active pressure given by the wedge theory. 







Final position of piane in 
soil, originally t^ertica! 


Fio. 20.12. 


The distribution of passive pressure in frictional soils is controlled by the 
same factors. Much larger lateral displacements are, however, required 
before the soil passes wholly into the passive state, as indicated in Fig. 20.2. 
Tests indicate that in loose sand movements of up to 5 per cent, of the height 
of the wall may be necessary before the passive pressure is fully mobilised. 
For smaller movements, the centre of pressure will not necessarily be at the 
lower third point of the depth, but may deviate considerably on either side, 
depending on the relative movements of the top and bottom of the wall. 
Typical experimental results are given by Rowe (1952). 

20.12. Active pressure in cohesive soils. —In his consideration of the 
limiting states of equilibrium of a soil mass, Rankine assumed that only 
the frictional strength of the soil could be relied on, and that the maximum 
shear stress reached on a surface of rupture was therefore directly propor¬ 
tional to the normal pressure. The corresponding failure criterion as given 
in equation (20.8) is t— ct' tan (f). 

Though this assumption greatly simplifies the mathematical treatment, 
cohesion does in fact play an important part in many earth pressure problems 
and it is then necessary to use the more general criterion of failure 

T^c+cr' tan <f> .(20.26) 
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For a given soil stratum the term due to cohesion, c, is assumed to be a 
constant which is independent of the orientation of the rupture surface. Its 
value depends on the type of soil and on the geological history of the stratum, 
and is determined by standard test procedures. 

The modification of Rankine’s equations to take account of cohesion was 
made by Bell (1915) who, like Rankine, did not consider the influence of 
water pressure in the soil. 

The full solution may readily be obtained by extending the analysis given 
in paragraph 20.4. The shear stress t and normal effective stress o' are 
given, as before, by equations (20.6) and (20.7), 

T=(p'—g') sin 6 cos 6, 

(t'=p' cos^ 0+5^' sin^ 0, 

where p and q' are respectively the effective vertical and horizontal stresses. 

The active state is produced by lateral yield, which causes the horizontal 
stress to decrease until the shear strength is fully mobilised on the most 
critical plane. The stresses on this rupture plane must then satisfy the failure 
criterion and at the same time lead to the highest value of g'. 

Substituting for t and a' in equation (20.26), and rearranging the terms, 
an expression for q' is obtained in terms of p', the constants c and </> and the 
angle 0, 

(p'—q') sin 0 cos 0=c+(p' cos^ 0+g' sin^ 0) tan 0 

whence 




j)' tan 


(20.27) 


For the maximum value of g', 



i.e.y 


0=cos2 0—sin^ 9-|-2 sin 0 cos 0 tan (j> 


—COB 20+sin 20 tan 

Hence cot 20 = — tan =cot (90"^ +(/>) 

and 0=45°+<^/2.(20.28) 

For a given value of <^, it follows therefore that the inclination of the 
rupture planes is independent of the magnitude of the cohesion. The 
value of g' is obtained by substituting the corresponding value of 0 in 
equation (20.27) which leads to 




/I—sin^\ 2 /l—sin0 
\l+sin^/ Vl+sinc^’ 


(20.29) 


The first term is identical with the Rankine value, to which g^ simplifies 
when c is zero. 

By using equation (20.15), the expression can be written 


or 


qi=^p' tan2^45°——2c tan^45°— 
g'=KA.p'--KAc.c,. 


(20.30) 

(20.31) 


where Ka and Kac are coefficients dependent on <f). 

Typical values of Ka and Kac are given in Table 20.6. 

It will be seen from equation (20.31) that at the ground surface, where p' 
is zero, the active condition corresponds to a state of tension in the ground. 
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Table 20.6. 

Values of and K^c Cohesive Soil in the Active Rankine State, Ground 

Surface Horizontal. 


<!> 

0° 

5° 

10° 

16° 

20° 

26° 

30° 

Ka 

o 

o 

0*85 

0-70 

0-59 

0-48 

0-41 

0-33 

Kac 

2-00 

1*83 

1-68 

1*54 

1*40 

1-27 

1*16 


the horizontal pressure being equal to — Kac c. The tension zone extends to 
the depth where ^^=0, i.e., where Ka.p'=Kac .c. 


Then 




Kac-c 


(20.32) 


In the absence of water pressure, the vertical pressure p' is equal to pz, 
where z is the depth of the tension zone and hence, from equation (20.32) : 


Kac c 

^”k7p 


(20.33) 


Lateral pressure Lateral pressure 




(oi') Above Ground Water Level ib) Ground Water Level at Surface 

Fig. 20.13. Rankine active state for soil having both cohesion and friction. 


Substituting the values of Ka and Kac as in equation ( 20 . 30 ), 

z==~ cot ^45®—.(20.34) 

For ground where water pressure acts, the value of p' is given by equation 
(20.2). In the limiting case when the water level is at the surface, A'=0 and 

/==z(p-pj. 

The depth of the zone in which tension would exist in the soil is then 

. 

Negative effective stresses cannot be relied upon in permanent engineering 
work, particularly at the boundary with a wall, and in the diagrams of lateral 
pressure against depth in Fig. 20.13 the shaded areas relating to these 
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negative stresses are neglected when calculating the total lateral thrust. 
The expression for the total lateral pressure including the water pressure and 
the surcharge w thus becomes 

9^an=p*.-(^~^')+[KA(w^+pA—A')— Rac.c]. . (20.36) 

The term in square brackets is only included when it has a positive value. 

20.13. The wedge theory for cohesive soils. —The modification of the state 
of stress adjacent to a wall due to shear forces at the boundary can be 
considered in terms of the wedge theory. The simple case of a vertical wall 
and horizontal ground surface is illustrated in Fig. 20.14. Vertical cracks 
are assumed to form in the zone in which tension is present and the mass of 
soil whose equilibrium is to be considered is represented by the boundary 
ABCD. The depth z of the zone of tension is assumed to be given by 



equation (20.34) although adjacent to the wall, where vertical shear occurs, 
this is only an approximation. 

The forces normal to the rupture plane are the resultants R^; due to 
hydrostatic pressure and R^ due to the effective stresses. The shearing 
force S, tangential to the rupture plane is, from equation (20.26), 

S-c.BC+R; tan .(20.37) 

The corresponding forces on AB are the resultants Q^, due to hydrostatic 
pressure, and Q^n <Iue to the effective stresses. The cohesion and friction 
along this boundary will in general be less than within the intact soil and 
are represented by c^., the coefficient of wall adhesion, and S, the angle of 
wall friction, is assumed to act only below the limit of the tension zone, 
and the vertical force on the boundary is then 

Si =Cj^(AB — 2 )+Q'„ tan S.(20.38) 

For a given rupture plane the values of the weight W, of the water 
pressure terms R^^ and and of the cohesion terms cBC and Ct^(AB— 2 ), 
can all be calculated. The values of R' and Q' are obtained from the force 
polygon as shown in Fig. 20.14, which also gives the magnitude and direction 
of the resultant Q« due to both water pressure and effective stress. The 
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most critical 2 )lane is determined by three or four trials as in the previous 
analysis. 

No general anal 3 rtical solution of this problem is possible even when the 
water pressure is zero. The results of a large number of numerical solutions 
by Packshaw (1946) have shown, however, that the influence of wall friction 
and adhesion can be represented by a modification of the coefficients Ka and 
Kac in equation (20.31), without serious loss of accuracy. Approximate 
values for these coefficients are given in Table 20.7, which is based on values 
in the Code of Practice. 

Table 20.7. 

Values of Coefficients and for Cohesive Soils on Vertical Wall. 

(Ground Surface Horiz.ontal. 


Co- 

Values 

of 

Values 

of 



Values of <f) 



efficient 







S 

cjc 

O'^ 

5° 


15° 

b 

25° 

Kx 

0 

All 

1-00 

0-85 

0-70 

0-59 

0*48 

0-41 

<!> 

values 

1-00 

0*78 

0-04 

0-.50 

0'40 

0-32 


0 

0 

2-00 

1-83 

1-68 

1-54 

1*40 

1*27 


0 

10 

2*83 

2-60 

2-38 

2 16 

1-96 

1-76 

Kao 

</> 

0-5 

2-45 

2*10 

1-82 

1-55 

1-32 

1*15 


<!> 

1-0 

1 

2-83 

! 

2-47 

213 

1-85 

1-59 

1-41 


20.14. Passive pressure in cohesive soils. —By an analysis similar to that 
given in paragraph 20.12, it can be shown that the maximum resistance to 
lateral thrust is 

45°+1) . . . (20.39) 

which may be written 

(7;-Ki>.p'+Kpc.c.(20.40) 

Values for the coefficients Kp and Kpc taken from the Code of Practice 
are given in Table 20.8. They arc approximate values based on the wedge 
theory for various values of wall friction and adhesion. 






tan^ ^45"^+^ ) +2c tan ( 


^ +2c tan ^ 


Table 20.8 

Wlues of Coefficients Kp and Kp(. for Cohesive Soils ; Vertical Wall pressino 
AGAINST Ground with Horizontal Surface. 


Co¬ 

efficient 

Values 

of 

3 

A^alues 

of 

Cjgtlc 

0° 

1 5° 

\"alue 

1 10" 

S of (j) 

15° 

20° 

25° 

K 

0 

All 

1 0 

1-2 

; 1-4 

1-7 

21 

2-5 

iVp 

</> 

values 

1 0 

1 3 

1-6 

2'2 

2*9 

3-9 


0 

0 

2-0 

2-2 

2-4 

2-6 

2-8 

31 


0 

0-5 

2-4 

2-6 

2-9 

3-2 

3-5 

3-8 


0 

1-0 

2-6 

2-9 

3.2 

3-6 

40 

4-4 

Kp^, 

<!> 

0-5 

2-4 

2-8 

3-3 

3-8 

4 • 5 

5-5 

1 


10 

2-6 

1_ j 

2-9 

{ 

3-4 

3-9 

4*7 

5-7 
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It will be seen that q'p is positive for all values of and so no tension 
cracks develop in the passive state. 

20.15. Soil treated as a purely cohesive material. —Hitherto it has been 
assumed that the hydrostatic pressure in the ground is either known from 
the level of the ground water table or can be determined from the flow 
pattern resulting from seepage. Cohesive soils are, however, generally of 
low permeabihty, and the tendency towards volume change in the soil, 
resulting from stress release when the wall is first constructed, leads to a 
temporary modification of the hydrostatic pressure. 

In temporary excavations in clay this initial stage is of primary interest. 
Under these conditions the explicit determination of the hydrostatic 
pressure is unnecessary and use can be made of the fact that a saturated 
clay, when sheared under conditions of zero drainage, behaves as a purely 
cohesive material with respect to changes in total stress. An analysis based 
on this principle is termed a “ ^=0 ” analysis. Justification for it has been 
given by Skempton (1948) and will not be discussed in detail here. It is 


Qan 



sufficient to accept the conclusion that the strength terms may be replaced 
by the apparent cohesion c„, measured in a test in which no flow of water 
from the sample is permitted, and that the analysis may then be made in 
terms of total stresses. 

In this special instance analytical solutions of the example given in the 
previous paragraph are possible both by the wedge theory and by methods 
using a surface of rupture which satisfies more closely the conditions of stress 
compatibility. The wedge analysis is illustrated in Fig. 20.15. 

If z is the limit of depth of tension cracks and H is the height of the wall, 
it is convenient to put z=B.—z. The weight W of the mass of soil ABCD 


per unit length is then 

W==p(a: 2 ; cot O+J cot 0).(20.41) 

From the force polygon it can be seen that 

W sin 6•—Qan cos 6 —CuX cosec 6 —Cu^x sin 6 =0 . . (20.42) 

whence Qa„=p(^x2-f-a;2;)—sec 6 cosec 0—tan 6. . . (20.43) 

The inclination of the most critical surface occurs when —0, t.e., when 

a\j 

cot2 0 = l-t--. (20.44) 
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Substituting this value in equation (20.43) and putting z—H—z gives 

. . . (20.46) 

If the plastic zone is fully developed adjacent to the wall, the lateral 
pressure at a depth h is 

. 

In the limit when wall adhesion is equal to the shear strength of the intact 
soil Cu,=Cu and then 

3<«n=pA—2V2.C„.(20.47) 

It will be noticed that the use of the wedge theory leads to an anomaly 
in the magnitude of the lateral pressure immediately below the tension zone 

2c ^ 

whose depth 2 : for the (f)=0 case is, from equation (20.34), equal to This 

can only be avoided by more rigorous analysis, which is generally not justified 
since the magnitude of the resultant thrust is not much affected by the 
approximations involved in the wedge method. 

20.16. Distribution of lateral pressure in cohesive soils. —If the displace¬ 
ment of the wall is sufficient for the full development of the plastic zone 
adjacent to it the distribution of active pressure is given by equation 
(20.36), and of passive pressure by equation (20.40). It follows that in the 
active state the centre of pressure will lie a little below the lower third point, 
as in Fig. 20.13, and that in the passive state it will he above the lower third 
point. The exact positions will depend on the relative values of Ka and Kac» 
or Kp and Kpc, and on the ground water level. 

Partial restraint by strutting will raise the level of the centre of pressure 
on the active side, but in a deep strutted excavation it is unhkely to rise 
above mid-height. In considering the initial pressure on the timbering of a 
deep excavation in clay to which the ^=0 analysis is apphcable, the possible 
amount of redistribution of pressure is determined within narrower hmits 
by the initial strength of the clay. Very soft clay will behave almost as a 
dense fluid and little redistribution of stress is possible, the centre of pressure 
therefore being close to the lower third point. In clay which initially is 
relatively strong, sufficient redistribution may occur to bring the centre of 
pressure up to the mid-height as in Fig. 20.12. A more detailed discussion 
is given by Terzaghi (1943), and an analysis of field data by Skempton (1953). 

20.17. Some structural problems involving earth pressure.— Three import¬ 
ant classes of structure have been referred to in the preceding paragraphs— 
strutted excavations, anchored sheet pile walls and gravity walls—and it is 
of interest, in concluding this discussion of earth pressure, to indicate how 
their design is related to the earth pressure calculations. 

Strutted excavations .—The construction of deep basements for high build¬ 
ings, and of trenches for services or for the cut-off beneath a dam, commonly 
involve open excavations of up to 50 feet in depth, and, in exceptional cases, 
of 200 feet. The safe and economical design of the sheeting and strutting 
is then a major problem. 


17* 
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As indicated in paragraphs 20.11 and 20.16, the total lateral thrust 
at any stage can be calculated with reasonable accuracy, but its distribution 
will depend on the actual lateral yield permitted during excavation. To 
allow for the unpredictable variations in yield which occur in practice, an 
envelope of the probable variations in distribution is used in design, as 
indicated in Fig. 20.16. The area of this envelope represents a total thrust 
44 per cent, greater than the actual active thrust In general the 

sheeting cannot carry vertical shear forces and therefore wall friction and 
adhesion are assumed to be zero. 


Lateral pressure 




Fig. 20.16. Lateral pressure envelope used in design 
of struts. (For dense sands reduction indicated 
by dotted line —--— is used.) 

The safety of a deep excavation in soft clay depends not only on the 
design of the strutting, but on the adequacy of the shear strength of the soil 
to maintain the unbalanced vertical pressure at the bottom of the excava¬ 
tion. An analysis of this problem and supporting field evidence is given by 
Bjerrum and Eide (1956). 

Anchored sheet pile walls .—Many permanent quay walls are now con¬ 
structed of anchored sheet piling as shown in Fig. 20.17. Their design 
involves the calculation of the active pressure behind the wall and the 
passive pressure at its toe. These pressures, and in particular their distribu¬ 
tion, determine the bending moment in the piles and the tie bar pull. If the 
tie bar is carried to an anchor block or wall, the permissible anchor pull will 
be determined by the passive pressure on the anchor. 

Experimental work by Rowe (1952) has shown that the pressure on the 
back of the wall will approximate to the active pressure without redistribu¬ 
tion. The position of the centre of pressure on the front of the wall, where 
the soil is in the passive state, will, however, rise with increasing flexibility 
of the wall owing to the relatively larger displacements at the surface C due 
to “ bowing ” as indicated in Fig. 20.17 (c) and (d). This rise of the centre 
of pressure shortens the effective span, and may reduce the maximum bend¬ 
ing moment to less than 50 per cent, of that carried by a rigid wall; the 
anchor pull is also modified. Details of the design procedure and the 
empirical reduction factors are given by Rowe (1952) and Terzaghi (1953). 

The initial calculation for a rigid wall is illustrated by a simple example 
in Fig. 20.17 (6). Curve 1 represents the effective active pressure on the 
wall, and curve 2 represents this active pressure plus the water pressure on 
the back of the wall, less the water pressure on the front. Curve 3 represents 
the effective passive pressure, and curve 4 the passive values divided by a 
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suitable load factor (2 or 3 for sands). and are the resultant active 
and passive forces given by curves 2 and 4 respectively. 



The necessary penetration CD of the pile is obtained from the equation 
for moment equilibrium about the point B, 

Q,m4=QpJp .(20.48) 

and the anchor pull, T« per unit length, is obtained by equating horizontal 
forces, 

T«=Q„„-Qp„.(20.49) 
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The corresponding load diagram leads to the bending moment distribution. 

Calculated penetrations are usually increased by an additional 20 per cent, 
to allow for subsequent errors in dredging, erosion, etc. It is also necessary 
in practice to ensure that the anchor is far enough from the wall to be 
effective, and that the removal of material by dredging in front of the wall 
does not lead, in clays, to deep-seated shear failure. 

Gravity walls .—^Massive walls of concrete, masonry or brickwork, are 
frequently used for dock walls and other permanent earth retaining 
structures, particularly where local materials can be utilised and where the 
foundation strata are suitable. 

Theoretically, a gravity wall may fail in any of the ways described in 
Chapter 19 in the analysis of gravity dams retaining water. Practical 


-I--6-^ 



Fig. 20.18. Load diagram for a rectangular section dock wall 
retaining frictional soil. 


considerations, however, direct the designer’s attention primarily to condi¬ 
tions at the base of the wall. Gravity walls seldom exceed 50 feet in height, 
and failure due to excessive compressive stress in the masonry is therefore 
improbable: as the walls are not primarily water retaining structures, 
limited tensile stresses are permissible. Failure can therefore only occur by 
the wall sliding bodily forward on its foundations, overturning bodily about 
the toe, or by failure of the foundation strata due to combined compressive 
and shear stresses beneath the base of the wall. 

The stability against overturning can be analysed, as illustrated in the 
example in Fig. 20.18, by taking moments about the toe (point B) to deter¬ 
mine the position of the vertical reaction on the base of the wall, R'. In this 
example is the effective lateral thrust and the force representing 
the difference in water pressure between the back and front of the wall. 
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The resultant of and acts at a height y. The vertical force due to 
wall friction is Q'^^tanS. The weight W can be calculated and the 
magnitude and position of the force R^ on the base due to hydrostatic 
uplift can be determined as for a dam, assuming linear distribution across 
the base. The remaining forces are the effective vertical reaction R' and 
the shear force S. Then resolving vertically, 

R'=.W+Q;^ tan S-R,^,.(20.60) 

and taking moments about point B, 

W 6 

R'a::=— +Q ;^6 tan S-R^i-(Q'^+Q^)y. . . (20.61) 

These equations give the values of R' and x. It is usually taken as a 
design rule that the reaction should lie within the middle third, i.e. that 
x>bl3. 

Equating horizontal forces, the shear force is 

+ (20.52) 

If sliding is resisted only by base friction it is necessary that 

S<R'tan 85 .(20.53) 

where 8b is the angle of friction between the base and the foundation 
material. 

Since the middle-third requirement can be satisfied without difficulty by 
varying the width b, provided the soil properties and water heads are known, 
few overturning failures have been recorded, most failures being due to 
overstressing either of the foundation strata or of the junction with the base 
of the wall. Reference should be made to the Code of Practice and to text 
books on Soil Mechanics for a more detailed discussion of these modes of 
failure, and to specialist papers (e,g. Meyerhof, 1953) for an analysis of safe 
bearing capacity under combined vertical pressure and horizontal shear 
stress. 

20.18. Factor of safety. —The difficulty of adhering to a unified concept 
of factor of safety when analysing a structural problem involving earth 
pressure will be obvious. It may be accepted, however, that as a general 
rule active earth pressure is treated as a structural load. The best estimate 
is made of its magnitude under the most severe water level conditions, and 
the structure is designed to carry this load with a conventional factor of 
safety or load factor. 

The passive pressure, on the other hand, represents the ability of the soil 
to carry an applied load, and a load factor of 2 or 3 is generally allowed in 
calculating the passive resistance. 

When the hydrostatic pressures are large and the cohesion and friction 
values small, it should be remembered that the passive pressure cannot be 
less than that corresponding to a fluid equal in density to the soil. It is 
therefore more realistic to apply the load factor only to the difference be¬ 
tween this value and the calculated passive pressure. 
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EXERCISES 

(1) A temporary excavation 25 feet in depth is to bo made in clay, luiving an a])f)ar(>nt 
cohesion c,^ of 400 11). per square foot. The density is 100 lb. per cubic foot. 

Four rows of struts are to be used (as m Fig. 20.16), the first at 3 feet below ground 
level, and the remaining three at intervals of 6 feet. Calculate the total lateral thrust 
per foot run, and estimate the load for which the struts in each row must bo designed, 
assuming that the sheeting is hinged at the lines of tlio 2nd and 3rd rows of struts. 
The lateral spacing of the struts is 8 foot. 

{6'6 ions per foot run ; 12'2 tons ; 

10 • 2 tons ; IPS tons ; 27 • 5 tons.) 

(2) An anchored sheet pile quay wall is to bo constructed at a site wliere both the 
foundation strata and the filling behind the wall are of sand. The dredged level is to 
be 30 feet below tlie level of the quay, giving a depth of water of 25 feet. Ground 
water level may rise 3 feet above dock water level. 

Calculate the necessary penetration to ensure stability and the anchor pull per foot 
run, if the tie bars are horizontal and at a depth of 4 feet. Determine how these values 
should be modified to allow for a uniform surcharge on the quay of 5 cwt. i)er square 
foot. 

The angle of internal friction of the sand is 35°. The angle of wall friction may be 
taken as 20° for both active and passive pressure, and a load factor of 2| should be 
applied to the passive resistance. The density of the sand above the water table is 
105 lb. per cubic foot, and where saturated, 125 lb. per cubic foot. 

In calculating water pressures a.ssurne complete cut off at the bottom of the piles. 

{12'5 feet; 3'3 tons per foot run ; 

14'2 feet; 4'7 tons per foot run.) 

(3) The water level in front of a mass concrete lock w all of rectangular cross section 
is normally kept 4 feet below the coping, and ground water level in the sand fill behind 
stays at this level. 

If the water level drops 8 feet during the operation of tlie lock, find the base width 
necessary to ensure stability against overturning. The height of the wall is 24 feet. 

The density of the sand above the water table is 100 lb. per cubic foot, and, where 
saturated, 120 lb. per cubic foot. The angle of internal friction (f> is 30“ and the angle 
of wall friction 3 is 20°. Density of concrete is 150 lb. per cubic foot. 


{15'4 feet.) 



CHAPTER 21 


EXPERIMENTAL STRUCTURAL ANALYSIS 

21.1. Introduction. —Many problems of structural design are amenable to 
mathematical treatment without other aid, but some are not so tractable and 
require the help of experiments for their solution. These may be adequate 
by themselves or they may be better used as an auxiliary aid to mathematical 
analysis. The early engineers relied largely upon tests to furnish informa¬ 
tion as to the strength and behaviour of particular structural units just as 
they do today, but it is comparatively recently that the use of experiments 
has been extended to actual design problems as a substitute for calculatioii. 
The development of the experimental approach, however, has been rapid 
and there is now a very extensive literature dealing with all aspects of this 
branch of structural analysis (e.g. Hetenyi, 1950). 

The uses of experiment in this connexion are varied, and before describing 
particular techniques they will be briefly considered under the following 
heads :— 

(а) Exploratory experiments made before mathematical analysis. 

(б) Confirmatory experiments made after analysis. 

(c) Experiments made in conjunction with analysis to provide essential 
data or to obtain empirical formulas. 

{d) Analytical experiments to replace computation in specific problems. 

(e) Experiments of an ad hoc nature. 

Exploratory experiments ,—These are undertaken to study the behaviour 
of structures or components under test conditions with a view to subsequent 
mathematical analysis. They arc not meant to provide exact data but 
simply to clarify the problem, and in designing them the aim should be to 
simplify and idealise the conditions as much as possible. An example of 
this is the research into the behaviour of the voussoir arch referred to in 
paragraph 16.4 in which simple preliminary experiments on a small model 
showed clearly the mechanics of the structure and influenced the whole of 
the subsequent work. 

Coyifirrnatory experiments .—The mathematical treatment of practical 
problems is usually only made possible by more or less drastic simplifications, 
and it is generally desirable and often essential that the legitimacy of the 
simplifying assumptions should be verified. In some instances the assump¬ 
tions have been so well established in the past that they may be accepted 
without reserve, but in others, experimental tests are imperative before the 
results of the analysis can be used with confidence. The importance of 
confirmatory experiments varies considerably with the problem, but prudence 
would dictate such checks in any case of doubt. 

Data-providing experiments .—These serve two purposes ; first, data may 
be needed for the correlation of analytical results with practical conditions. 
For example, the Perry strut formula was obtained by mathematical 
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reasoning some time before it was possible to use it for design purposes since 
the constant y) of paragraph 7-7, introduced to allow for the departure of the 
strut from perfection of shape, material and loading, needed evaluation. 

This constant cannot be specified numerically for any particular strut, but a 
comprehensive study of experimental results from many sources enabled its 
assessment statistically (Robertson, 1928), and the formula, which until then 
had been only of academic value, became the standard for strut design in 
Great Britain. 

Secondly, experiments under this head may be made in conjunction with 
a sketchy mathematical theory, or even without any logical background, to 
obtain empirical formulas. Many of the strut tests mentioned above had 
such an object and much early work on concrete must be included in this 
category. 

Analytical experiments .—A valid and well-established mathematical pro¬ 
cedure may be available for the solufion of a particular problem, but it may 
entail long and laborious computation. Simple experimental methods can 
then often be used with considerable saving of time ; the experiments may 
replace numerical calculations comi)letely or serve as a check and so save a 
second set of calculations. 

Ad hoc experiments .—Perhaps the commonest of all, these are made to 
determine the actual strength or behaviour of a particular unit, and range 
from a test to destruction on a small component to the proof loading of a 
completed structure. 

We can now turn attention to some of the methods used in the experi¬ 
mental analysis of structures. 

21.8. Direct measurement of stress. —The most obvious method of 
experimentation is to build a scale model of a structure to be studied and 
load it in a similar manner to the prototype. This provides direct informa¬ 
tion as to stress distribution which can very simply be translated into terms 
of the full scale structure, and is often useful as an aid to design. A some¬ 
what elaborate investigation of this sort made in relation to airship design 
(Pippard and Baker, 1925) serves as a good example of the possibilities of 
this approach, although the type of structure to which it was particularly 
related is now only a matter of history. 

The high degree of redundancy possessed by a rigid airship structure 
makes the application of the more usual mathematical methods of analysis 
described in Chapter 6 a practical impossibility and it was necessary to 
produce, for design purposes, approximate formulas of a generalised type to 
enable the internal forces in the various members to be determined from a 
knowledge of the resultant actions at any section of the hull. Before these 
formulas could be used with confidence their accuracy had to be checked 
and, as this could not be done against results obtained by more accurate 
mathematical analysis, recourse had to be made to experimental methods. 

The experimental structure and some details of its construction are shown 
in Fig. 21.1. The framework was 3 bays in length, each bay being 30 inches 
long and of hexagonal cross-section, the side of the hexagon being 25 inches. 
With the object of the experimental work in view the structure was built to 
conform as nearly as possible to the assumptions made in deriving the 
formulas to be tested. Fig. 21.1 shows the design of joint adopted so that 
the members would be subjected to as little end bending restraint as possible, 
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the assumption having been made in the analytical work that the structure 
was pin-jointed. The joints were IJ-inch diameter Hoffmann steel balls, 
partially softened to receive ^-inch diameter steel dowels, the other ends 
of which were screwed into plugs in the ends of the members, leaving ^-inch 
between the faces of the joint and the plug. While these dowels had the 
necessary strength their small flexural rigidity ensured that the amount of 
restraint offered by them would be small. To test the efficacy of the 
arrangement a strut 24 inches long and *75 inch diameter fitted with the 
dowel ends was tested in compression and failed at a load of 7,645 lb., 
the calculated Euler critical load being 7905 lb. 



Detail of JoiM 

Fig. 21.1. 


The transverse and longitudinal members of the structure were made of 
steel tube, J-inch outside diameter and 22 gauge thick, while all cross bracing 
members were 4 B.A. swaged rods, ability to resist compression being 
obtained by initially tensioning them. 

The strains in the members were measured by means of a simple type of 
extensometer. Along each member of the structure was placed a gauge of 
thin aluminium, corrugated for the sake of stiffness. It was attached to the 
member at one end by a hardened steel knife-edge and small set screw ; at 
the other end was a small circle of glass marked on the underside with a fine 
cross hair at right angles to the axis of the member, the glass being held in 
contact with the member by rubber bands. A fine line was scratched on the 
member to coincide as nearly as possible with the line on the glass. The 
distance between the scratches on the member and on the glass was measured 
by a specially designed micrometer-microscope and the alteration in this 
distance under different conditions of loading gave the elongation or con¬ 
traction of the gauge length. The gauges were 15 inches long between the 
point of attachment to the member and the line on the glass. Calibration 
curves obtained by direct loading tests were used to reduce the micrometer- 
head readings to loads in the member. Dead loads were applied to the 
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Table 21.1. 


Member 

Measured load 
lb. 

Calculated load 
lb. 

A,B, . 

:m-5 

343-0 

AgBj 

200 0 

200-0 

A3B3 

-196-] 

-200-0 

A4B4 . 

352 0 

- 343-0 

A.B, . 

730 

70-7 

A*B. . 

- 26-5 

- 27-2 

A,B, . 

1050 

lOC-O 

A3B2 

-1100 

-100-0 

A3B4 ... ... ... ... 

25-5 

27-2 

A4B, . 

- 74 0 

- 70-8 

BA . 

188-4 

200-0 

BA . 

123-5 

123-0 

B,C, . 

-115-5 

-123-0 

BA . 

-211-0 

-200-0 

BA . 

08-0 

02-0 

BA . 

35-0 

- 30-0 

B,C3 . 

103-2 

100-0 

BaCj . 

-1100 

-100-0 

B3C4 . 

3()-2 

30-0 

B4C, . 

03-0 

02-0 

...._ 


. 


structure and the strains, and from them tlie stresses, were found in all the 
members. Table 21.1 shows a typical set of experimental results obtained 
when a radial load of 400 lb. was applied at joint 1) of the end bulkhead. 
It will be seen from a comparison between the measured loads and those 
obtained by calculation that the experimental method gave satishictory 
results. 

21.3. Experimental slope deflexion method of analysis. —Another siitiple 
method of analysis in which loads are applied to model structures makes 
use of the slope-deflexion relations derived in Chapter 9 and is of particular 
value in the determination of the internal reactions of structures such as 
building frames which are made uj:) in the main of straight members of uni¬ 
form cross-section. This method does not call for the use of elaborate and 
expensive apparatus or any very refined technique and might well be 
employed in a design office. The model structure ean be made quickly and 
cheaply since it is only necessary to ensure that the centre lines of its members 
represent to some convenient scale the centre lines of the members of the 
structure to be analysed and that the second moments of area of its members 
are proportional to those of corresponding members of the structure. 
Hence, if the whole of the model is made of material of the same thickness, 
the depths of the members must be proportional to the cube roots of the 
second moments of area of the members of the structure. Additional 
refinement may be introduced by making the model of material of different 
thicknesses, so that both the second moments of area and the depths are 
proportional to those of the actual sections. Any load may be applied which 
does not overstrain the model and will be governed by the dimensions of the 
members and the type of microscope used. 

W. M. Wilson and G. A. Maney (1915) described tests which they carried 
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out on a xylonite model to check the deflexions and the changes in slope as 
calculated by the slope-deflexion method for wind loads on a building frame. 
The agreement between theory and experiment led to the analysis of the 
stresses in such frames by the direct measurement of the slopes and deflexions 
of models under load (Baker, 1932). 

The necessary equations are derived in paragraph 9.3, the convention as to 
signs, as shown in Fig. 9.9, being as follows :— 

(1) The rotation of a joint is positive when clockwise. 

(2) The deflexion of one end of a member relative to the other is positive 

when the line joining the ends rotates clockwise. 

(3) The end moments applied by the joints to the members are positive 

when they tend to cause a clockwise rotation. 

The bending moments at the ends A and B of a member AB of uniform 
cross-section throughout its length are given by 


and 


Mab-^ 


2ElAii 

^AB 


Mb A 


2EIab 

^AB 




Aab 

^AB 

Aab 

"^Tab 


where E denotes the modulus of elasticity of the material, 

Tab denotes the second moment of area of the member AB, 

(f)A and <f)B denote the changes of slope at A and B, 

Sab is the deflexion of one end of the member relative to the other, 
due to the a])plied loads, 

Aab is the area of the free bending moment diagram for AB 

and /ab is the length of the span AB. 

If, therefore, the changes of slope and deflexions in a loaded model can 
be measured, the bending moments can be evaluated from the above equa¬ 
tions, and the bending moments in a similar frame under a similar load 
s>^stem can be deduced. 

Following the lead given by Wilson and Maney, tests were made on 
xylonite models, but they were not satisfactory as it was impossible to obtain 
readings with any accuracy owing to the creep of the xylonite. So a model 
two-storey, two-bay frame w^as cut out of sheet brass gA-inch thick. The 
foot of each stanchion was held in a steel clamp representing the foundation 
slab and a double row of J-inch diameter steel balls under each beam and 
stanchion supported the model in a horizontal position, but left it free to 
move under load. Load was applied to each beam through a turnbuckle 
and spring balance. Small clamps carrying aluminium pointers 6 inches 
long could be fixed at any point on the model. When load was applied the 
horizontal deflexions of the frame and of the free ends of the pointers were 
measured by means of micrometer-microscopes. 

The brass models behaved satisfactorily and there was no appreciable 
creep. The only serious trouble likely to arise with models of this type is 
the buckling of members out of the plane of the frame, but this can be 
prevented by placing small weights on top of the frame to keep it in contact 
with the balls. 

This slope deflexion method has some advantages over other methods 
when used to determine stresses in building frames. It has been useful in 
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elucidating the behaviour of frames with semi-rigid connexions, but its 
sphere of usefulness is hmited and when curved members or those of varying 
cross-section are encountered, one of the methods described in a later 
paragraph will prove more suitable. 

Another example of this method of analysis, Fig. 21.2, shows a model of 
an elevator rib for a large aeroplane arranged for test. A load of 1 lb. was 



suspended from the end of the rib and the moments at each end of all the 
chord bays were measured as described. The results are tabulated below 
together with the values calculated by a complete theoretical analysis. 
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Table 21.2. 


Chord section 

1 

2 

3 

4 

Left-hand 

Experiment 

0-750 

0-467 

0-325 

0-209 

section 

Calculated 

0-790 

0-488 

0-341 

0-240 

Right-hand 

Experiment 

0-546 

0-372 

0-276 

0-287 

section 

Calculated ! 

0-549 

0-384 

0-290 

0-280 


21.4. Mechanical methods of plotting influence lines. —The use of influence 
lines in the study of structures has been discussed in Chapters 14 and 15. 
Such diagrams can often be obtained by mechanical methods (Beggs, 1927). 
The fundamental basis of such methods is Clerk Maxwell’s reciprocal theorem 
as given in paragraph 4.10. 

Fig. 21.3 shows an elastic structure which has three redundant reactions. 
If the support B is removed the initial conditions may be restored by the 
application of a vertical force Vq, a horizontal force Hq and a moment Mq. 
These redundant reactions must be determined before the resultant actions 
at any section can be found. 

Suppose the load W to be removed and a purely vertical displacement of 
known amount Ab imposed at B. This will necessitate the application of 
unknown actions V', H' and M' at B in the directions of Vq, Hq and Mq. 

Under this distortion let the point of application of W move in the direction 
of W by an amount Aw« Then we have two distinct force and displacement 



systems, one relating to the loaded structure in its original condition and 


the other to the displaced structure with no load acting at W. 


Tabulating these we have 

System 1 (Original conditions) 
Force . Vq Hq 

Mo 

w 

Displacement 

.0 0 

0 

$ 

Force 

System 2 (Displaced structure) 
.V' H' 

M' 

0 

Displacement 

.Ab 0 

0 

Aw 




522 ANALYSIS OF STRUCTURES 


Then by the reciprocal theorem, 

VoAb+H o(0) +Mo(0)+WAw - V'(0)+H'(0) +M'(()) +0(8) 

or VoAb + WAw“0. 

If W is unity 

AT 

. 


( 21 . 1 ) 


The negative sign in equation (21.1) indicates that the displacement Aw 
is in the opposite direction to W. 

If instead of applying a vertical displacement Ab at B, a purely horizontal 
displacement A'b is imposed, the same argument leads to 


H 


0 



( 21 . 2 ) 


where Aw^ is now the displacement of W in its line of action due to A'b. 
Similarly, if a pure rotation 6 is imposed at B we find 


Mo = - 


6 


(21.3) 


where Aw'^ is the displacement of W in its line of action and due to the 
imposition ofO. 

Equations (21.1), (21.2) and (21.3) are correct as long as the structure 
obeys a linear law between deformations and the forces causing them and is 
the basis of the method originally devised for the experimental determina¬ 
tion of redundant reactions or forces in a structure (Beggs, 1927). 

A model representing the structure to be analysed is made of any suitable 
material such as sheet xylonite and is mounted on a drawing board in a way 
representative of the prototype. The section at which redundant actions 
are to be determined is cut and re-connected through the medium of an 
instrument known as a deformeter. This instrument consists of two bars 
which can be moved relatively to one another by the insertion of accurately 
ground plugs. The ends of the cut member are clamped to these bars which 
are then displaced as required by small, known, amounts. The movements 
of other jioints on the model caused by these displacements are measured 
accurately by a micrometer-microscope and equations (21.1), (21.2) and 
(21.3) then enable the values of the redundant actions to be found. A 
deformeter, differing in some particulars from the original design by Beggs, 
is shown in Fig. 21.4. The bars, held together by springs, are separated by 
two plugs of equal diameter “ a ” resting in grooves with an angle 20, when 
the model is in its initial un-displaced state as shown in Fig. 21.4 (a). 

If these plugs are replaced by others of slightly larger diameter a+A, a 
displacement A sec 0, normal to the line joining the centres of the plugs is 
applied between the cut faces of the model (Fig. 21.4 (6) ) and if by plugs of 
diameter a—A, an equal displacement in the opposite direction is applied. 
When a small plug is inserted in one notch and a large plug in the other, a 
pure rotation is applied (Fig. 21.4 (c) ) of amount Asec6/Z where 21 is the 
distance between plug centres. 

A relative shear displacement of the faces is obtained if two equal rect¬ 
angular plugs are first placed in the notches so that the movable arm of the 
deformeter is moved in one direction relative to the fixed arm, and are then 
reversed to move it in the opposite direction (Fig. 21.4 (d )). 



EXPERIMENTAL STRUCTURAL ANALYSIS 


523 





The relative displacements of the bars should always be measured by 
the microscope and not calculated. 

To determine the reactions at a support such as B in Fig. 21.3, the fixed 
bar of the deformeter is secured to the drawing board on which the model 
is mounted, in such a position that the end B of the model can be clamped 
in the movable bar without straining the model when the normal plugs are 
in i^osition. 

A micrometer-microscope is focussed on a point in the structure where an 
applied load is assumed to act and the micrometer is oriented so that the 
movable cross hair is at right angles to the direction of the assumed load. 
If the normal thrust component of the reaction at B is required the standard 
plugs are removed from the deformeter and a pair of larger diameter plugs 
are inserted to produce a small normal displacement of the support. The 
movement of the point under the microscope is measured and the vertical 
thrust component at B is then found from equation (21.1). 

The deformeter may also be used to give the internal actions at any section 
in a redundant structure. The model is cut at the section where the thrust, 
shear and moment components of the internal action are required, the 
deformeter bars being clamped to the model, one on each side of the cut. 
The deformeter must now be mounted so that it can move freely with the 
model when plugs of various sizes are introduced between the bars. 

The procedure is then the same as for the determination of the support 
reactions given above. 

The Beggs’ deformeter enables influence lines for any structure to be 
obtained no matter what the variation in section of a member or the shape 
of its axis. There are, however, certain precautions which must be observed 
if accuracy is to be obtained. The deformations are small and temperature 
changes can affect the results seriously (Lobban, 1934). Appreciable errors 
can also arise as a result of slight inaccuracy in orienting the microscope. 

Another method involving comparatively large displacements is useful for 
finding the horizontal reactions for such structures as two-hinged arch ribs, 
portals, etc. (Pippard and Sparkes, 1936). A model of the structure to be 
analysed is cut out of xylonite, as for Beggs* method, and pinned at the 
hinge points, say A and B, to a drawing board on which a piece of smooth 
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paper is fastened. Initial positions of a number of points on one edge of 
the model are marked on the paper. The support B is then unpinned, given 
a small horizontal displacement and the new positions of the points on the 
model marked on the paper. On removing the model the vertical distances 
between the two positions of the rib can be measured and these, divided by 
the displacement given to B, give the values of the ordinates of the influence 
line for the horizontal thrust in the arch. The displacement given is such 
that the resulting deflexion is large enough to be measured by an ordinary 
finely divided scale. For an arch rib of uniform cross-section, depth J inch, 
with a ratio of rise to span of one to four and a span of 12 inches it was 
possible, without overstraining the xylonite, to give a hinge displacement 
which produced a maximum vertical deflexion of about J inch. The method 
can be used conveniently in a drawing office where micrometer-microscopes 
are not available. 


r 



These methods require the construction of a scale model of the structure 
to be analysed and the influence of the scales needs consideration. 

Let Fig. 21.5 represent an elastic structure in which the bending strain 
energy is such a large proportion of the whole that the contributions due to 
direct and shearing stresses may be neglected. If Ap and Aw are the dis¬ 
placements of the points A and B respectively under the action of loads P 
and W we have 

TO 

Ap TO JEITO^'^ 

Aw""TO""rM 8M ' 

If a model of the structure is made so that the geometrical configuration 
is m times fuU size and the flexural rigidity of the model at any point is n 
times that of the prototype at the corresponding point, we have 

A^P TjEiap '^^ _Ap ^ 

A'w r M 9M Aw 

■^JEI 

where A'p and A'w are the displacement of points on the model corresponding 
to A and B on the prototype. 

So, in making a model for experimental analysis, the scales adopted for 
the geometrical configuration and for the flexural rigidities are independent 
and can be chosen as convenient. This is often a matter of importance as 
will be indicated later. 

The result is independent of the absolute values of P and W, providing 
their ratio is constant. 
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Suppose now that a couple Mq is applied to A and that A is restrained 
against all movements except that of rotation. If, in the model, the flexural 


Aw 

rigidities only are changed, the ratio will be the same both in the model 


and in the prototype. To investigate the effect of a scale change m in the 
geometry of the model, it is convenient to replace the couple Mq by a force 
P acting at the end of a rigid arm at a radius R (Fig. 21.6). Then, in the 
actual structure, from equation (21.1), 


and, since R6=Ar, 


RAw RP 

Aw^_^ 
G ~ W‘ 


If W is made equal to unity 


Mo-- 


Aw 

“0 * 


In the model 

or 

Hence 


mRA'w /mRP 

aV""" w" 

A'w Mq 



Thus the model results must be corrected for scale before they are applied 
to the full-sized structure. 

In structures such as braced frameworks the strain energy due to bending 
is often very small in comparison with that due to axial forces and in such 
cases the extensional rigidities (AE) of members in the model are made pro¬ 
portional to those of the prototype. If the structure is one in which both 
bending moments and axial forces contribute appreciably to the strain energy 
the model must be such that both the flexural and extensional rigidities of 
the various parts bear the same relationship to the prototype. This might 
necessitate a true scale model of the actual structure and thus prohibit 
experimental analysis since the chief value of such a method often lies in its 
cheapness and the quickness with which it can be done. For a complicated 
structure which is virtually incalculable, however, the expense of making a 
correct model may be amply justified. 

In certain instances, as pointed out by M. N. Gogate, however, a suitable 
choice of scales enables a model to be made which will take account of the 
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effects due to both direct and bending stresses without the need to reproduce 
the cross sectional shapes of the members to scale. 

Suppose that a member of any cross section subjected to axial load and 
bending is to be represented in a model by a rectangular strip cut from sheet 
of thickness t. As before let m and n be the linear and flexural rigidity 
scales and, in addition, let the extensional rigidity of the model be p times 
that of the prototype. The results above can then be extended to include 
direct stress, and if R is the axial load 


A'r ^ . 

’ M m j 

El3P p^ 

R dll 
Aisp* 

A'w ( 

‘ M m 

• R 0R ^ 


lEI ^ p. 

AE dW 


which can only be equal to the corresponding value of 


Aw 


if 




71 (V^ 

p "" 12^=^ 


where k is the radius of gyration of the cross section of tlie prototype and 
d is the depth of the corresponding model member. Hence a necessary 
condition to ensure that correct allowance is made for both direct and bending 
stresses is 


d = 2^/3 mk\ 

This result is independent of p which can be any convenient value, bearing 
in mind that the thicknesses of all model members must be so chosen that 
p is constant throughout the structure. This complicates the manufacture 
of the model, since it necessitates either reduction of a standard thickness 
of sheet by filing or, alternatively, making the bars separately of the correct 
thickness and joining them by acetone. 

To illustrate the results which may be achieved by these experimental 
methods a few examples will be described. These results were obtained by 
the large displacement method but a deformetcr and measuring-microscopes 
could have been used. In all of them the unit of displacement was 4 \--inch, 
and measurements were made directly by a scale. 

1. Influence line for reaction in a continuous beam. —The first example is 
that of a continuous beam, which is the simplest possible illustration. A 
small strip of xylonite of uniform cross-section as shown in Fig. 21.7, was 
pinned at the three supporting points C, A and B to a sheet of paper on a 
drawing-board, and a sharp pencil used to mark the position of the upper 
edge of the beam. The pin at C was removed, the point displaced by a 
small amount, and the pin replaced. The new position of the beam was then 
marked and the beam removed from the paper. The vertical distance 
between the two curves at any point when divided by the vertical displace¬ 
ment imposed at C gave a point on the influence line for the reaction at C, 
and a sufficient number of such points were calculated and the required 
influence line was plotted. The experimental points are shown in Fig. 21.7 
together with the calculated influence line, and the agreement is seen to be 
good. 

2. The influence line of thrust for a two-pinned seginental arch. —An arch 
of uniform cross-section was represented by a model having a span of 12 
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inches and a rise of 3 inches. Fine scratches were made on one side of the 
model normal to the surface and were used as guides for pricking positions 
on the paper. The initial positions of the scratches were marked, and the 
pin at one end of the model was then given a small displacement in the line 
joining the supports. The new positions of all points around the model 
were then marked. On removing the model from the paper the vertical 
distances between the marks at each point were measured and divided by the 
displacement given to the pin. These values, given in Table 21.3, are points 
on the experimental influence line of thrust and the table also gives the 
theoretical values for comparison. 

Table 21.3. 


Angle Subtended by Arch at Centre— <!>. Horizontal Displacement of 

B^12-5 Units. 


Angular distance 
from A 

0 

8 

4 

3«^ 

8 

0 

2 

5^ 

8 

4 

8 

4- 

\"ertical displact!!- 
rnent 

0 

3 0 

5-8 

7-9 

8-8 

7-8 

5 • 7 

2-9 

0 

j Experimental 

0 

0-24 

0*47 

0 • 03 

__ 

0-71 

0'()2 

0-4() 

0-23 

0 

I Calculated 

0 

()-2()l 

()'r)08 

0-()88 

0-74() 

()*(>88 

_ 

0-508 

0-261 

0 


3. Two-pinned arch with a variable cross-section .—The same procedure as 
above was used to determine the influence line of thrust for a two-pinned 
arch in which the cross-section varied. The depth of the model was made 
proportional at every section to the cube root of the true second moment of 
area at that section. Fig. 21.8 shows the dimensions of the prototype and 
also the experimental and calculated influence lines. 







628 


ANALYSIS OF STRUCTURES 




Fig. 21,8. 


4 . Influence line of thrust for a spandrel-braced arch .—The arch shown in 
Fig. 21.9 is the Lengue bridge designed by Sir Ralph Freeman for which he 
published (1906) the calculated influence line of thrust. The structure is 
braced and it was assumed that the forces in all bars were axial. The areas 
of the bars in the model were therefore made proportional to the areas in the 
actual bridge and this example differs from the others given, in which 
resistance to applied loads was obtained by bending actions. The experi¬ 
mental influence line is compared in Fig. 21.9 with that given by Freeman. 



21.6. Experimental analsrsis ol stresses in rings. —The methods of the 
preceding paragraph may be used to analyse the stresses in rings of any 
shape, and are particularly useful for such structures as the frames of aero¬ 
plane fuselages. The examples to be given (Pippard and Sparkes, 1938) 
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were solved by imposing displacements sufficiently large to be measurable by 
an ordinary scale but the same general procedure would be followed if a 
Beggs* deformeter were used. 

If the ring shown in Fig. 21.10 is cut at any section A, the original condi¬ 
tions of equilibrium can be restored by the application to this section of 
unknown forces Hq and Yq, and an unknown couple Mq. These may either 
be calculated or determined experimentally in the following way. A model 
of the ring is made of xylonite, the second moments of area at all sections 
being proportional to the second moments of area of the prototype at 
corresponding sections. The model is cut at the section where the redundant 
reactions are required. To determine Hq a known deformation Ah is 
imposed between the faces at A in the direction of Hq in such a way that 
there is neither vertical nor angular displacement of the section. The 



Fig. 21.10. 


displacements 8 ih, ^ 2 H ^ 3 H Wg and W 3 respectively in their own 

lines of action are measured and then 

IT _ ^1^1H+W 2 ^2H+W3 S3h 

Ho 

Similarly, to determine Vq, a displacement Ay is imposed between the cut 
faces in the direction of Vq and, if Sjy, S 2 V ^ 3 V again the displace¬ 
ments of Wi, Wg and W 3 in their own lines of action 

Wi8iv+W2S2V+W383v 

Ay 

The reaction is found by imposing a known angular displacement 0 
between the cut faces at A and, as before, measuring the appropriate dis¬ 
placements 8 im, S 2 M Then 

W181M + W282M+W 383M 

where m is the linear scale of the model. 

The experimental procedure adopted, which proved satisfactory, was as 
follows : the xylonite model was made with an arm | inch wide and 
inches long, normal to the model at A, as shown in Pig. 21 . 11 . Two holes, 
J inch diameter, were drilled, one on the axis of the ring at A, and the other 
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on the centre line of the arm about 3 inches from the first hole. The arm 
was stiffened by screwing to it two narrow strips of 16 gauge brass after the 
surfaces in contact had been treated with a strong adhesive. A saw cut 
was then made along the line AB (Fig. 21.11) and the two cut faces were 
filed parallel. 

One arm of the model was screwed to a drawing board* and ^ inch 
diameter steel balls were inserted between the semi-circular notches at B 
and C (Fig. 21.12). A scratch on the outside of the movable arm and 



Fig. 21.11. Fig. 21.12. 


normal to the board was used to guide a pin point to a piece of paper 
under the model, thus marking the first position of the arm. The balls 
were then replaced by two equal but larger balls. The new position of 
the scratch on the movable arm was marked and the distance between the 
two pin pricks was the displacement imposed in the direction of Hq. 

An angular displacement was obtained by inserting inch diameter balls 
at B and C (Fig. 21.13) and marking the position of the scratch. The ball 
at C was then removed and a larger one inserted thus causing the movable 
arm to rotate about B. The new position was marked and the rotation was 
then the distance between the two pricks divided by the distance between 
B and C. 


I I 



Fig. 21.13. Fio. 21.14. 


* It is advisable to place a thin piece of paper between the arm and the board to act 
as packing and prevent friction between the model and the board when the former is 
displaced. 
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A displacement in the direction Vq was obtained by inserting the J inch 
diameter balls between the cut faces as shown in Fig. 21.14. The position 
of the scratch on the movable arm was marked as before. Using the balls 
as rollers, the movable arm was displaced in the direction of Vq and the new 
position of the scratch marked. The distance between the pricks was the 
displacement. 

The procedure will be illustrated by a circular ring of constant section 
under the system of loading shown in Fig. 21.15. The ring was 12 inches 
mean diameter, 0-5 inches wide and 0*18 inches thick. Scratches were 
made on the inner edge of the model and normal to the face at the load 
points A, B and C, and one arm was screwed to a drawing board. Using 


PV5 



the scratches to guide a needle })oint to paper placed under the model, the 
positions of A, B and C were marked before and after the appropriate dis¬ 
placement of the movable arm had been made. Very fine lines were drawn 
through the pricks at right angles to the direction in which the displacement 
was required, and the distances between the lines measured with a finely 
divided scale. The results obtained are given in Tables 21.4 and 21.5. 
A is the displacement of the scratch on the movable arm and d is the distance, 
4 inches, of the scratch from the centre of rotation. The angular rotation 

between the cut faces of the ring is then -. 

d 


Table 21.4. 


Test No. 

A 



^3 


1 

13-5 

1-3 

6-3 

-8*6 

loop 

2 

13-8 

1-2 

6-4 

-8*8 

102P 

3 

130 

11 

5-9 

-8-0 

1-02P 


Average value of Mq — 1 -OSP. 

Calculated value of Mq— 1 -OeVP. Difference= per cent. 
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Table 21.5. 


Test No. 

A 


8 . 

S 3 

^ ( 81 -f S 8 + SaV3)P 

1 

5-7 

-0*4 

0 

2-7 

0-404P 

2 

5-8 

- 0-2 

0 

2 -G 

0-414P 

3 

5*7 

1 

-0*4 

0 

2-7 

0•404P 


Average value of Hq = 0 • 407P. 

Calculated value of Hq= 0*417P. Difference = 2*4 per cent. 


Another ring *08 inch thick, 10 inch mean diameter and 0*5 inch wide 
was mounted in the same way, and the influence line of bending moments 
at any section due to radial loads was determined. The comparison 
between the experimental and calculated values is shown in Fig. 21.16. 



Fig. 21.16. 


To illustrate the advantage of a suitable choice of scales, the link shown in 
Fig. 21.17 was investigated. 

To apply measurable deformations to a true scale model of the link, con¬ 
siderable force would have to be used and would cause yielding or buckling. 
Only very small deformations could safely be applied and a Beggs’ defor- 
meter would be necessary. 





Fig. 21.17. 
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The method already described can, however, be used if the scales of the 
model are altered to produce a more flexible ring, and by making the linear 
scale twice full size (i.e. w=2), and the width of the model at all sections 
fths of the width of the actual link, a sufficiently flexible model was obtained 
as shown in Fig. 21.18. Angular deformations were applied and measure¬ 
ments made as before to obtain at the section A for loads of magnitude 



W acting along the major axis of the link. The results are given in Table 

21.G. 


Table 21.6. 


Test No. 

A 

1 


i 

-Ma=^(8w)W 

1 

12 1 

2-7 

0-446W 

2 

13-2 

30 

0-454W 

,3 

11-0 

2-4 

0-436W 


Average value of Mq = —0*445W. 

Calculated value of Mo= — 0‘460W. Differences^ .3 per cent. 


In connexion with an investigation of the stresses in the Dome of Dis¬ 
covery (Makowski and Pippard, 1952), built for the Festival of Britain, 1951, 
experiments were made with the object of checking the accuracy of formulas 
for loaded rings which had been deduced on the assumption that a number 
of separate supports could be replaced by a suitable continuous elastic 
support. The ring girder of the dome was carried on 24 bipods ; the apex 
of each was free to move radially but was restrained against tangential 
movements other than those due to elastic deformation of the legs of the 

18 
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bipod. The formulas to be tested were those a 2 )plicable both to loading in 
the plane of the ring and to loads normal to it (Pippard, 1952). 

The experimental rings for the former tests were cut from xylonite j^-inch 
thick and were 18 inches in diameter and |>inch by j^-inch cross-section. 
They were mounted as shown in Fig. 21.19. 



The small spring strips supporting the ring allowed free radial movement 
but resisted tangential movement as required by the conditions of the 
analysis. Radial and tangential point loads of 1 lb. were applied separately 
in the plane of the ring and displacements of a number of points were 
measured. A comparison of the figures obtained with those calculated from 
the formulas is given in Fig. 21.20 for the radial and in Fig. 21.21 for the 
tangential loads. 

To verify a formula for loads normal to the plane a mild-steel ring was 
suspended from twenty-four similar and equally spaced helical springs. 
Equal loads were hung from the ring at each supporting point to give the 
springs initial tensions. An additional point load of 1 lb. was then suspended 
from support 13 and the ring displacements were measured. The agreement 
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Fig. 21.20. Comparison of experimental and analytical displacements of a ring-girder 

resulting from a radial load. 



Fio. 21.21. Comparison of experimental and analytical displacements of a ring-girder 
resulting from a tangential load. 

between these and the calculated values is practically exact as shown in 
Fig. 21.22. Alternate springs were then removed so that the ring was 
supported at twelve equidistant points and the experiment repeated. The 
result is also shown in the same Figure, the agreement between calculated 
and experimental values again being almost exact. Repetitions of this 
procedure left six and finally only three supporting points, and the differences 
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between the measured displacements and those calculated on the assumption 
of continuous supports are seen from Fig. 21.22 to be remarkably small. 

These experiments left little room for doubt as to the accuracy of the 
analysis and since all the calculated displacements gave such good agreement 
with measured values it may reasonably be assumed that the calculated 
bending moments would be equally reliable. 



21.6. Experimental analysis o! space frames.— P>om what has been said 
in the last two paragraphs it will be clear that the stress analysis of plane 
structures by experimental methods is comparatively straightforward and 
can be done with the minimum of special equipment. The treatment of 
space frames by the direct method has been described in paragraph 21.2 but 
the indirect approach, using Clerk Maxwell’s reciprocal theorem, can also 
be used with advantage in certain types of structures. An excellent 
example of such a structure is the braced dome and this will be used to 
illustrate the technique. It should not be assumed that only this kind of 
frame can be so dealt with ; the principles involved are equally applicable 
to other space frames although details of experimentation may have to be 
adjusted to special needs. 

A braced dome is usually built of members lying on the surface of a solid 
of revolution or of straight members connecting points lying on that surface. 
The Dome of Discovery, built for the Festival of Britain 1951 and shown 
in Fig. 21.23, was the biggest and most recent of such structures. The 
bracing members considered individually were arched ribs and, if they had 
acted independently, stress analysis would have presented no special 
problems ; they were, however, connected together at all points of inter¬ 
section, and in consequence the structure exhibited a very high degree of 
redundancy. Analysis by classical methods leads to such a large number 
of simultaneous equations that their solution is impracticable. Relaxation 
treatment is possible, although the computation is considerable and requires 
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Fig. 21.23. The Dome of Discovery. 


workers skilled in the particular technique and this method was in fact 
applied to the Dome of Discovery (Lazarides, 1952). Approximate methods 
of analysis can be devised, but the danger of under-estimating the stresses 
can only be avoided at the risk of over-estimating them and so losing the 
economical advantage which is one of the main features of the design. In 
view of these difficulties an experimental stress determination was attempted 
(Makowski and Pippard, 1952). 

On the assumptions that the ribs and the supporting struts would take 
axial loads only and that the heavy steel ring-girder would be subjected to 
bending moments only, a geometrically and elastically similar model was 
built. The ribs and the ring-girder were made from mild-steel rods and the 
supporting bipods from thin brass tubes. 

The supporting struts were pin-connected to the ring-girder and to the 
support bases by means of small flexible pins, enabling small adjustments 
to be made to the lengths of struts and heights of joints. The support 
plates were so constructed as to fix the feet of the bipods in position, but 
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at the same time to ensure their freedom of rotation, without the possibility 
of play between the ball-joint and base plate. 

The span of the model was 10 feet 6 inches. 

The stresses in the bars of the intersecting lattice will be direct tensions or 
compressions under any system of loads apphed to the joints ; the stresses 
in the ring-girder on the other hand, will be almost entirely due to bending. 
Hence, the strain energy from bending of the bars and from direct stresses 
in the ring may be neglected. 

For any load system on the prototype structure, let P be the force in any 
bar of the lattice and M the bending moment at any point in the ring-girder. 
The component deflexion of a node p in the direction of W, the load acting 
there, is then 


^=2 


PL ap 
AE m 


+ 


M aM^ 

El 


where AE is the extensional rigidity of the bar carrying P, and El is the 
flexural rigidity of the ring-girder at the point considered. The summation 
extends to all members of the lattice and tlie integration to the whole of the 
ring-girder. Suppose now that a model of the prototype is made, such that 
the extensional rigidity of a lattice bar is A^jAE and the flexural rigidity of 
the ring-girder is whilst the linear scale of the model is times, and 

the load scale times that of the prototype, so that the load at p is k^. 

Then the deflexion of p on the model is 

k,k,^Vh dV k,^kAM dU 

k, ^AEdW~^ h, jEiaw''* 


For the displacements of the prototype 
proportional 


and those of the model to be 





X 


kz^ki 

or 

^2 


8' 

Then 

8 


k^k ^ 

k^ 

= 1 . 

kj^ 

k^ 


and the model and prototype will be elastically similar. 

It will be observed that the assumption that the energy in the lattice 
arises from direct stress only and that in the ring-girder from bending stress 
only, removes all restrictions as to the actual cross-sectional shapes of the 
members ; provided that the values of AE and El satisfy the scale require¬ 
ments of the above equation their actual cross-sections do not matter and 
simple models can be used. 

If the support at any point, which we will call A, is released and an 
arbitrary displacement A is imposed in the X direction so that it has no 
component displacements in the directions of the mutually perpendicular 
axes Y and Z then, if any node, say a, is thereby displaced S in some 
specified direction, it follows from Clerk Maxwell’s theorem that a load W 


apphed in that direction at a will produce a reaction 


WS. , ^ . 

—^ in the X direction 


at A. 
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If, therefore, displacements are successively applied in three mutually 
perpendicular directions to a released support point, the resulting displace¬ 
ments of the nodes can be measured and influence coefficients of reactions 
can be calculated. 

When displacements were imposed on the model, some of the compression 
members tended to buckle, with a consequent reduction in their effective 
flexural rigidities. This was prevented by attaching splints made of 
lengths of ^-inch-diameter rod to those members by soft wire ; since the 
splints were unconnected to the joints, they carried no axial load but 
stabilised the struts against buckling. 

To determine the force in a bar of the loaded structure experimentally, 
the distance between the nodes connected by that bar must be altered by a 
known amount A'. This was done by inserting very small turnbuckles in 
those bars which were to be analysed. 

The displacements of the various joints of the structure caused by the 
change of length of a bar were measured and the forces in the bar were then 




and 


va'A 


for unit loads applied at joint q in the 
Displacements of the joints were 


q / q 

directions X, Y and Z respectively, 
measured by cathetometers. 

The dome was analysed for a unit vertical load acting at the apex, Ogi. 
Table 21.7 gives the experimental loads in members of the dome under 
this load and for comparison a complete relaxation analysis was made. 
The results of this analysis are given in the same table and the general 
agreement between experiment and calculation is excellent. In some cases 
apparently large discrepancies appear, but it is probable that they arise 
from certain irregularities in the erection of the model. The dome is very 
flat and in consequence sensitive to small errors in this respect. 

Two methods of experimental analysis of space structures have been 
described in this paragraph 


(a) displacement of supports and calculation of reaction coefficients ; 

(b) direct determination of the forces in particular members by altera¬ 

tion of lengths in individual bars. 


The first method is specially useful for simple structures on a limited 
number of supports. In tliese, a knowledge of the component reactions 
eliminates the redundancy and usually enables the stresses in all members 
to be computed very simply. 

In space structures having a large number of supports, the stresses in the 
supporting struts caused by unit loads acting at various joints of the structure 
are very small and even a small error in the determination of a strut load 
can introduce quite a large error in the forces in members at a distance from 
the strut. 

In structures with very stiff ring-girders or a complicated and highly 
redundant lattice, it is of only limited help to know the forces in the sup¬ 
porting struts ; the direct determination of loads in the members, on the 
other hand, gives results simply and quickly. This method can be used for 
any structure with straight members and is especially valuable for highly 
redundant structures. The load in a member determined by this method 
does not influence the accuracy of the result for loads in neighbouring bars, 
since every member is treated independently. 
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Table 21.7. 


Bars 

Experimental 

Mean 

Analytical 

fO-E,, 

-2130] 



< 0 -Ee„ 

-2156 

-2*192 

-2*184 

lo-E„ 

-2*290 J 



r F 58 E 59 

■4-1-545'] 




+ 1*516 y 

+ 1*527 

+ 1*514 


+ 1-520J 



1 ®60 

-0*143 ] 



-i e„-d,. 

-0*204 V 

-0*137 

-0*139 


0 065 ] 



r 

0*633 ] 



i E 55 --C 4 ,, 

-0*526 - 

-0*571 

-0*543 

Ie,.- 0 ,, 

-0*555 J 



rc,„-D„ 

+ 0*307 ■] 



C„-D„ 

+0 *310 

+ 0*327 

+ 0*308 

IC 4 .-D 4 , 

+0*366 J 



fCjo-Ha,-, 

-0*164") 



''1 ^48—H 29 

-0*180 

-0*173 

-0*250 

IC 54 -H 4 . 

-0-175J 



rc4,-G,3 

»> 1 



•s C 44 G 27 

-0*034 S 

- 0•003 

-*^0 

IC 52 -G 39 

+ 0*026j 




0*139] 




-0*158 > 

-0*157 

-0*137 

ID 43 -G 25 

-0*175 j 



r G 34 —G 33 

+ 0*170 ] 



<! G 40 —G 39 

+ 0*190 V 

+ 0*183 

+ 0*172 

1G 27 —G 28 

+ 0*189 J 



rH32-G34 

+ 0*133 ] 



' H 38 -G 3 , 

+0*108 ^ 

+ 0*104 

+0*135 

iH^e-G^., 

+ 0*070 J 



[ 1^32 

-0*121] 



i H38-A,9 

-0*088 

-0*099 

— 0*156 


-0*087 J 



( H 2 »~ l^ 8 

0 ■"! 



■; H3,-F49 

+ 0*018 ;> 

+ 0*019 

+ 0*012 

IH 44 -F 4 ,, 

+ 0*039 J 



rG.«-E. 

-0*103 1 



] G 34 Fj4 

-0*101 

- 0 *100 

-0*094 

IG4„-F,, 

-0*096 j 




-0*060 1 


j 

- g„-b„ 

-0*039 ^ 

-0*059 

-0*031 


-0*078 J 

! 

j 



For both methods large displacements are recommended, since catheto- 
meters, micrometer screws, or even ordinary dial gauges are accurate enough 
for measuring joint displacements, which in the experiments described were 
of the order of ^ inch. 
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CHAPTER 22 


PLASTIC THEORY 

22.1. Introduction. —This book has so far been concerned with the be¬ 
haviour of structures within the elastic range. While the engineer now has 
at his command methods which make the analysis of the elastic stresses in 
almost any structure possible, he is not in such a favourable position when it 
comes to the problem of elastic design, the proportioning of a structure so 
that the stresses in it will not exceed permissible limits. Some of the com¬ 
plexity of this problem has been seen in Chapter 18. The experience 
obtained in deriving the rational design method described there, for the 
comparatively straightforward case of the steel multi-storey building frame, 
showed that elastic behaviour is too complicated to form the basis of a 
simple and acceptable but still rational design method for all forms of 
redundant structure. Attention had to be directed, therefore, to another 
approach and in 1936 work was started in England on an examination of 
the plastic behaviour of steel structures. This has, in the course of twenty 
years, led to the development of a new branch of the theory of structures 
which provides the engineer with a powerful rational design method. The 
subject has grown to such proportions that it can only be touched on hghtly 
here but it has been described fully elsewhere (Baker, Horne and Heyman, 
1956). 



22.2. The single span beam. —Robertson and Cook (1913) were the first to 
give a satisfactory explanation of the way in which a mild steel beam fails 
in flexure. If the material of the beam is normalised mild steel it will have 
a stress-strain relation in tension as shown in Fig. 22.1. The point A 
represents the upper yield of the material, the upper yield stress being f\j. 
As straining of the test piece continues, an immediate drop in stress to /l 
at B, the lower yield point, will occur. From B the material extends with¬ 
out any increase in load to C, BC being the region of complete plasticity. 
After C the plastic flow ceases and load has to be added before any further 
extension is produced. 
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It will be assumed that the stress-strain relation in compression is identical 
with that in tension ; that plane sections before bending remain plane after 
bending, and that longitudinal fibres are free to expand and contract laterally 
as in the simple elastic theory of bending. 

When a member is subjected to pure bending about a principal axis, the 
distribution of stress across the section will be of the form shown in Fig. 22.2 
(a) so long as the applied bending moment is small. This form will persist 
as the bending moment increases, until the stress at the extreme fibres 
eventually reaches the value /u, the upper yield stress of the material. As 
the bending moment is increased further a drop in stress to /l, the lower 
yield value, must occur in these extreme fibres in accordance with the stress 



strain relation of Fig. 22.1. The stress in more and more fibres will reach 
the upper yield value and will drop back to the lower as shown in Fig. 22.2 
(6). Eventually, under a certain bending moment, the whole of the section 
will have yielded, giving the stress distribution shown in Fig. 22.2 (c). A 
further simplifying assumption has been made in this argument, that the 
extreme fibres and all others after reaching the lower yield stress remain in 
a state of complete plasticity, ^.c. within the range BC, Fig. 22.1, until the 
whole section has yielded. 

An expression for the moment of resistance can be derived as in paragraph 
3.4. For a rectangular section of depth d and width w the moment of 
resistance will be 

M=|{66(d-6)/L+(rf-26)Yu} .... (22.1) 

when the fibres to a depth 6, Fig. 22.2 (6), have reached the plastic state. 

The “ carrying capacity,” that is the moment which produces complete 
plasticity throughout the whole section of this member, Fig. 22.2 (c), is 

.( 22 . 2 ) 


If a steel beam is simply supported over a span I and is subjected to an 
increasing uniformly distributed load, the relation between load and central 
defiexion will be linear until a point A is reached. Fig. 22.3, when the extreme 


fibres at the centre are about to yield, the total load then being 


8My 


Although 


this is considered the point of “ failure ” in orthodox structural design the 
beam is not near collapse. More load can be added, though the rate of 

change of defiexion will increase until at B, under a load the centre 

if 
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Fiu. 22.3. Load deflexion curve for simply su{)portod 
l)eani. 


section becomes completely plastic and the beam suffers large deflexions. 
It is important to remember that the beam does not collapse catastrophically 
at this load as would a beam of brittle material on failure. If the load were 
reduced slightly the growth of deflexion would stop and the beam would 
support the load quite happily. The ratio of the load causing large deflexions 
to that causing first yield is Mp/My. For a steel, such as that in most rolled 
steel joists, having no upper yield, this ratio depends only on the shape of 
the cross-section and so is called the “ shape factor.” For a rectangular 
section it has the value 1 *5 and for most standard I-sections, bent about the 
major axis, 1*15 approximately. 

The importance of this plastic behaviour can be seen most simply from a 
consideration of an encastre beam of uniform section subjected to a uniformly 
distributed load, Fig. 22.4 (a). In the elastic range the bending moment at 
the ends will be twice that at the centre, so that yielding will begin at the 
ends of the beam. When this condition is reached, the load on the beam 
will be 


Wy = 


12My 

'“r 


(22.3) 


and the bending moment diagram will be that shown in Fig. 22.4 (b). As 
the load is increased, plastic zones will be developed at the ends of the beam 
and this condition will continue until complete plasticity has been reached 
at these sections. As the load is further increased, the full plastic moment 
Mp at the ends will remain constant, plastic “ hinges ” having formed there, 
and further yield will occur at the centre, plastic zones being formed as in 
Fig. 22.4 (c). The final stage is reached when the centre section also becomes 
completely plastic and the beam is no longer capable of resisting additional 
load since it is virtually a mechanism with hinges at ends and centre. The 
bending moment diagram and the extent of the zones at collapse are shown 
in Fig. 22.4 (ti). Since the moments at ends and centre have the value Mp 
it follows that the total load at collapse is 


Wp 


16 Mp 

~T" 


(22.4) 


or from equations (22.3) and (22.4) 

Wp 4 Mp 4 , _ 
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Fig. 22.4. Boliavionr of an encastrc beam. 

Thus an encastre beam designed by the orthodox elastic method can sup¬ 
port one-third more load before collapse than the simply supported beam 
designed to carry the same working load. This is unnecessary and extrava¬ 
gant. If the simply supported beam is strong enough for its purpose, that 
is to say if its load factor is adequate, then there is, in general, no reason 
why the same load factor should not be used in the design of the encastr^ 
beam. This results in a considerable economy of material. This economy, 
which is available in all redundant structures, coupled vith that arising 
from the simple direct design technique made possible in the drawing office, 
is the main advantage of the plastic method, but being rational it has other 
advantages. It shows, for instance, that for encastre beams and similar 
structures there need be no anxiety about the effect of the sinking of supports 
or of the incompleteness of the fixing at the ends. Relative sinking of 
supports has no effect on the carrying capacity of a structure and the joints 
need not be completely rigid, a condition impossible to secure in practice, 
so long as they are capable of developing the full plastic moments of the 
members joined. 

22.3. Continuous beams. —It can be seen from Fig. 22.4 (d) that it would 
not be a difficult matter to design an encastre beam of uniform section to 
collapse under any given load system. A continuous beam can be analysed 
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or designed in much the same way since it will collapse, or come to the end 
of its useful hfe, when plastic hinges have formed over the supports and at 
some intermediate section of a span, thus transforming that span, at least, 
into a mechanism. 

Fig. 22.6 (a) shows a beam of uniform section throughout, its plastic 
moment being Mp, hinged at the ends A and D and resting on supports at 
B and C. It is subjected to a central concentrated load W. The carrying 
capacity of the beam can be found by drawing first. Fig. 22.5 (6), the free 
moment diagram B'E'C', that is the bending moment diagram for the 
loaded span imagined simply supported. On this is superimposed the 
moment diagram A'B"C"D', due to the restraining moments at the ends of 
the spans, so giving the net bending moment diagram shown hatched. 
Plastic hinges will clearly form at B, C and E so that the restraining moment 



Cct) 



Fig. 22.6. 


diagram must be so drawn that B'B"=E'E"—C'C" = -^ ==Mp. Thus the 

o 

central span alone collapses when the load apphed to the beam is ~~- 


The work would be only slightly more complicated if the spans were not all 
of the same section. If, for instance, AB and CD were of smaller section 
than BC, collapse would occur when plastic hinges formed at E, at B in the 
span AB and at C in the span CD. The carrying capacity would be found 
as in Fig. 22.5 (6) but with B'B" and C'C" representing the plastic moments 
of the outside spans to the same scale that E'E" represented that of the 
central span. In fact, if graphical “ cut and try ” methods are used there 
is no difficulty in finding the carrying capacity of any beam of uniform 
section between supports however complicated the load system and however 
numerous the spans. The reason for this is that the carrying capacity of a 
span depends not on the stiffnesses of all the spans in the beam, which 
complicate elastic analysis, but only on the plastic moments of resistance 
of the span itself and those on either side. This also makes design straight¬ 
forward so that, what is a troublesome problem approached elastically, a 
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continuous beam strengthened with flange plates over parts of its length, 
can be proportioned with ease. 

22.4. The portal frame. —The approach to portal frame design is similar 
to that adopted for continuous beams but it is somewhat complicated by the 
fact that for each form of frame and load system there are several possible 
modes of collapse. Take the simplest case, the rectangular portal with 
fixed feet subjected to concentrated vertical and horizontal loads, Fig. 22.6 
(a). This may collapse, the frame becoming a mechanism, by the formation 
of plastic hinges at A, C, D and E, Fig. 22.6 (6), or by the four necessary 
hinges forming at A, B, D and E, Fig. 22.6 (c). There is a third mode of 
partial collapse, Fig. 22.6 (d), whereby the portal reaches the end of its 
useful life by the formation of three hinges in the beam BCD. Graphical 
methods, similar to those used for continuous beam problems, are available 
for the study of each of the modes so that the true carrying capacity of a 
particular frame under given loads can be found after a little trouble, but 




powerful analytical methods have now been developed which make the 
analysis and direct design of the most complicated frames a straightforward 
matter. 

The plastic method of design for rectangular jiortals was much used in 
the 1939-45 War for air raid shelters and other protective devices. It is 
now complete for single storey building frames and two hundred or more 
examples of structures thus designed were in existence at the end of 1955. 
They were produced with great economy of effort in the design office and 
with a saving of 25 to 30 per cent, in steel compared with similar structures 
designed elastically. 

22.6. The continuous stanchion. —It is impossible to ignore problems of 
instability when applying the plastic method, since it would be foohsh to 
estimate the strength of a structure on plastic hinge formation if, before the 
structure had become a mechanism in this way, collapse had occurred due to 
instability. The most intractable of these problems is that of the continuous 
stanchion to which much consideration was given in Chapter 18. It will 
be remembered that the design method described there was based on the 
assumption that the member failed when the stress at any section, due to the 
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axial load and beam moments, first reached the yield stress of the material. 
This was the only justifiable assumption to make at that time, though it 
was thought to be very much on the safe side. It has been borne out by a 
later experimental investigation of the strength of continuous stanchions 
which has shown that the axial load at collapse is far less sensitive to the 
effect of bending from the beams than was the permissible axial load of 
Figs. 18.13 and 18.14. For an I-section stanchion of slenderness ratio 45, 
for instance, bent in single curvature, the axial load at collapse only fell 
by about 8 per cent, when the beam loads were increased from zero to 
the value which produced yield in the stanchion before any axial load was 
applied. That is to say the real collapse load was only reduced by 8 per 
cent, while the permissible axial load was reduced to zero. When bending 
was in double curvature the effect of beam load was even less marked. It 
must be emphasised, however, that in these tests the beams were designed 
to be elastic throughout, so that, while great economies could clearly be 
achieved by designing the stanchions for plastic collapse, it would be at the 
expense of the beams. The complication of designing a multi-storey 
structure in which beams and stanchions become plastic at the same time 
is too great to contemplate at the moment. There is, however, an alterna¬ 
tive approach which is much more practicable, that is to design the beams 
of the structure by the plastic method but to proportion the stanchions by 
a method modelled closely on that of Chapter 18, so that they are still 
elastic when the beams collapse. 

22.6, Reinforced concrete structures. —^The load deflexion curve for a 
simply supported concrete beam lightly reinforced, so that failure takes place 
by yield of the mild steel reinforcement, is of the same form as that for the 
mild steel beam discussed in paragraph 22.2 and illustrated in Fig. 22.3. 
The mechanics of failure of reinforced concrete members are, however, much 
more complex than those of rolled steel joists. Though they are not yet fully 
understood it is known that even in a beam carrying a central point load, 
yield of the reinforcement takes place over a considerable length of the beam. 

When a concrete beam is over-reinforced so that failure of the beam takes 
place by crushing of the concrete, the load deflexion curve does not exhibit 
such a typical “ ductile ” form. Instead of maintaining the maximum or 
“ collapse ” load for a very large deflexion (which can be as much as one-fifth 
of the span of a concrete beam with 1 per cent, tensile reinforcement and 
much more for rolled steel joists) the load falls after a small, though real, 
deflexion to as low as one-quarter of the maximum. This lower load is, how¬ 
ever, maintained for a large deflexion, the beam thus acquiring a belated 
“ ductile ” quality. It is clear, therefore, that continuous reinforced concrete 
structures, like those of mild steel, can be designed capable of supporting a 
considerable increase of load after the condition which is usually considered 
as failure has occurred. 

An interesting series of tests carried out at the Building Research Station 
(Glanville and Thomas, 1939) showed that redistribution of bending moments 
does take place in reinforced concrete as in steel portals, but that special 
care has to be taken to ensure that the shear reinforcement and the anchorage 
of the reinforcement are sufficient for the actual shear and bond conditions 
developed in the plastic range. The subject has been given further attention 
in recent years (A. L. L. Baker, 1953). 
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APPENDIX 


BERRY FUNCTIONS 

TABLE I 

/(a)= 6(2a cosec 2a—1) / (2a)2, 3(1 —2a cot 2a) / (2a)^ 

4»(a)— 3(tan a—a) / a®, (a in radians) 


a° 

/(«) 

4{ol) 

'Ka) 

a° 

/(oc) 

m 


0 

1-0000 

1-0000 

1-0000 

38 

1-2517 

1-1412 

1-2140 

1 

1-0001 

1-0001 

1-0001 

39 

1-2683 

1-1503 

1-2281 

2 

1-0006 

1-0003 

1-0005 





3 

1-0013 

1-0007 

1-0011 

40 

1-2858 

1-1600 

1-2429 

4 

1-0023 

1-0013 

1-0019 

41 

1-3042 

1-1701 

1-2584 

5 

1-0036 

1-0020 

1-0030 

42 

1-3236 

1-1807 

1-2747 

6 

1-0051 

1-0029 

1-0044 

43 

1-3440 

1-1918 

1-2918 

7 

1-0070 

1-0040 

1-0060 

44 

1-3654 

1-2035 

1-3099 

8 

1-0092 

1-0052 

1-0078 

45 

1-3880 

1-2158 

1-3289 

9 

1-0116 

1-0066 

1-0099 

46 

1-4118 

1-2288 

1-3489 





47 

1-4370 

1-2425 

1-3700 

10 

1-0144 

1-0082 

1-0123 

48 

1-4635 

1-2568 

1-3922 

11 

1-0175 

1-0100 

10150 

49 

1-4915 

1-2720 

1-4157 

12 

1-0209 

1-0120 

1-0179 





13 

1-0246 

1-0140 

1-0210 

50 

1-5211 

1-2879 

1-4405 

14 

1-0286 

1-0163 

1-0245 

51 

1-5524 

1-3048 

1-4666 

15 

1-0329 

1-0188 

1-0282 

52 

1 - 5856 

1-3226 

1-4944 

16 

1-0376 

1-0214 

1-0322 

53 

1•6208 

1-3415 

1-5237 

17 

1-0427 

1-0243 

1-0365 

54 

1-6582 

1-3615 

1-5549 

18 

1-0481 

1-0273 

1-0411 

55 

1-6979 

1-3827 

1-5880 

19 

1-0538 

1-0306 

1-0460 

56 

1•7403 

1-4052 

1 - 6232 





57 

1-7853 

1-4291 

1 - 6607 

20 

1-0599 

1-0341 

1-0512 

58 

1-8335 

1-4546 

1 - 7007 

21 

1-0664 

1-0377 

1-0568 

59 

1-8850 

1-4818 

1-7434 

22 

1-0734 

1-0416 

1-0628 





23 

1-0807 

1-0458 

1-0690 

60 

1-9401 

1-5109 

1-7891 

24 

1-0884 

1-0502 

1-0756 

61 

1-9994 

1-5421 

1-8381 

25 

1-0966 

1-0548 

1-0825 

62 

2-0631 

1-5755 

1-8908 

26 

1 -1052 

1-0596 

1-0898 

63 

2-1318 

1-6115 

1-9476 

27 

1-1143 

1-0647 

1-0976 

64 

2-2060 

1 • 6503 

2-0089 

28 

1-1239 

1-0701 

1-1058 

65 

2-2865 

1 - 6922 

2-0753 

29 

1-1340 

1-0758 

1-1144 

66 

2-3741 

1-7377 

2-1474 





67 

2-4695 

1-7872 

2-2260 

30 

1•1446 

1-0817 

1-1234 

68 

2-5739 

1-8412 

2-3119 

31 

1-1558 

1-0879 

1-1329 

69 

2-6886 

1-9005 

2-4061 

32 

1-1675 

1-0945 

1-1428 





33 

1-1799 

1-1013 

1-1533 

70-0 

2-8152 

1-9657 

2-5100 

34 

1-1928 

1-1086 

1-1643 

70-1 

2-8286 

1-9725 

2-5210 

35 

1-2065 

1-1161 

1-1759 

70-2 

2-8421 

1-9795 

2-5321 

36 

1-2208 

1-1241 

1-1880 

70-3 

2-8557 

1-9865 

2-5433 

37 

1-2359 

1-1324 

1-2007 

70-4 

2 - 8695 

1-9936 

2-5546 
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a° 

/(a) 

4(x) 

+(«) 

a° 

/(a) 

^(a) 

4'(<x) 

70-6 

2*8835 

2*0008 

2*5660 

75*5 

3*8321 

2*4865 

3*3421 

70-6 

2*8976 

2*0080 

2*5776 

75*6 

3*8579 

2*4987 

3*3631 

70-7 

2*9118 

2*0153 

2*5893 

75*7 

3*8841 

2*6120 

3*3846 

70-8 

2*9262 

2*0227 

2*6011 

75*8 

3*9107 

2*5256 

3*4062 

70*9 

2*9407 

2*0302 

2*6130 

75*9 

3*9376 

2*6392 

3*4282 

71-0 

2*9554 

2*0378 

2-6250 

76*0 

3*9650 

2*6531 

3*4505 

71 •] 

2*9703 

2*0454 

2*6372 

76*1 

3*9927 

2*6672 

3*4731 

71-2 

2*9853 

2*0531 

2*6495 

76*2 

4*0208 

2*5814 

3*4961 

71-3 

3*0005 

2*0609 

2*6620 

76*3 

4*0494 

2*5959 

3*5194 

71-4 

3*0159 

2*0688 

2*6746 

76*4 

4*0784 

2*6107 

3*5431 

71-5 

3*0314 

2*0767 

2*6873 

76*5 

4*1078 

2*6256 

3*5671 

71-6 

3*0471 

2*0848 

2*7001 

76*6 

4*1376 

2*6408 

3*5914 

71 7 

3*0630 

2*0929 

2*7131 

76*7 

4*1680 

2*6561 

3*6162 

71-8 

3*0790 

2*1011 

2 • 7263 

76*8 

4*1987 

2*6718 

3*6412 

71-9 

3*0953 

2*1096 

2*7396 

76*9 

4*2300 

2*6876 

3*6667 

72-0 

3*1117 

2*1179 

2 * 7530 

77*0 

4*2617 

2*7037 

3*6926 

72-1 

3*1283 

2*1264 

2*7666 

77*1 

4*2940 

2*7201 

3*7189 

72-2 

3*1451 

2*1350 

2*7804 

77*2 

4*3267 

2*7367 

3*7456 

72-3 

3*1621 

2*1437 

2*7943 

77*3 

4*3600 

2*7635 

3*7727 

72-4 

3*1792 

2*1524 

2*8084 

' 77*4 

4*3938 

2*7707 

3*8003 

72-5 

3*1966 

2*1614 

2*8226 

77*5 

4-4281 

2*7881 

3*8283 

72-6 

3*2142 

2*1704 

2*8370 

77*6 

4*4631 

2*8058 

3*8668 

72 7 

3*2320 

2*1795 

2*8516 

77*7 

4*4986 

2*8237 

3*8857 

72-8 

3*2500 

2*1887 

2*8663 

77*8 

4*5346 

2*8420 

3*9151 

72*9 

3*2683 

2*1980 

2*8812 

77*9 

4*5713 

2*8606 

3*9460 

73-0 

3*2867 

2*2074 

2*8963 

78*0 

4*6086 

2*8795 

3*9754 

731 

3*3054 

2*2170 

2*9116 

78*1 

4*6465 

2*8987 

4*0063 

73-2 

3*3243 

2*2266 

2*9270 

78*2 

4*6851 

2*9182 

4*0377 

73-3 

3*3434 

2*2364 

2*9427 

78*3 

4*7243 

2*9380 

4*0697 

73-4 

3*3627 

2*2463 

2*9585 

78*4 

4*7643 

2*9582 

4*1022 

73-5 

3*3823 

2*2563 

2*9746 

78*5 

4*8049 

2*9788 

4*1353 

73-6 

3*4022 

2*2664 

2*9908 

78*6 

4*8462 

2*9997 

4*1690 

73-7 

3*4223 

2*2767 

3*0072 

78*7 

4*8883 

3*0210 

4*2032 

73-8 

3*4426 

2*2871 

3*0238 

78*8 

4*9311 

3*0426 

4*2381 

73-9 

3*4632 

2*2976 

3*0407 

78*9 

4*9748 

3*0647 

4*2737 

74-0 

3*4841 

2*3082 

3*0577 

79*0 

5*0192 

3*0871 

4*3098 

741 

3*5052 

2*3190 

3*0750 

79*1 

5*0644 

3*1100 

4*3467 

74-2 

3*5266 

2*3299 

3*0925 

79*2 

5*1105 

3*1333 

4*3842 

74-3 

3*5483 

2*3410 

3*1102 

79*3 

5*1575 

3*1570 

4*4224 

74-4 

3*6702 

2*3522 

3*1282 

79*4 

5*2053 

3*1812 

4*4613 

74-5 

3*5925 

2*3635 

3*1464 

79*5 

5*2541 

3*2058 

4*6010 

74 • () 

3*6150 

2*3750 

3*1648 

79*6 

5*3038 

3*2309 

4*5415 

74-7 

3*6379 

2*3866 

3*1834 

79*7 

5*3545 

3*2566 

4*5828 

74-8 

3*6610 

2*3984 

3*2023 

79*8 

5*4062 

3*2826 

4*6248 

74-9 

3*6845 

2*4104 

3*2215 

79*9 

5*4589 

3*3092 

4*6677 

75-0 

3*7083 

2*4225 

3*2409 

80*0 

5*5127 

3*3363 

4*7116 

75*1 

3*7323 

2*4348 

3*2606 

80*1 

5*5675 

3*3640 

4*7661 

75-2 

3*7568 

2*4472 

3*2806 

80*2 

5*6235 

3*3922 

4*8017 

76-3 

3*7815 

2*4598 

3*3008 

80*3 

5*6807 

3*4211 

4*8482 

75-4 

3*8066 

2*4726 

3*3213 

80*4 

6*7390 

3*4505 

4*8967 
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a° 

m 

m 

4)(a) 

a® 

m 

m 


80*6 

5*7986 

3*4805 

4*9442 

84*3 

9*6229 

5*4026 

8*0508 

80*6 

5*8595 

3*5112 

4*9937 

84*4 

9*7939 

5*4884 

8*1896 

80*7 

5*9217 

3*5426 

5*0442 

84*5 

9*9711 

5*5773 

8*3335 

80*8 

5*9853 

3*5746 

5*0959 

84*6 

10*1549 

5*6694 

8*4827 

80*9 

6*0502 

3*6073 

5*1488 

84*7 

10*3457 

5*7651 

8*6375 





84*8 

10*5438 

5*8644 

8*7982 

81*0 

6*1166 

3*6408 

5*2028 

84*9 

10*7497 

6-mil 

8*9653 

81*1 

6*1845 

3*6750 

5*2580 





81*2 

6*2540 

3*7100 

5*3145 

85*0 

10*9638 . 

6*0750 

9*1391 

81*3 

6*3251 

3 * 7458 

5*3722 

85*1 

11*1867 

6*1867 

9*3200 

81*4 

6*3978 

3*7824 

5*4314 

85*2 

11*4189 

6*3031 

9*5084 

81*5 

6*4722 

3*8199 

5*4919 

85*3 

11*6610 

6*4245 

9*7049 

81*6 

6*5485 

3*8582 

5*5638 

85*4 

11*9137 

6*5511 

9*9098 

81*7 

6*6265 

3*8975 

5*6173 

85*5 

12*1776 

6*6833 

10*1239 

81*8 

6*7065 

3*9378 

5*6823 

85*6 

12*4535 

6*8215 

10*3478 

81*9 

6*7885 

3*9790 

5*7489 

85*7 

12*7423 

6*9662 

10-5821 





85*8 

13*0448 

7*1178 

10*8275 

82*0 

6*8725 

4*0213 

5*8172 

85*9 

13*3621 

7*2767 

11*0849 

82*1 

6*9587 

4*0646 

5*8873 





82*2 

7*0471 

4*1091 

5*9591 

86*0 

13*6954 

7*4430 

11*3552 

82*3 

7*1378 

4*1547 

6*0328 

86*1 

14*0457 

7*0190 

11*6394 

82*4 

7*2309 

4*2015 

0*1084 

86*2 

14*4144 

7*8037 

11*9384 

82*6 

7*3265 

4 • 2496 

6*1861 

86*3 

14*8032 

7*9984 

12*2537 

82*6 

7*4246 

4*2989 

6*2658 

86*4 

15*2135 

8*2038 

12*5865 

82*7 

7*5255 

4*3496 

6*3478 

86*5 

15*6473 

8*4210 

12*9384 

82*8 

7*6292 

4*4017 

6*4320 

86*6 

16*1067 

8*6510 

13*3109 

82*9 

7*7359 

4*4553 

6*5186 

86*7 

16*5939 

8*8949 

13*7060 





86*8 

17*1116 

9*1541 

14*1259 

83*0 

7*8456 

4*5104 

6*6077 

86*9 

17*6627 

9*4299 

14*5727 

83*1 

7*9584 

4*5671 

6-6994 





83*2 

8*0746 

4*6255 

6*7938 

87*0 

18*2506 

9*7241 

15*0495 

83*3 

8*1943 

4*6856 

6*8910 

87*1 

18*8791 

10*0387 

15*5592 

83*4 

8*3176 

4*7475 

6*9911 

87*2 

19*5525 

10*3757 

16*1052 

83*5 

8*4447 

4*8114 

7*0944 

87*3 

20*2758 

10*7375 

16*6917 

83*6 

8*5759 

4*8772 

7*2008 

87*4 

21*0548 

11*1273 

17*3233 

83*7 

8*7112 

4*9451 

7*3107 

87*5 

21*8961 

11*5483 

18*0054 

83*8 

8*8508 

5*0152 

7*4241 

87*6 

22*8076 

12*0043 

18*7444 

83*9 

8*9951 

5*0876 

7*5412 

87*7 

23*7983 

12*5000 

19*5478 





87*8 

24*8792 

13*0408 

20*4240 

84*0 

9*1442 

5*1624 

7*6622 

87*9 

26*0631 

13*6330 

21*3839 

84*1 

9*2983 

5*2398 

7*7874 





84*2 

9*4578 

5*3198 

7*9168 

88*0 

27*3653 

14*2844 

22*4396 


Between 88° and 90° the functions can bo calculated by the approximate formulas- 


/(a)- 

a being in degrees. 


54*71 

90 ^’ 




44*35 


+ 0*26, 
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F(a)= 6(1 —2a cosech 2a) / (2a)*, 0(a)= 3(2a coth 2a —1) / (2a)*, 

'F(a)= 3(a—tanh a) / a*. 


a 

KeuliariB 

F(a) 

a>(a) 


a 

Radians 

F(a) 

0(a) 

'F(a) 

•00 

1-0000 

1-0000 

1-0000 

•50 

•8945 

•9391 

•9092 

•01 

0-9999 

1-0000 

0-9999 

•51 

•8906 

•9369 

•9059 

•02 

•9998 

0-9999 

•9998 

•52 

•8868 

•9346 

•9026 

•03 

•9996 

•9998 

•9996 

•53 

•8828 

•9323 

•8992 

•04 

•9992 

•9996 

•9994 

•54 

•8789 

•9300 

•8957 

•05 

•9988 

•9993 

•9990 

•55 

•8748 

•9276 

•8922 

•06 

•9983 

•9990 

•9986 

•56 

•8708 

•9253 

•8887 

•07 

•9977 

•9987 

•9981 

•57 

•8667 

•9229 

•8851 

•08 

•9970 

•9983 

•9975 

•58 

•8626 

•9204 

•8815 

•09 

•9962 

•9979 

•9968 

•59 

•8584 

•9180 

•8779 

•JO 

•9953 

•9973 

•9960 

•60 

•8542 

•9155 

•8743 

•11 

•9944 

•9968 

•9952 

•61 

•8500 

•9130 

•8706 

•12 

•9933 

•9962 

•9943 

•62 

•8457 

•9105 

•8669 

•13 

•9922 

•9955 

•9933 

•63 

•8414 

•9080 

•8632 

•14 

•9909 

•9948 

•9922 

•64 

•8371 

•9054 

•8595 

•15 

•9896 

•9940 

•9910 

1 -65 

•8328 

•9028 

•8557 

•16 

•9882 

•9932 

•9898 

! -66 

•8284 

•9003 

•8519 

•17 

•9867 

•9924 

•9886 

•67 

•8240 

•8977 

•8481 

•18 

•9851 

•9915 

•9872 

•68 

•8196 

•8950 

•8442 

•19 

•9834 

•9905 

•9857 

•69 

•8151 

•8924 

•8403 

•20 

•9816 

•9895 

•9842 

•70 

•8107 

•8897 

•8364 

•21 

•9798 

•9884 

•9826 

•71 

■8062 

•8871 

•8325 

•22 

•9779 

•9873 

•9810 

•72 

•8017 

•8844 

•8286 

•23 

•9758 

•9862 

•9793 

•73 

•7972 

•8817 

•8247 

•24 

•9738 

•9850 

•9775 

•74 

•7927 

•8790 

•8207 

•25 

•9716 

•9837 

•9756 

•75 

•7881 

•8762 

•8167 

•26 

•9693 

•9824 

•9736 

•76 

•7835 

•8735 

•8127 

•27 

•9670 

•9811 

•9717 

•77 

•7790 

•8708 

•8087 

•28 

•9646 

•9797 

•9696 

•78 

•7744 

•8680 

•8047 

•29 

•9621 

•9783 

•9675 

•79 

•7698 

•8653 

•8007 

•30 

•9595 

•9768 

•9653 

•80 

• 7652 

•8625 

•7967 

•31 

•9569 

•9753 

•9630 

•81 

•7606 

•8597 

•7927 

•32 

•9542 

•9737 

•9607 

•82 

•7560 

•8569 

•7887 

•33 

•9514 

•9721 

•9583 

•83 

•7513 

•8541 

•7847 

•34 

•9486 

•9705 

•9558 

•84 

•7467 

•8513 

•7807 

•35 

•9457 

•9688 

•9533 

•85 

•7421 

•8485 

•7766 

•36 

•9427 

•9671 

•9507 

•86 

•7374 

•8457 

•7725 

•37 

•9396 

•9653 

•9481 

•87 

•7328 

•8429 

•7684 

•38 

•9365 

•9635 

•9454 

•88 

•7282 

•8400 

•7643 

•39 

•9333 

•9617 

•9427 

•89 

•7235 

•8372 

•7601 

•40 

•9301 

•9598 

•9399 

•90 

•7189 

•8344 

•7560 

•41 

•9268 

•9579 

-9371 

•91 

•7143 

•8315 

•7519 

•42 

•9234 

•9559 

•9342 

•92 

•7096 

•8287 

•7478 

•43 

•9200 

•9539 

•9312 

•93 

•7050 

•8259 

•7437 

•44 

•9165 

•9519 

•9282 

•94 

•7004 

•8230 

•7396 

•45 

•9129 

•9499 

•9252 

•95 

•6958 

•8202 

•7355 

•46 

•9094 

•9478 

•9221 

•96 

•6912 

•8173 

•7314 

•47 

•9057 

•9456 

•9189 

•97 

•6866 

•8145 

•7273 

•48 

•9020 

•9435 

•9157 

•98 

•6820 

•8117 

•7232 

•49 

•8983 

•9413 

•9125 

•99 

•6774 

•8088 

•7192 
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a 

Radians 

F{«) 


'Via) 

a 

Radians 

Via) 

<D{a) 

T{a) 

1-00 

•6728 

•8060 

•7152 

1-30 

•5429 

•7229 

•5985 

101 

•6683 

•8031 

•7112 

1-31 

•5389 

•7202 

•5948 

102 

•6637 

•8003 

•7072 

1-32 

•5349 

•7175 

•5912 

103 

•6592 

•7975 

•7031 

1-33 

•5309 

•7149 

•5875 

1-04 

•6547 

•7946 

•6991 

1 -34 

•5269 

•7123 

•5839 

105 

•6501 

•7918 

•6950 

1-35 

•5230 


•5803 

106 

•6456 

•7890 

•6910 

1-36 

•5191 

•7071 

•5767 

1-07 

•6411 

•7861 

•6870 

1-37 

•5152 

• 7045 

•5732 

1-08 

•6367 

•7833 

•6830 

1-38 

•5114 

•7019 

•5697 

1-09 

•6322 

•7805 

•6790 

1-39 

•5075 

•6993 

•5662 

110 

•6278 

•7777 

•6750 

1-40 

•5037 

•6967 

•5627 

111 

•6233 

•7749 

•6711 

1-41 

•4999 

•6942 

•5593 

112 

•6189 

•7721 

•6672 

1-42 

•4962 

•6916 

•5559 

113 

•6145 

•7693 

•6633 

1-43 

•4924 

•6891 

•5525 

114 

•6102 

•7665 

•6594 

1-44 

•4887 

•6866 

•5491 

115 

•6058 

•7637 

•6555 

1-45 

•4851 

•6840 

•5457 

116 

•6015 

•7609 

•6516 

1-46 

•4814 

•6815 

•5423 

117 

•5972 

•7582 

•6477 

1-47 

•4778 

•6790 

•5389 

1‘18 

•5929 

•7554 

•6438 

1-48 

•4742 

•6766 

•5355 

1-19 

•5886 

•7527 

•6399 

1-49 

•4706 

•6741 

•5321 

1*20 

•5843 

•7499 

•6360 

1-50 

•4670 

•6716 

•5288 

1-21 

•5801 

•7472 

•6322 

1-51 

•4635 

•6692 

•5255 

1-22 

•5759 

•7444 

•6284 

1-52 

•4600 

•6668 

•5222 

1-23 

•5717 

•7417 

•6246 

1-53 

•4565 

•6643 

•5189 

1-24 

•5675 

•7390 

•6208 

1-54 

•4530 

•6619 

•5157 

1-25 

•5633 

•7363 

•6170 

1-55 

•4496 

•6595 

•5125 

1-26 

-5592 

•7336 

•6133 

1-56 

•4462 

•6571 

•5093 

1-27 

■5551 

•7309 

•6096 

] -57 

•4428 

• 6547 

•5061 

1-28 

•5510 

•7282 

•6059 

1-58 

•4395 

• 6524 

•5030 

1-29 

•5469 

•7255 

•6022 

1-59 

•4361 

• 6500 

•4999 





1-60 

•4328 

•6476 

•4968 
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TABLE III 
Tanh a. 


a 

Radians 

Tanh a 

a 

Radians 

Tanh a 

a 

Radians 

Tanh a 

a 

Radians 

Tanh a 

0-00 

•00000 

0-60 

•46212 

1-00 

•76159 

1-60 

•90515 

•01 

•01000 

•51 

•46995 

•01 

•76576 

•51 

•90694 

•02 

•02000 

•52 

•47770 

•02 

•76987 

•52 

•90870 

•03 

•02999 

•53 

•48538 

•03 

•77391 

•53 

•91043 

•04 

•03998 

•54 

•49299 

-04 

•77789 

•54 

•91212 

•05 

•04996 

•55 

•50052 

•05 

•78181 

•55 

•91379 

•06 

•05993 

•56 

•50798 

•06 

•78566 

•56 

•91542 

•07 

•06989 

•57 

•51536 

•07 

•78946 

•57 

•91703 

•08 

•07983 

•58 

•52267 

•08 

•79320 

•58 

•91860 

•09 

•08976 

•59 

•52990 

•09 

•79688 

•59 

•92015 

0-10 

•09967 

0-60 

•53705 

110 

•80050 

1-60 

•92167 

•11 

• 10956 

•61 

•54413 

•11 

•80406 

•61 

•92316 

•12 

•11943 

•62 

•55113 

•12 

•80757 

•62 

•92462 

•13 

•12928 

•63 

•55805 

•13 

•81102 

•63 

•92606 

•14 

•13909 

•64 

•56490 

•14 

•81441 

•64 

•92747 

•15 

•14888 

•65 

•57167 

•15 

•81775 

•65 

•92886 

•16 

•15865 

•66 

•57836 

•16 

•82104 

•66 

•93022 

•17 

•16838 

•67 

•58498 

•17 

•82427 

•67 

•93155 

•18 

•17808 

•68 

•59152 

•18 

•82745 

•68 

•93286 

•19 

•18775 

•69 

•59798 

•19 

• 83058 

•69 

•93415 

0-20 

•19738 

0-70 

•60437 

1 -20 

•83365 

1-70 

•93541 

•21 

•20697 

•71 

•61068 

•21 

•83668 

•71 

•93665 

•22 

•21652 

•72 

•61691 

•22 

•83965 

•72 

•93786 

•23 

•22603 

•73 

•62307 

•23 

•84258 

•73 

•93906 

•24 

•23550 

•74 

•62915 

•24 

•84546 

•74 

•94023 

•25 

•24492 

•75 

•63515 

•25 

•84828 

•75 

•94138 

•26 

•25430 

•76 

•64108 

•26 

•85106 

•76 

•94250 

•27 

•26362 

•77 

•64693 

•27 

•85380 

•77 

•94361 

•28 

•27291 

•78 

•65271 

•28 

•85648 

•78 

•94470 

•29 

•28213 

•79 

•65841 

•29 

•85913 

•79 

•94576 

0-30 

•29131 

0-80 

•66404 

1-30 

•86172 

1-80 

•94681 

•31 

•30044 

•81 

•66959 

•31 

•86427 ‘ 

•81 

•94783 

•32 

•30951 

•82 

•67507 

•32 

•86678 

•82 

•94884 

•33 

•31852 

•83 

•68048 

•33 

•86925 

•83 

•94983 

•34 

•32748 

•84 

•68581 

•34 

•87167 

•84 

•95080 

•35 

•33638 

•85 

•69107 

•35 

•87405 

•85 

•95175 

•36 

•34521 

•86 

•69626 

•36 

•87639 

•86 

•95268 

•37 

•35399 

•87 

•70137 

•37 

•87869 

•87 

•95359 

•38 

•36271 

•88 

•70642 

•38 

•88095 

•88 

•95449 

•39 

•37136 

•89 

•71139 

•39 

•88317 

•89 

•95537 

0-40 

•37995 

0-90 

•71630 

1 1-40 

•88535 

1-90 

•95624 

•41 

•38847 

•91 

•72113 

! -41 

•88749 

•91 

•95709 

•42 

•39693 

•92 

•72590 

1 -42 

•88960 

•92 

•95792 

•43 

•40532 

•93 

•73059 

•43 

•89167 

•93 

•95873 

•44 

•41364 

•94 

• 73522 

.44 

•89370 

•94 

•95953 

•45 

•42190 

•95 

•73978 

•45 

•89569 

•95 

•96032 

•46 

•43008 

•96 

•74428 

•46 

•89765 

•96 

•96109 

•47 

•43820 

•97 

•74870 

•47 

•89958 

•97 

•96185 

•48 

•44624 

•98 

•75307 

•48 

•90147 

•98 

•96259 

•49 

•45422 

•99 

•75736 

•49 

•90332 

•99 

•96331 
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•96403 
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414 
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—, Fencoyd formula, 355 
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tion, 356 

—, impact allowance, 356 
—, impact on, 355 
Stress Committee, 355 
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beam, 33 

parabolic arch rib, 279 
segmental arch rib with concentrated 
horizontal load, 270 

— with concentrated vortical load, 
269 

— with distributed horizontal load, 
273 

— with distributed vertical load, 
271 

strut with central load, 130 

— with imiform load, 129 
Equilibrium, conditions of, 4 
Equivalent eccentricity on stanchion, 
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— with axial compressions, 159 

— with axial tensions, 161 
Moseley, use of linear arch, 387 
Movable support, calculation of reac¬ 
tion, 69 

Miiller-Breslau, 12, 381 

theorem, 366 

Multiple redundancies, stress analysis 
of structures with, 88 


Navier, 461 

pressure distribution in voussoii‘s, 
387 

Non-circular bow girder, 416 
prisms, torsion of, 404 


Oblique loads on beam, 23 
Ockleston, A. J ., 96, 186 
Orthodox design of steel frames, 424 
Out-of-balance moment, 191 
Overbraced frame, 3 


Packshaw, 8., 498, 507 
Parabolic-arc cantilever, with ctaicen- 
trated horizontal load, 278 
with concentrated vertical load, 277 
with distributed horizontal load, 
278 

with distributed vertical load, 278 
Parabolic arch, with concentrated hori¬ 
zontal load, 280 

with concentrated vertical load, 279 
with distributed horizontal load, 280 
with distributed vertical load, 280 
Passive earth pressure, 492 
calculation, 498 
coefficient, 493 

Passive pressure in cohesive soils, 507 


Pearson, Karl, 461, 477, 481 
Pencoyd formula for dynamical load¬ 
ing on bridges, 355 
modified by Ministry of Transport, 
355 

Periyar dam, 461, 467 

Perronet, experiments on arches, 387 

Perry, J., 121, 125 

approximation for strut with lateral 
load, 130 

strut formula, 119 
Pickworth, J. W., 36 
Pin-jointed strut with concentrated 
lateral load, 125 
with uniform lateral load, 124 
Pippard, A. J. S., 51, 101, 105, 107, 
133, 323, 390, 391, 416, 488, 516, 
523, 533 

Plastic equilibrium of earth, 501 
collapse of continuous beams, 545 

— of continuous stanchion, 547 
- of portal frame, 547 

— of reinforced concrete structure, 

548 

— of single span beam, 542 
hinge, 544 

Polar diagrams for beams with end 
thrusts, 140 

— used to derive strut formulas, 146 
Portal frame, 165 

plastic collapse, 547 
sway in, 175 
Primary stresses, 5 
Principle of superpositiojx, 44 

— for redundant frames, 107 
of Saint Venant, 57 


Railway bridge, frequency of vibra¬ 
tion, 356 

impact allowance, 356 
impact on, 355 
Rankine, W. J. M., 461 
formula for strut, 117 
method of design of masonry arch, 
388 

middle-third rule in masonry arches, 
388 

profile for dam, 467 
theory of earth pressure, 491 
Ratzei’sdorfer, J., 140 
Reactions in continuous structures, 68 
under movable support, 69 
Reactive forces, 3 
Reciprocal theorem of Betti, 53 
of Clerk Maxwell, 53 
Reclamation, U.S. Bureau, 488 
Redundant bar, 5 

elements, choice of, 381 
forces by influence diagrams, 375 
frame, 3 

—, design of, 101 
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Reinforced concrete, adhesion, 244 I 
allowable stresses, 264 
beam, doubly reinforced, 242 i 

flexural stiffness, 250 
—, shear stress distribution, 245 
—, singly reinforced, 236 
—, with axial load, 253 
bond, 244 

Code of Practice, 236 
column axially loaded, 251 
general assumptions in theoiy, 236 
general principles, 235 
shear reinforcement, 248 
stirrups as shear reinforcement, 248 
strength of materials, 254 
structures, plastic failure, 548 
T-beam, 239 

Relaxation analysis of arch dam, 488 
applied to frames, 96 
Rennie, Sir J., 387 
Resistance, moment of, 22 
Resolution of forces at joint, 10 
Restraint of warping in torsion, 405 
Resultant actions in two-pinned arch, 
286 

Retaining wall for earth, 512 
Rib shortening in arch, 270 
Ring, braced, stresses in, 299 
t circular, 291 

any loading, 296 

—, functions for computation, 297 
—, horizontal skew - symmetrical 

loads, 294 

—, horizontal symmetrical loads, 
292 

—, internal actions, 296 
—, radial skew-symmetrical loads, 
295 

—, radial symmetrical loads, 293 
—, tangential skew - symmetrical 

loads, 295 

—, tangential symmetrical loads, 293 
—, transversely loaded, 419 
—, vertical ske•'^-symmetrical loads, 
294 

—, vertical symmetrical loads, 291 
—, with distributed loading, 298 
experimental analysis, 628 
Ring-girder, experimental analysis, 534 
Ritchie, E. G., 404 
Ritter’s method of sections, 9 
Robertson, A., 120, 132, 542 
Robertson, constant in strut formula, 
120 

Robison, experiment on voussoir arch, 
387 

Rolling load,» istributed, on beam, 331 
single, on beam, 330 
Rolling loads on beam, general case, 

337 

—, maximum bending moment, 

338 


STRUCTURES 

Rolling loads on beam, maximum 
shearing force, 339 
two concentrated loads, 334 
Rondelet, experiments on arches, 
387 

Rotation in beam, calculation of, 70 
Rowe, P. W., 495, 502, 503, 510 
Rupture planes in earth, 494 


Safety, factor of, 1 

Saint Venant, principle of, 57 

Sazilly, 460 

Secondary stresses, 5, 185 
by moment distribution, 220 
due to eccentricity in joint, 225 
Second theorem of Castigliano, 55 
Sections, method of, 9 
Segmental-arc cantilever with distri 
buted horizontal load, 267 
with distributed vertical load, 265 
with point load, 263, 266 
Segmental arch rib, encastr^, with con¬ 
centrated horizontal load, 270 
—, with concentrated vertical load, 
269 

—, with distributed horizontal load, 

273 

-, with distributed vertical load, 
271 

- loaded on half span, 274 
two-pinned, with concentrated load, 

274 

—, with distributed load, 275 
Self-straining, 5 
stresses duo to, 82 
Semenza, arch dams, 487 
Semi-circular bow girder with (con¬ 
centrated load, 410 
with distributed load, 414 
Semi-rigid joints in frames, 181 
Semi-rigid joints, moment distribu¬ 
tion, 205 

Severn, R. T., 488 
Shape factor of beam, 544 
Shear area method for beam, 36 
Shearing force, 20 

from influence lines, 330 
strain energy, 50 

Shearing stress, distribution of, 24 
in masonry dam, 477 
in reinforced concrete beam, 245 
Shear reinforcement in concrete beams, 
248 

Sheet pile wall, anchored, 610 
Short-span railway bridge, frequency 
of vibration, 356 
Simple bending, theory of, 21 
design of steel frame, 426 
Single curvature in stanchion, 429 
Skew arch, 386 
Skewback, 385 
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3?^ in connexions, 435 
^i'^demess ratio, 114 
Blender strut, 114 

Slope deflexion analysis, experimental, 
518 

of framed building, 176 
of frames with, semi-rigid joints, 
181 

of rigidly jointed frame, 172 
lope of beam, calculation by strain 
energy, 70 

mith formula for strut, 118 
mith, R. H., 118 

: lell, theory of masonry arches, 387 
oflit of arch, 386 

oil as purely cohesive material, 508 
^athwell, R. V., 12, 53, 58, 92, 99, 
118, 132, 321, 502 
' 'jlaxation analysis, 96 
ce frames, experimental analysis, 
536 

mandrels of arch, 386 
larkes, S. R., 523 

)iral reinforcement in concrete 
column, 251 
)lit I connexion, 435 
iringing of arch, 385 
ability of strut, 115 
of voussoir arch, calculation, 397 
"anchion connexion, equivalent eccen¬ 
tricity, 427 

continuous, plastic collapse, 547 
design of, 445 

design, recommendations, 455 

double curvature bending, 428 

effective length, 426 

single curvature bending, 429 

stiffened by casing, 432 

stress due to uneven bearing, 430 

stresses in, 439 

width, allowance by moment distri¬ 
bution, 209 
vorking stress, 425 

t^el frame building, design problem, 
438 

tests on, 430 

beel frame, design of beams, 441 
effects of clothing, 430 
experimental, 426 
orthodox design, 424 
mple design, 425 
stanchion design, 445 
sway in, 430 
wind loads on, 458 

Steel Structures Research Committee, 
121, 163, 424, 439, 444, 455, 458 
teelwork connexions, 432 
'teinmann, D. B., 321 
tiffened suspension bridge, 304 
>tiff joint as redundancy, 165 
behaviour of, 164 
equivalent to member, 165 


Stiff-jointed frame, 164 

moment distribution method, 195 
slope deflexion analysis, 172 
strain energy analysis, 165 
with inclined members, 184 
Stiffness of member, 190 
Stirrups, vertical and inclined, 248 
Stocky strut, 114, 117 
Strain compatibility, 78 
energy, 47 

—, as function of external loads, 4# 

— due to bending, 49 

— due to shearing force, 50 

— due to torsion, 51 

— in terms of tension coefficients, 
58 

— of curved beam, 51 

Strength of materials used in reinforced 
concrete, 254 

Stress analysis, by comparison of dis¬ 
placements, 79 
—, choice of method, 100 
compatibility, 78 
diagram, 6 

direct measurement, 516 
distribution in masonry dam, 463 
Stresses due to temperature change, 91 
in frame with single redundancy, 80 
in stanchions, 439 
primary, 5 
secondary, 5, 185 
Structure, framed, 1 
mass, 1 

Structures, classification of, 1 
Strut, behaviour of, 114 
critical load, 115 
curved with end couples, 134 
encastr6 with central load, 130 

— with uniform lateral load, 129 
formulas, derived from polar dia¬ 
grams, 146 

general formulas, 117 
load factor and factor of safety, 123 
Perry formula, 119 
pin-jointed with k .eral load, 124 
Rankine formula, 117 
Robertson’s tests on, 120 
slender, 114 
slenderness ratio, 114 
Smith formula, 118 
stability, 115 
stocky, 114 
test, analysis of, 131 
with concentrated lateral load, 125 
with eccentric load, 116, 121 
with end couples, 127 
with lateral load, pokr diagrams, 
140 

with two lateral loads, 128 
Strutted excavations, 509 
Superposition, principle of, 44 
in frame analysis, 107 
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Suspension bridge, deflexion theory, 
321 

stiffened, 304 

three-pinned, influence lines, 308 
two-pinned, influence lines of bend¬ 
ing moment, 318 

two-pinned, influence lines of shear¬ 
ing force, 319 
uniformly loaded, 311 
with three-pinned girder, 304 
with two-pinned stiffening girder, 
314 

Suspension cable, extensible, stresses 
in, 322 

length of, 320 

Sway, correction liy moment distri¬ 
bution, 200 
in portal frame, 175 
in steel frame, 430 

Sydney Harbour bridge, 258 


T beam, reinforced concrete, 239 
Temperature stresses, 91 
in arch, 289 

Tension coefficients, method of, 12 
used in strain energy equations, 58 
Tension member with lateral load, 133 
Terzaghi, K., 462, 95, 502, 510 
Tests on model voussoir arch, 391, 393 
on steel building frames, 430 
Theorem of Miiller-Breslau, 366 
of three moments, 154 
—, generalised treatment, 159 

— with axial compressions, 159 

— with axial tensions, 161 
Theory of simple bending, 2i 
Thin-walled sections, twisting, 423 
Thomaa, ¥. G., 548 
Thompson, S., 221 

Three moments, generalised theorem of, 
159 

Three-pinned arch, 259 
bending moments, 261 
Timoshenko, S., 321, 322, 422 
Torsion of thin-walled sections, 423 
restraint of warping, 405 
strain energy, 51 
Torsional effects, 404 
stiffness of non-circular sections, 
404 

Trans’. erse loading of circular lang, 419 
Truss, continuous, influence lines of 
reaction, 374 
Tschebotarioff, G. P., 495 
Two-pinned arch, 259 

—, graphical analysis, 283 
—, influence line of bending moment, 
379 

—, influence line of thrust, 377 
—, resultant actions, 286 
parabolic arch, 281 
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I Two-pinned parabolic arch with con¬ 
centrated horizontal load, 281 

— with concentrated vertical load, 
281 . 

— with distributed horizontal load, 
282 

— with distributed vertical load, 281 
segmental arch rib with concentrated 

load, 274 

— with distributed load, 275 

,JJniformly loaded cantilever, 27 
Unsymmetrical bending, 23 
Unwin, W. C., 461, 478 
Uplift, effect on Wegmann profile, 477 
in dams, American Society of Civil 
Engineers, 463 
in masonry dams, 462 
U.S. Bureau of Reclamation, 488 

Varying section beam, 35 
Voussoir, 385 
Voussoir arch, 385 

accepted basis of design, 389 
analysis of, 401 
as an elastic structure, 391 
behaviour of, 392 
calculation of stability, 397 
Castigliano’s analysis, 389 
definitions of components, 385 
design method, 401 
historical note, 386 
tests on model, 391, 393 
Vymwy dam, 461 

Warping of twisted bar, 404 
Wedge analysis for earth pressure, 
generalised, 499 
theory, for cohesive soils, 506 
—, of earth pressure, 490, 495 
Wegmann dam profile, 470 
modification for uplift, 477 
Weiskopf, W. H., 36 
Wessman, H. E., 188 
Williot diagram, 73 
Williot-Mohr displacement dia^am, 
71, 364 

Wilson, G., 153 
Wilson, J. S., 485 
Wilson, W. M., 518 
Wind loads on building frames, 458 
Winkler, 37 , 

bending of curved bars, 291 
true line of pressuie in masonry 
arch, 389 

Woodbury, middle - third rule in 
masonry arches, 388 
Working stress in stanchion, 425 ■ 
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